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Assalamualaikum w.b.t and Creetings,

Bismillahirrahmanirrahim. Alhamdulillah, thank to Allah for his bounty, the
Laplace Transform E-Book has successfully produced. This e-book is
designed mainly for students who need a clear understanding of the
basic of Laplace Transform. It is also suitable for those who are
studying independently. Students are given examples with step by
step on how to solve related Laplace Transform problem. At the end
of each sub-topics, there are exercise and tutorial questions with
answers to enhance understanding of the sub-topic discussed. [t is
hope that the material in this e-book will benefit educators and
students.

We would like to take this opportunity to express our heartfelt
gratitude to everyone who assisted, guided, and supported us in
completing this e-book. Their perspectives and advice are beneficial.

We hope the students will use this e-book wisely in developing their

mathematics skills problem solving and thinking.
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HISTORICAL BACKGROUND

Laplace transform, in mathematics, is a particular integral transform invented by

the French mathematician  Pierre-Simon  Laplace (1749-1827), and
systematically developed by the British physicist Oliver Heaviside (1850-1925),
to simplify the solution of many differential equations that describe physical

Processes.

WHAT IS LAPLACE TRANSFORM?

The Laplace transform is a powerful tool used in many branches of science
and engineering to study and solve differential equations, systems of linear

equations, and other complex functions.

It is a mathematical operation that is used to “transform” a variable (such
as x,y,zin space, or t at time) to a parameter of s. It finds wide applications
in various areas of physics, electrical engineering, control engineering, optics,

mathematics and signal processing.

The commonly used notation for the Laplace Transform are as follows :
> L{f(©)} or L{f (1)}
> L(f) or L(f)

> f()orf(s)




APPLY DEFINITION
OF LAPLACE TRANSFORM

At the end of this topic, you should be able to:

« Derive Laplace Transform from a "

First Principles.




Apply Definition of Laplace Transform

The Laplace transform of a function f(t), defined for all real numbers t > 0, is

the function F(s), which is a unilateral transform defined by:

How to apply the definition of Laplace Transform ?

Step 1 : Substitute f(t) into the formula

[ee)

F(s) =J e SUf(t) dt
0

Step 2 : Solve the exponent (using law of indices )
e™m x e = eMm*n
Step 3 : Factorize t (with - ve outside the bracket) (if applicable)

Step 4 : Integrate

Q(-, Laplace Transform




Find the Laplace Transform for the following function by using the Definition of

Laplace Transform.

a) f()=5

Step 1 : Substitute f(t) into the formula
F(s) = f e=StF(¢) dt
0

_ f " emst(s) dt
0

Step 2 : Solve the exponents, (using law of indices: e™ x e = em+n)

=5f e St dt
0

Step 3 : Factorize t (with -ve outside the bracket)
=5 J e~ dt
0
Step 4 : Integrate

[0.0]

ro-st

— ]
| —S 0

_ 5 _e—S(OO) e_s(o)
7| s —s
[ 1
=5(0-—
| —S
1
=5 _]
LS
5
a S

Laplace Transform
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Find the Laplace Transform for the following function by using the Definition of

Laplace Transform.

b)  f(t) =23

Step 1 : Substitute f(t) into the formula
F(s) = f e=StF(¢) dt
0

o0
= Zf e St e3tdt
0

Step 2 : Solve the exponents, (using law of indices: e™ x e = em*n)
= 2 fooe—st+3t dt
0
Step 3 : Factorize t (with -ve outside the bracket)
= ZJ e~ gt
0
Step 4 : Integrate
e—(s—3)t €
=2 [—(s—3)]0
o—(5-3)()  p=(s-3)(0)
=2 -
[—(5—3) —(s—3)

Laplace Transform




Find the Laplace Transform for the following function by using the Definition of

Laplace Transform.

c) f() =5e* +k (where k is constant)

Step 1 : Substitute f(t) into the formula

F(s) = f " eStE(r) de
0

= f e St(5e* + k) dt
0

Step 2 : Solve the exponents, (using law of indices: e™ x e™ = em*n)
F(s) = fOOSe_Ste‘“ + ke~st dt
0
= JOOSe‘S”‘“ + ke~St dt
0
Step 3 : Factorize t (with -ve outside the bracket)
F(s)=5 j Ooe‘(s‘4)tdt +k j ooe—sf dt
0 0

Step 4 : Integrate

e—(s -t —st
ro =5[] e[

e~ (=4)(0)  ,—(s-4)(0) e~S(@)  5=s(0)
k —
e-» —-v|" l PR — l
=5|0— k[O——
[ —(s—4)l+
5k
T s—4 s

(€]

Laplace Transform 12




Find the Laplace Transform for the following function by using the Definition of

Laplace Transform

d) f(t) =2t

Step 1 : Substitute f(t) as stated in question into the formula

e

F(s) =j e Stf(t) dt
0

=J e St 2t dt
0

Step 2 : Integrate by using integration by part & definite integration

u=2=2t
dv = | e Stdt
du
dt e—st
‘U =
du = 2dt —s

fudv=uv—fvdu

S r e—st'°° o o—st
f e St 2tdt =|2t- —f -2dt
0 | 0

=s |, -s
i e—st'°° © oSt

= |2t - + 2 dt
| —S 1o 0 S

et e e—st e
= |2t - -2 2
—S 1o S P
[ e—s(oo) e—s(oo)l l e—s(o) e—s(O)l
=200 - —2]0-

-5 52 -5 52
1
=0—2[0—S—2
2
-2

Laplace Transform 13
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Find the Laplace Transform for the following function by using the Definition of

Laplace Transform.
[. f@)=-3 2. f() =4t
3. f)=e 4. f(t) = 2e% ++/3

S, f(t) =Ve?t +n wherenis constant 6. f@)=t3

(_Erto

TUTORIAL

By using the Definition of Laplace Transform. find the Laplace

Transform for the following functions:

£ = 2e3
2. f(®) = 16eo?
3 f(®) = (ef+5)

4 f()=2cos3t

(€]

Laplace Transform 14




APPLY
LAPLACE TRANSFORM

At the end of this topic, you should be able to:

« Solve Laplace Transform by using

Table of Laplace Transforms
« Apply Laplace Transform
properties




Using Table of Laplace Transforms

The following table of Laplace Transforms shows that each expression in the
right-hand column is obtained from the infinite integral solved in the Definition

of the Laplace Transform.

LAPLACE TRANSFORM

No. f(t) F(s) No. f(t) F(s)
a 1)
1 a = 13 e *sin wt _—
s @ (s+a)?+ w?
a —a s+a
2 at — 14 e %cos wt —_—
s? (s +a)?+w?
|
3 ¢n s 15 sinh wt ®
gn+1 §2 — w?
4 e E 16 cosh wt _5
s—a 2 — o2
1 . w
5 e~ 17 e%sinh wt _—
sta ¢ (s—a) -—w?
1 w
6 te~ et S 18 e sinh wt —_—
(s +a)? (s+a)X—-w
n,at ! st+a
7 the _m 19 e~ *cosh wt —_—
n=123 (S — a)n+1 (S a4 a)Z — w2
dn
I O O I I AGEYAC Fy(5) + Fy(s)
s
: w t F(s)
9 sin wt _ 21 —
s2 + w? -fO f(u)du S
10 cos wt 5 22 f(t—a)u(t—a) e %F(s)
52 + w?
First derivative
11 t sin wt _Zos 23 dy sY(s) — y(0)
(s*+w?)? —Y'(@®)
dt
o o Second derivative
s?—w
12 t cos wt — 24 d?y s2Y(s) —sy(0) — y'(0)
s24w — (¢
(+?) —37'(®

(€] Laplace Transform _ %




Properties of Laplace Transform

Three (3) of the basic properties of Laplace transform are :

The Laplace transform is a linear operation; that is, for any functions f and g

whose transforms exist, and any constant is exists.

> If Lf(t) and Lg(t) exist, then
L(f(®) £ g©) = Lf (&) + Lg(t)
> If k is constant, then

Lk{f ()} = KL{f (D)}

GO

How to determine the Laplace Transform for a function ?

Step 1 : Expand or separate the function (if applicable)
Step 2 : Put the Laplace Transform symbol on each term

Step 3 : Refer to the Laplace Transform table for each term

Q(-, Laplace Transform




Determine the Laplace Transform of the following function

a) f(t)=e3+2t3+2

Step 1 : Put the Laplace Transform symbol on each term

F(s) = Le3t +2Lt3 + L2

Step 2 : Refer to the Laplace Transform table for each term

Laplace Transform Table

f@® F(s)
a
a —
s
pat 1
s—a
n n!
g Gnt1

F(s)=Le3 + 2Lt3 + 12

1 n! a
T s-a * 2.5"+1+ s

1 3! 2
~5—3 2.s3+1+ s
1 12 2
s tet s

Laplace Transform 18




Determine the Laplace Transform of the following function

b) f(t) =3e? + cos 5t

Step | : Put the Laplace Transform symbol

F(s) = L3e?' + Lcos 5t

Step 2 : Refer to the Laplace Transform table for each term

Laplace Transform Table

f@ F(s)
pat 1
Si=1a1
S
cos wt m

F(s) =L3e? + Lcos5t

1 S
=35=a t srer
3 S
T 5-2 +52+52
3 S

s—2 + s2 + 25




Determine the Laplace Transform of the following function

o) f()=({*+1D(t*-2)

Step 1 : Expand the function
fX) =t —2t2+t*-2
Step 2 : Put the Laplace Transform symbol

F(s) = Lt® —2Lt% + Lt* — L2

Step 3 : Refer to the Laplace Transform table for each term

Laplace Transform Table

f@® F(s)
a
a —
S
n!
tn
Sn+1

F(s) = Lt = 2Lt% + Lt* — L2

n! n! n! a
- gn+1 e gn+1 gn+1 _?
6! 2! 4! 2

=2+
S6+1 SZ+1 S4+1 S

720 4 24 2

— — 4+ =
s7 s3 s s

(€]

Laplace Transform
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Determine the Laplace Transform of the following function

4e7t43

d) f(t) = 24t

Step 1 : Separate the function

4e’t 3
f@® = ar T o

= 4e3t + 374

Step 2 : Put the Laplace Transform symbol

F(s) = 4Le3t + 3Le~ 4t

Step 3 : Refer to the Laplace Transform table for each term

Laplace Transform Table

f® F(s)

pat 1
s—a

e—at 1
sta

F(s) =4Le3" + 3re ™t

Laplace Transform
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Determine the Laplace Transform of the following functions.

[, f®)=e?4+3t+1 2. f(@) =2e* +sin2t
3. f(®) = (2t* +1)? 4. f(@) = (t—3)(2t+3)
el +3 cos 5t
3. f(t):W 6. f()= 7 Tsin10t—2
(._\.F)

TUTORIAL

By using the Table of Laplace Transform. find the Laplace Transform

for the following functions:

| f(®) =3t2(e* —t)?

5 F(s)=3Ltcos2t —5Ltsin4t + L3 e*

3 (t)—Ztan2t+ ek 'h5t+t4
: f "~ cos 2t ¢ s 2
9t* 4+ 6t3 + t2

4. f(t) = o5t

(€]

Laplace Transform 29




Properties of Laplace Transform

The first shifting theorem provides a convenient way of calculating the
Laplace transform of functions that are of the form e - f(t) where a is @

constant and f(t) is a given function. In formulg,

Lf(t) = F(s)
Le®f(t) =F(s—a)

GO

How to solve the Laplace Transform ?

Step | : From Le®f(t), identify @ and f(t)
Step 2 : Find the Laplace Transform of f(t)

— Refer Laplace Transform Table

Step 3 : Substitute s with s —a ’,

Laplace Transform



Determine the Laplace Transform of the following function

a)  f(t) =e?t3

Step 1 : Identify a and f(t)

Le®f(t) = Le?tt3
a=2 and f@®) =1t
~ Le?tt3 =F(s—2)

Step 2 : Find the Laplace Transform of f(t) = Refer Laplace Transform Table

Laplace Transform Table

f(@® F(s)
o n!
g Sn+1
F(s) = Lt3
3!
~ §3+1
6
~ st

Step 3 : Substitute s with s — a info —
S}

Thus, F(s—a) =F(s—2)
_ 6
S (s—2)*

6

2t43
Hence, Le*‘t =




Determine the Laplace Transform of the following function

o) f(H) =0t

Change the form of the function
f(t) =e Stsin3t
Step 1 : Identify a and f(t)
Le®f(t) = Le >t sin 3t
a=-5 and f(t) = sin 3t,

s Le 5t sin3t = F(s — (—=5)) = F(s + 5)

Step 2 : Find the Laplace Transform of f(t) = Refer Laplace Transform Table

f@® F(s)
. w
sin wt 52-|-—w2

F(s) = Lsin 3t
3
s
3
s2+9

Step 3 : Substitute s with s + a into >

s2+9

Thus, F(s+a) =F(s+5)

. =5t o - -

~ Le sin 3t (s + 5)249
3

s24+10s+25+9
3

s2+ 10s + 34

: 25




Determine the Laplace Transform of the following function

c)  f(t) =3t +e*cosh2t

Step 1 : Identify a and f(t) for First Shiffing
f(t) = e*t cosh 2t
use First Shifting

Le®f(t) = Le* cosh?2t
a=4 and f(t) = cosh2t,
~ Le* cosh 2t = F(s — 4)

Step 2 : Find the Laplace Transform of f(t) = Refer Laplace Transform Table

Laplace Transform Table

f@® F(s)
at a
52
S
cosh wt
SZ . (1)2

F(s)=L3t+ Lcosh?2t
3 S
:s_2+52—22
3 S
=s_2+52—4

S

Step 3 : Substitute all s with (s — a) into

s2—4

Thus, F(s —a) = F(s — 4)
~ L3t + Le*tcosh 2t = 3 + s—4
- C 52 (s—4)2—4

3 s—4

==+
s2 s2—8s+16—4
3 s—4

_sz+sz—8s+12




Determine the Laplace Transform of the following function

d)  f(t) = e3(3 —2t?)

Expand the function

f(t) = 2e3t t?

o f(t) = 3e3t — 2e3tt? use First Shifting

Step 1 : Identify a and f(t) for First Shifting
Le®f(t) = L2e3t t?

a=3 and f(t) = 2t?
~ L2e3tt2 = F(s — 3)

Step 2 : Find the Laplace Transform of f(t) > Refer Laplace Transform Table

Laplace Transform Table

f(® F(s)

¢n n!
Sn+1

Jat 1
s—a

F(s) = L3e3" — £2t?

3 2!
25_3_2'52+1
3 4
T s—3 s3

. . . 4
Step 3 : Substitute s with (s — a) into =

Thus, F(s—a) =F(s—3)
4

~ L3 3t — L2 3tt2 — _
¢ ¢ s—3 (s—3)3

Laplace Transform

27



By using first shifting theorem , determine the Laplace Transform of the

following functions:

kAR 2 =S
2
3. f(t) = (ef+t3)? 4. f(t) = cos 5t + t_t
e
5
S f = et:%tg 6. fO=0+D2-e*)
e

TUTORIAL

Find the Laplace Transform for the following functions by using first

shifting theorem method:

| f@®) = (e +t?)?

t3+2t2 +t
2. f(t)=T

3. f(t) =3e" +e*cosh2t

e2tsinh\/5t
4. f() = B E—

28
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Properties of Laplace Transform

If L{f(t)} = F(s), then

d"F(s)

L™ f(t) = (—1)’1W

= (=D" F(s)

where n=1,2,3, ...

66

How to solve the Laplace Transform : Multiplication of t*?

Step 1| :

Step 2:

Step 3 :

Step 4 :

From Lt"f(t), identify n and f(t)

Find the Laplace Transform of f(t) - Refer Laplace

Transform Table

Differentiate F(s) (repeat the differentiation based

on the power of t)

Substitute into the formula Lt f(t) = (=1)"F™(s) ,,

Laplace Transform



Find the Laplace Transform of the following function by using Multiplication of t"

a)  L(5)

Sincen = 1, then
Lt"f(t) = L(5t) do the first order

differentiation only
n=1 and f()=5 ,A

Step 1 : From Lt"f(t), identify n and f(t)

Step 2 : Find the Laplace Transform of f(t) > Refer Laplace Transform Table

Laplace Transform Table F(s) = L5

£ F(s) _3
a S
a —
S

Step 3 : Differentiate F(s) (repeat the differentiation based on the power of t)

5
F(S) = ;
=551
F'(s) = (—1) 5572
5
T s?

Step 4 : Substitute into the formula Lt™f(t) = (—1)"F"(s)
5
L(St) = (—1) (— S_Z)

s2




Find the Laplace Transform of the following function by using Multiplication of t"

b)  L(t cosh 2t)

Step 1 : From Lt"f(t), identify n and f(t) ‘
Sincen = 1, then
Lt"f(t) = L(t cosh 2t) do the first order

differentiation only 4
n=1 and f(t) = cosh2t (9

Step 2 : Find the Laplace Transform of f(t) - Refer Laplace Transform Table

FO) = Leosh 2z
f@® F(s) __ S
S s2 — 2
cosh wt T2 __s
s?2—4

Step 3 : Differentiate F(s) (repeat the differentiation based on the power of t)

S
F(s) == 2 —
St = Use Quotient Rule to integrate
oy (S2=8)(D) — s(2s) pu_ v
F (S) = (52_4)2 F,(S) — dsvz ds
I e
T (s2-4)?

_—4—-s* —(4+5?)
(247 (s?2-4)?

Step 4 : Substitute into the formula Lt™f(t) = (—1)"F™(s)

—(4+s5?)
= L(t cosh 2t) = (—1) <(Sz_—4)z>

4+ s?
 (s2—4)?

(€]

Laplace Transform




Find the Laplace Transform of the following function by using Multiplication of t"

o) f(t) =t%edt

Sincen = 2,then do
LEf(t) = L(t%e3Y) the second order

. d Fo - differentiation A
n= an =e

Step | : From Lt"f(t), identify n and f(t)

Step 2 : Find the Laplace Transform of f(t) - Refer Laplace Transform Table

Laplace Transform Table F(s) = Le3t

f@® F(s) 1
s—3

at 1
s—a

e

Step 3 : Differentiate F(s) (repeat the differentiation based on the power of t)

1
FO) =53
=(s—3)!
F'(s) = (=1)(s — 3)"2(1)
_ 1
(s—3)?
F'(s) = (=2)(=1)(s — 3)73(1)
_ 2
“(5-3)°

Step 4 : Substitute into the formula Lt™f(t) = (—1)"F"(s)

/4
L(tze3t) — (_1)2 ((S — 3)3)
_ 2
~ (s—3)3

-

32




Find the Laplace Transform of the following function by using Multiplication of t"

d)  L(t? sin4t)

Step 1 : From Lt"f(t), identify n and f(t) A\

Sincen = 2, then do
LEMf(t) = L(t? sin 4t) the second order

n=2 and f(t) =sin4t differentiation

Step 2 : Find the Laplace Transform of f(t) - Refer Laplace Transform Table

Laplace Transform Table F(s) = Lsin4t

f(@® F(s) _ 4
sin wt _@ RS
52 + w? 4
T 52416

Step 3 : Differentiate F(s) (repeat the differentiation based on the power of t)

F(s) = L Use Quotient Rule tcrntegraD
s?2+16 d d
2 -1 V—u— u_v
= 4-(5 + 16) F”(S) — dsz ds
F'(s) = (—1)4(s? + 16)72(2s) F(s) = (s2 4+ 16)% (—8) — (—8s)(2)(s? + 16)(25)
= —8s(s2 + 16) 2 ((s2+16)2)°
__ ~8s —8(s? + 16)? + 32s5%(s% + 16)
(s2 +16)? = (s2 + 16)*
_ 8(s* +16)[(s* +16) —4s?] —8(—3s? +16)
Bl (s? + 16)* ~ (s2+16)3

Step 4 : Substitute into the formula Lt™f(t) = (—1)"F"(s)

o L(t? sin 4t) = (—1)? (_8(_352 il 16))

(s +16)3

_ 24s%—128
~ (s2+16)3

(€]
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Find the Laplace Transform of the following functions by using

Multiplication of t™:

I LGY) 2. f(b) = 5e*tt?

3. L(t?cos 2t) 4. L(tsinht)

5  f(t) =542t +t?sin2t 6. f@) =t(e3t+2)
e

TUTORIAL

By using the Multiplication of t* method find the Laplace
Transform for the following functions:

. f(@) = e* (3t + cos 2t)

o L(tsinmt)

2

4. f@®) =t2(ef +1)°

S fO)=

Laplace Transform

(€]
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APPLY INVERSE
LAPLACE TRANSFORM

At the end of this topic, you should be able to:

 Solve Inverse Laplace Transforms by

using Table of Laplace Transform a

« Apply Inverse Laplace Transforms
properties

« Solve differential equation by using
Laplace Transform




Inverse Laplace Transform

To perform an Inverse Laplace Transform, we use the table of Laplace
transforms to look up the corresponding inverse transform of the Laplace
function. We're simply reversing the process of Laplace transforms using the
table of Laplace transform. Instead of F(s), were now finding the expression for

f (), which is mathematically written as:
f() = L7HF(s)}

In summary, the Inverse Laplace Transform is a powerful mathematical
tool that allows us to recover a function's original expression or behavior in the
time domain, given its Laplace transform in the s-domain. The inverse Laplace
transform is an essential tool in many areas of physics, engineering, and
mathematics, and is used to solve a wide range of problems, including circuit

analysis, control systems, signal processing, and more.

Three (3) basic properties of Inverse Laplace Transform are :

lineari Corpleting the Square et
A inearity A ing A Partial Fraction

(€] Laplace Transform _ JFF




Properties of Inverse Laplace Transform

Property 1: Linearity

The linearity property of the inverse Laplace transform states that the Inverse
Laplace Transform of this combination is the same linear combination of the
inverse Laplace transforms of the individual functions. In other words, the inverse
Laplace transform is a linear operator.

Mathematically, the linearity property of the inverse Laplace transform can
be expressed as:
If given Lf(t) = F(s), then :

D L7YF(s) £ G(s)) i) L7YkF(s)
=L7IF(s) £+ L71G(s) = kL™L1F(s)
=f(®)+g®) kD)

66

How to determine the Inverse Laplace Transform for a function ?

Step | : Put the Inverse Laplace Transform symbol on each term

Step 2 : Compare the denominator of the question with the
Laplace Table & state the F(s) according to the table.

Step 3 : Compare the numerator with the question & State the

answer by referring to the Laplace Transform table

Laplace Transform



Step 1| : Put the Inverse Laplace Transform symbol on each term

3 4
— r-1- -1__ -1
fit) == S+L S3+L 7132

Step 2 : Compare the denominator of the question with the Laplace Table &

State the F(s) according to the table.

Laplace Transform Table

f(@® F(s)
a a
S
o n!
g gn+1l
S
cos wt —
2 + w2

a n!
_ -1 =il =1
f@ =L — + LT S+ L s

L

g1l g e
s s+l s% + 22

Step 3 : Compare the numerator with the question & State the answer by

referring to the Laplace Transform table

o f(t) =3+ 2t% + cos 2t
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Determine the Inverse Laplace Transform of the following function

b) F(s)=o5=+5+

5
s—4

Step 1| : Put the Inverse Laplace Transform symbol on each term

6 5
— r-1 -1__ -1
fit) =, 52_9+L S4+L p—

Step 2 : Compare the denominator of the question with the Laplace Table &

State the F(s) according to the table.

Laplace Transform Table

f@® F(s)
- n!
t Sn+1
pat 1
s—a
sinh wt : w -
s2 — w2
w n!
t) =L71 + L1 + L1
F(® s2 4+ w? sn+l s—a
3 3! 1
_L_l L_l L_l
s2 + 32 + s3+1 + s—4

Step 3 :
referring to the Laplace Transform table

Compare the numerator with the question & state the answer by

1 3! 1
+5.L71—

3
g — -1 =
S fO=2-L7 5 v LT 5

1
= 2sinh 3t +E t3 4 5e#t

-

s—4

Laplace Transform
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Determine the Inverse Laplace Transform of the following function

1-5s
s2+49

c) F(s)=

If the numerator has an operation and the denominator is in the table,

the function NEED to be separated.
1 5s

s2+49 sZ+49

Step 1 : Put the Inverse Laplace Transform symbol on each term

1 5s
— r-1 _r-1
fo=1L s2 449 £ s2 449

Step 2 : Compare the denominator of the question with the Laplace Table &

State the F(s) according to the table.

Laplace Transform Table

f@® F(s)
S}
COs wt S2+—0)2
t) =Lt =
O =
1S
sZ + 72 s2 + 72

Step 3 : Compare the numerator with the question & State the answer by

referring to the Laplace Transform table

1 7 S
. —Zr-1 _ 5=l
SO= e G

1
= 7sin7t —5cos7t
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Determine the Inverse Laplace Transform of the following function

3 16s
2+9 s5 ' 2s2-32

d) F(s) =

n@@d to be factorized.

The func’non

_ 16s _ 8s
T 2(s2—-16) s2-16

Step 1 : Put the Inverse Laplace Transform symbol on each term

2 3 8s
t)y= L1 — L
f® s2+9 55+ s2—16

Step 2 : Compare the denominator of the question with the Laplace Table &

State the F(s) according to the table.

Laplace Transform Table

f@® F(s)
o n!
t Sn+1
sin wt v
s2 + w?
n!
— = =4l
1 3 4! 1
=L Sz+32_L 4+1+L 2 _ 42

Step 3 : Compare the numerator with the question & State the answer by

referring to the Laplace Transform table

O =2 13 3 ;M g1 S
SO =3 LT Gt g — 42
2

1
=§sin3t—§t4+8cosh4t

-




Determine the Inverse Laplace Transform for the followings by using Laplace

Transform table:

25 — 4 2 s—5 24
B R 2 FO=Gta—5 =
2s—5 5 3s 4
3. = 4. — __
F(S) s2+ 25 ) s+3+52+16 s
7 10 24 16
9) = 6. e T —
F(S) s° + 252 —8 F(S) s6 + 252 —32
)
*

TUTORIAL

By using the Laplace Transform Table, find the Inverse Laplace for

the following functions:

11 3 2s—6

I F(S)=s4+s—4_sz+49
4 2s—5

_ r-1 -1
2. f(t)_L SZ+L 52_25

10 2
_ r-1 _ -1
3. f®=£ 2s2—8 L s—11

. Fge—2 ¢
: (s+52—-16 (s—23)°

42
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Properties of Inverse Laplace Transform

Property 2: Completing the Square

Solving Inverse Laplace Transform using Completing the Square Method if
the below circumstances occur:
o The denominator is NOT in the Laplace Transform Table.

o The denominator CANNOT BE factorized using try and error method.

To solve, the denominator CAN BE factorize using the formula:

(2) )

66

How to determine the Inverse Laplace Transform for a function ?

Step | : Factorize the denominator (when necessary) using formula
Completing the Square
Step 2 : Write/replace the new denominator into the question.

Step 3 : Compare the denominator with the Laplace Transform Table.

Step 4 : Write the answer by referring to the Laplace Transform table.

Remember that Completing
the square is a method for
converting a quadratic
expression of the form
ax? + bx + c to the form
a(x+h)?+k

Laplace Transform



The denominator
CANNOT be factorize
using try & error method

Step | : Factorize the denominator (when necessary) usihg.f'ormula =

Completing the Square

SOLUTION STEPS

s?+4s+8
4 2 4 2 Factor b\ 2 b\ 2
<S+E> —(E) +8 aciorize FG'TTll.a-(S-l-E) —(5) +c
(s+2)?%—-(2)?*+8
Simplify
(s+2)?+4

Step 2 : Write/replace the new denominator into the question.

4

fO= G

Step 3 : Compare the denominator with the Laplace Transform Table.

Laplace Transform Table Ve

f@® F(s) o Statethe numerator
b - w according to the table
e sin wt m o Compare the numerator of

the question & change to
make it the same

_ w
A e R /

2

=2 L — =
(s +2)2 +22

Step 4 : Write the answer by referring to the Laplace Transform table.

f(t) =2e %t sin2t
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The denominator
CANNOT be factorize
using try & error method

Step | : Factorize the denominator (when necessary) usihg formula

Completing the Square

SOLUTION STEPS

s+ 2s+17
2 2 p\2 p\2
<s + <§>> - <§> +17 Factorize Fomula: (S W 5) - (5) 6

(s+1)%2—-(1)?+17

Simplify
(s+1)?%+16

Step 2 : Write/replace the new denominator into the question.

1

f® =L_1(S+1)2+16

Step 3 : Compare the denominator with the Laplace Transform Table.

Laplace Transform Table ' g

o State the numerator
F@® F(s) according to the table
—at .: w o Compare the numerator of
e sin wt (s +a)? + w? the qu'estion&changeto
make it the same
w
f(O) =Lt SE— J
(s+a)+w

— 1 L1 ;

4 (s+1)2+42

Step 4 : Write the answer by referring to the Laplace Transform table.

e tsin4t

f(t) =

N
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25+3
c) F(S) = s2—4s+11

The denominator
CANNOT be factorize
using try & error method

Step | : Factorize the denominator (when necessary) using formula

Completing the Square

SOLUTION STEPS

s2 —4s+ 11

% =\ . N2 /2
(+F) -G) +1 Foeere o (- ()
(s—2)2-(-2)2+11

Simplify
(s=2)?2+7

Substitute s with s — a into the numerator & solve

SOLUTION

25+ 3
2(s—=2)+7

2s—4+7=2s+3

Step 2 : Write/replace the new numerator & denominator into the question.

O -
(s=2)2+7 | Ifthe numerator has an \‘
| operation and the denominator
|
-1 2(s-2) -1 7 | isinthetable, the function
(S _ 2)2 + 7 (S _ 2)2 +7 | NEEDto be separated ,l
‘\____———-! l“"
1/
4

46




Step 3 : Compare the denominator with the Laplace Transform Table.

Laplace Transform Table ' g

o State the numerator
F@® F(s) according to the table
at . w o Compare the numerator of
e” sinwt G —a)? + w? the question & change to

make it the same

e cos wt _s-e¢ y
2 2
(s—a)’+w

Ss—a w
f&) = Lt —— + L1

(s —a)? + w? (s —a)? + w?
=2 7 ., V7

=2-L71 2 T 5 2
(s —2)2++7 V7 (s —4)2++7

Step 4 : Write the answer by referring to the Laplace Transform table.

7
f(t) =2 e?t cosV7t + ﬁe”sin\ﬁt
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d) F(S)Z 2s+7

$2+2s5+10

The denominator
CANNOT be factorize
using try & error method

Step 1 : Factorize the denominator and numerator (when necessary) using

formula Completing the Square

s2+4+2s+10
2 2
2 2 ) b\ 2 b\ 2
(s + 5) - <§> +10 Factorize Formula: (s + 5) — (E) +c
(s+1D?=-(1D?*+10
Simplify
(s+1)?%+9

Substitute s with s — a into the numerator & solve

SOLUTION

2s+7
2(s+1)+5

2s+2+5=2s+7

Step 2 : Write/replace the new denominator & numerator into the question.

., 2(s+1)+5 e —-e o
A CF V) ! ~=—eel
| Ifthe numerator has an \‘
2(s+1) | operation and the denominator "
e e L1 Y Ry | isinthetable, the function
(s+1)2+9 (s+1D2+9 | NEED to be separated '|
‘~_____——-| F-’
1/
4

Laplace Transform
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Step 3 : Compare the denominator with the Laplace Transform Table.

Laplace Transform Table r

o State the numerator
F® F(s) according to the table
—at . w o Compare the numerator of
e sin wt (s + )2 + w? the question & change to
make it the same
- s+a
e~ cos wt - - - J
(s +a)? + w?
s+a w
t) = L_l _—— 1} L_l _—
f® (s+a)? + w? (s +a)? + w?
(s+1) 5 3
=2.L0 -~ 4 _r1

(s+12+32 3 (s+1)2+ 32

Step 4 : Write the answer by referring to the Laplace Transform table.

5
f(t) =2e tcos3t + §e_tsin 3t
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Determine the Inverse Laplace Transform for the followings by using

Completing the Square method.

5 3
R C e srrene > FO=Fre 1o
25— 3 s+6
S =g grs R ey
3s—1 3s—1
> O =gt o FO=miz+ie
(‘_-Sr:J

TUTORIAL

By using Completing the Square method, find the Inverse Laplace

for the following functions:

l. f(t)=13_1m
2 =gt
s 0=
L PO

(€]
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Properties of Inverse Laplace Transform

Property 3 : Partial Fraction

Partial Fraction of Inverse Laplace Transform is a technique to split up @
complicated fraction into forms that are matching the function in the Laplace
Transform table.
Solving Inverse Laplace Transform using Partial Fraction Method if the
below circumstances occur:

o The denominator is NOT in the Laplace Transform Table.

o The denominator CAN BE factorized into two or more function either

with distinct real root, repeated real root or complex root.

This technique consist of Partial Fraction for Linear Factor, Repeated

Linear Factor and Quadratic. Factor.
In what condition do we use Partial Fraction of Inverse Laplace

Transform:?

Condition 1: Linear Factor, when denominator has no power.

2x+1 A

B
e x a2

Condition 2: Repeated Linear Factor, when denominator has power

outside the bracket.

5-3x _ A + B
TGHDES GtD) | 1)

Condition 3: Quadratic Factor, when denominator has power inside the

bracket.

2x+1 _ Ax+B
(x?-3)

(€] Laplace Transform




Inverse Laplace Transform

Property 3: Partial Fraction

Terms in Partial Fraction F(s) Inverse Laplace f(t)

A Aeat
s—a
4 Ate®
(s —a)?
L?’ étzeat
(s—a) 2
As+ B As B

Acos at — Bsin at

= +
s?+a? s?’+a? s?+a?

How to determine the Laplace Transform for partial fraction ??

Step | : Write one partial fraction for each of the factors.

Step 2 : Multiply through by the bottom so we no longer have fractions.
Step 3 : Find the value of constants 4 and B.

Step 4 : Substitute value of A and B & Write your answer by referring

to the Laplace Transform table.

If the denominator NOT FOUND in the Laplace

Table, then you need to test whether the
denominator can be FACTORIZE or NOT.

Therefore, if it ' DONT
»  CANNOT BE FACTORIZE \FORGET

- use Completing the Square Method
» CAN BE FACTORIZE
- use Partial Fraction Method

Laplace Transform



Partial Fraction for Linear Factor

Determine the Inverse Laplace Transform of the following function

s+1

a f@)=

s2—s

The denominator need to be factorized.
s+1 S +1
s2—s s(s—1)

Step | : Write one partial fraction for each of the factors

s+1 A B

==+
s(s—1) s s-—-1

Step 2 : Multiply through by the bottom so we no longer have fractions.

s+1 A+ B ( 1
= —_— —_— X —
ss—1) s s-—1 SE

s+1=A(s—1)+Bs

Step 3 : Find the value of constants 4 and B.

For root s, let s =0 Forroot (s—1), lets=1
(0)+1=4(0-1)+ B(0) MH+1=(-1A-1)+B()
1=A4(-1 2=B(1)
A=-1 B=2




Step 4 : Substitute value of 4 and B & Write the answer by referring to the

Laplace Transform table.

s+1 -1 2

s(s—l): s +s—1

2
s—1

1
s—1

& f@) = £~ _Tl +L7t

1
= —g='— 4 or1
S

=—1+ 2!

Laplace Transform




Partial Fraction for Linear Factor

Determine the Inverse Laplace Transform of the following function

s3+4s5-2
o) O =56

Step | : Write one partial fraction for each of the factors

s’+4s-2 A N B
(s—3)(s—2) s—3 s-2

Step 2 : Multiply through by the bottom so we no longer have fractions.

s’+4as-2 A N B
(s—3)(s—2) s—3 s-2
s3+4s—2=A4(s—2)+B(s—3)

X (s—3)(s—-2)

Step 3 : Find the value of constants 4 and B.

For root (s —2), let s=2 For root (s —3), let s =3
23+4(2)-2=42-2)+B(2-3) (3)3*+4(33)—-2=43-2)+B(3-3)
14 = B(-1) 37 = A(1)
B =-14 A =37




Step 4 : Substitute value of 4 and B & Write the answer by referring to the

Laplace Transform table.

s2+4s—2 37 +—14
(s—3)(s—2) s—3 s—2
37 —14
sf(®)=Lt——+ 271
f® s—3 s—2

1
=377 ——— 14,71
s—3 s—2

= 37e3t — 14¢%t
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Partial Fraction for Repeated Linear Factor

Determine the Inverse Laplace Transform of the following function

s2+4

o) fO) =5 ——

s2(s+2)

Step 1 : Write one partial fraction for each of the factors

44 _A B C
s2(s+2) s sz s+2

Step 2 : Multiply through by the bottom so we no longer have fractions.

s?+4 _A B
s2(s+2) s sz s+42
s?+4=As(s+2)+ B(s +2) + Cs?

x s%(s—2)




Step 3 : Find the value of constants 4, B and C.

For root s, let s =0
(0)2+4=A(0)(0+2) +B(0+2) + €(0)?
4 = B(2)
B=2

For root (s + 2), let s =-2
(-2)2+4=A(-2)(-2+2)+B(-2+2) +C(-2)*
8=C(4)
c=2

let s=1
M2+4=A0100A+2)+ 21 +2) + (2)(1)?
5=A(3)+8
A=-1

Step 4 : Substitute value of 4, B and € & Write the answer by referring to the

Laplace Transform table.

s?+4 _—1+2+ 2
s2(s+2) s s2 s+2
-1 2 2
t =L_1— L_l_ L_l
f® s + 52+ s+2
1 2 1
=—L'—+ L= +2L70
S S s+2

=—1+42t+2e7?

(€]
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Partial Fraction for Repeated Linear Factor

Determine the Inverse Laplace Transform of the following function

d) f(t)= 25%2-35+5

(s—2)(s-1)?

Step 1 : Write one partial fraction for each of the factors

2s°=3s+5 A N B N C
(s=2)(s—-1)2 s—=2 s—1 (s—1)2

Step 2 : Multiply through by the bottom so we no longer have fractions.

2s°-3s+5 A N B N C
(s=2(s-12%2 s—-2 s—1 (s—1)2
252 —35+5=A4(s—1)2+B(s—2)(s—1)+C(s —2)

X (s —2)(s —1)?

Step 3 : Find the value of constants A, B and C.

Forroot (s—1),let s=1
2(D)2-3(D)+5=41-1)2+B1-2)1-1)+Cc(1-2)
4=C(-1)
C=-4

For root (s —2), let s=2
2(2)2-3(2)+5=42-1)?+B2-2)2-1+C(2-2)
7 = A(1)
A=7

let s=0
2(0)2—=3(0)+5=A4(0—1)2+B(0-2)(0—-1)+C(0-2)
5=7+B(2)+8
B =-5

——




Step 4 : Substitute value of 4, B and € & Write the answer by referring to the

Laplace Transform table.

2s*=3s+5 7 N -5 N —4
(s—2)(s—1)2 s—2 s—1 (s—1)2
7 -5 —4
. _ -1 ~1 ~1
~f)=°L S_2+1: S_1+L G-D?

1
=7L1———-5,71 —4r71

s—2 s—1 (s—1)2

= 7e%t — 5et — 4tet
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Partial Fraction for Quadratic Factor

Determine the Inverse Laplace Transform of the following function

552—65+7
e) f(©)= G-D(2+D)

Step 1 : Write one partial fraction for each of the factors

5s°—6s+7 A +Bs+C
(s—D(s2+1) s—1 s2+1

Step 2 : Multiply through by the bottom so we no longer have fractions.

552 —6s+7 A Bs+C
(s—l)(sz+1)=s—1+sz+1
552—65+7=A(s*+1)+(Bs+C)(s—1)
552 —6s+7=As*+ A+ Bs?—Bs+Cs—C

=(A+B)s*+(C—-B)s+(4-0)

X (s—1(s?+1)
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Step 3 : Find the value of constants 4, B and C.

Forroot (s—1),let s=1
5(1)?-6(D+7=A((D*+1)+BOL+0)(1-1)

6 =A(2)
A=3
associating corresponding coefficients, s°
A-C=7
3—-C=7
C=-4
associating corresponding coefficients, s2
A+B=5
3+B=5
B=2

Step 4 : Substitute value of 4, B and € & Write the answer by referring to the

Laplace Transform table.

552 — 65 + 7 3 +2$—4
(s—D(s2+1) s—1 s2+1
3 2s — 4
. _ -1 -1
2 =L s—1+£ s2+1
3 2S —4
=L—1 L_l L_l
s—1+ 32+1+ s2+1

=3,71 L +2L£71 — 4,71
s—1 s2+1 s2+1

=3et+2cost—4sint

62
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Partial Fraction for Quadratic Factor

Determine the Inverse Laplace Transform of the following function

65%+125—14
2 f@© = (s+3)(s2+25+5)

Step 1 : Write one partial fraction for each of the factors

6s% + 12s — 14 _ A N Bs+C
(s+3)(s2+25+5) s+3 s2+2s5+5

Step 2 : Multiply through by the bottom so we no longer have fractions.

6s% +12s — 14 _ A N Bs+C
(s+3)(s2+25s+5) s+3 s2+2s+5

652 +12s — 14 = A(s®> + 25 +5) + (Bs + C)(s + 3)
652+ 12s — 14 = As? + 2As + 5A + Bs? + 3Bs + Cs + 3C
=(A+B)s?+ (2A+3B+C)s + (54 + 3C)

X (s+3)(s®+2s+5)




Step 3 : Find the value of constants 4,B and C .

For root (s + 3), let s = -3
6(—3)2 +12(-3) =14 = A((-3)2+ 2(=3) +5) + (B(-3) + O)((-3) + 3)

4 = A(8)
1
4=3
associating corresponding coefficients, s2
A+B=6
1
S+B=6
11
)
associating corresponding coefficients, s°©
5A+3C =-14
1
5(1)sc=-14
11
t=-7%

Step 4 : Substitute value of 4, B and € & Write the answer by referring to the

Laplace Transform table.

1 11 11
6s°+12s—14 3 L2577
(s+3)(s2+2s+5) s+3 s2+4+2s+5
—11:— 1 111:-1 s—1
“ O +3+ 2 Completing the Square method
12 1 G+ -2
2 s+3 2 (s+1)2+4
1 2 11 s+1 11 -2
“lpa 2 Uy D M, 2
2 s+3 2 (s+1)2+4 2 (s+2)?2+4
=1L“1L E . (s+2) _E 1 2
2 s+3 2 (s+2)2+22 2 (s+2)%+22
1

11 11
= Ee_:” + 7e_tcos 2t — 7e_tsin 2t

(€]
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3.

3.

(€]

"

Determine the inverse Laplace Transform for the followings:

4s — 4
F(S) = s2+2s—15 2
2s+9
F(S)=—— .
) (s +4)? g
5s +11
=— 6.
F(S) s2+4s+3

F(S) = 2s — 3
C(s+2)(s2+3s+2)
252 -9
) s(s2—-9)
552 +8s—1
F(S) =

('SFJ

Find the Inverse Laplace for the following functions by using

Partial Fraction method :

3s

[ F(s)=(s+2)(s—1) 2.
s+3
3 F(s) = = = 4
9s?2 +55—1
> FO=rTHernz ©
5 o 2s —1 8
©) =Sz a
2s —3

" (s+2)(s2+ 6s + 10)

s—3
F —_—
(s) 2—-65+5
4 + 25 — s?
F(s) =
(s) s(s—2)2
F( )_1252+24s+9
S/ = T3 1 352
552 — 65+ 7
F(s)

T2+ D -1

g

Laplace Transform
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Laplace Transform

Differential Equation using Laplace Transform

A differential equation is an eqguation that relates a function to its
derivatives. Laplace transform is a mathematical tool that can be used to

solve certain types of differential equation:s.

Property of the Laplace transform:

First Order Derivative: % or y'(t) = sY(s) — y(0)

Second Order Derivative: % or y"(t) = s?Y(s) — sy(0) — y'(0)

To solve a differential equation using Laplace transform, we take the Laplace
transform of both sides of the equation, and then solve for the transformed
function. After that, we use inverse Laplace transform to obtain the solution in

the time domain .

The Laplace Transform can be used to solve differential equations using @

four-step process.

GO

Step 1: Take the Laplace Transform of the differential equation using

the derivative property (and, perhaps, others) as necessary.
Step 2 : Put initial conditions into the resulting equation.
Step 3 : Solve for the output variable.
Step 4 : Get result from Laplace Transform tables. If the result is in a

form that is not in the tables, you'll need to use the Inverse

Laplace Transform




Solve the initial value problem for the following by using Laplace Transform:

y' + 2y = 12e3t; given that y(0) = 3

Step 1 : Take the Laplace Transform of the differential equation using the

derivative property (and, perhaps, others) as necessary.
y' + 2y =12e3

sY(s) —y(0) +2Y(s) =12 ﬁ

Step 2 : Put initial conditions into the resulting equation

12
sY(s) =3+ 2Y(s) =——
s—3

y(0) with 3
Step 3 : Solve the output variable

Y(s)(s + 2) =%+3

_12+3(s—3)
B s—3
_12+3s—9
B s—3
_3+35
T s-3

34+ 3s
(s=3)(s+2)

So Y(S) =

(€] Laplace Transform
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Solve by using Partial Fraction
3+3s _ A 4 B
(s—3)(s+2) s—3 s+2
3s+3=A(s+2)+B(s—3)

let s =3 let s = -2
12 = A(5) -3 =B(-5)
A_12 B_3

5 5

Step 4 : Write the answer by referring to the Laplace Transform table.

12 3
Y(S)ZSEB-I_S-IS-Z
=15_ze3t+§e—2t
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Solve the initial value problem for the following by using Laplace Transform

2y’ +y = 0; given that y(0) = 1

Step 1 : Take the Laplace Transform of the differential equation using the

derivative property (and, perhaps, others) as necessary.

2y +y=0
2[sY(s) —y(0)]+Y(s) =0
2sY(s) —2y(0)+Y(s) =0

Step 2 : Put initial conditions into the resulting equation

sY(s) —2(1)+Y(s)=0 y(0) with 1

Step 3 : Solve the output variable

Y(s)(2s+1)—2=0
Y(s)(2s+1) =2
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Solve the initial value problem for the following by using Laplace Transform:

y"' (t) — y(t) = cos 2t; given that y(0) =0, y'(0) = 1.

Step 1 : Take the Laplace Transform of the differential equation using the

derivative property (and, perhaps, others) as necessary.

y'(t) —y(t) = cos 2t
s2Y(s) —sy(0) —y'(0) —Y(s) =

s2+4

Step 2 : Put initial conditions into the resulting equation

s?Y(s) —s(0) —1-Y(s) =

s2+4

Step 3 : Solve the output variable

Y(s)(s?—1)—-1=

s2+4
Y(s)(s2—1) = 1
(s)(s ) 21’

s+s2+4
Y(s)(s?—1) = ———
(s)(s ) 214

s+s2+4
.‘.Y(S):

(s2+4)(s?—-1)

(€] Laplace Transform _ JET




Solve by using Partial Fraction

s+s?+4 S+s%2+4 _As+B+ C N D
(s2+4)(s2—1) (s2+4)(s—1)(s+1) s2+4 s—-1 s+1

s+52+4=(As+B)(s?—-1)+C(s*+4)(s+1)+D(s?+4)(s—1)
= As3 —As 4+ Bs? — B+ Cs3+ 4Cs + Cs?> + 4C + Ds® + 4Ds — 4Ds?* — 4D

=(A+C+D)s*+(B+C—D)s?>+ (4C—A+4D)s + (4C — B — 4D)

let s=1 let s =-—1 coefficients, s3 coefficients, s2

6 =C(5)(2) 4 =D(5)(-2) A+C+D=0 B+C—-D=1

6 =10C 4 =-10D 3 2 3 2
A+=-—==0 B+-——|—=|=1

C 3 D 2 > ° +5 <5>

=5 ~ 75 A:_% B=0

Step 4 : Write the answer by referring to the Laplace Transform table.

P(s) = S+ :‘%S+°+ 3 +—§

(s2+4)(s2—1)  s2+4 s—1 s+1
Y(t)=_%ﬁ_lszj—4 qu%_gL—lsil
:_éﬁ_lszizﬁgrlé_éfls;

=—éc052t+§et_§e—t

SO aptaco o



Solve the initial value problem for the following by using Laplace Transform:

Y (£) — 10y'(t) + 9y(t) = 5t; given that y(0) = —1, y'(0) = 2.

Step 1 : Take the Laplace Transform of the differential equation using the

derivative property (and, perhaps, others) as necessary.

y"(£) — 10y'® + 9y(t) = 5t

5
%Y (s) = sy(0) = ¥'(0) = 10[sY (s) = y(O)] + 9Y(s) =
s2Y(s) — sy(0) — y'(0) — 10sY (s) + 10y(0) + 9Y(s) = siz

Step 2 : Put initial conditions into the resulting equation
5
s2Y(s) —s(—=1) — 2 — 10sY(s) + 10(=1) + 9Y(s) = =3
5
s2Y(s) +s—2—10sY(s) — 10 + 9Y(s) = =3

5
s2Y(s) + s —10sY(s) — 12 + 9Y(s) = =3

Step 3 : Solve the output variable

5
Y(s)(s?—10s+9) — 12 +s ==

5
Y(s)(s?> —10s +9) ==t 12 -5

5+ 12s%2 — 53
Y(s)(s? —10s +9) = 2
5+ 12s% —s3

So Y(S) =

5%(s? —10s+9)

(€]
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Solve by using Partial Fraction

5+12s?—s® 5412553
s2(s2—10s+9) s2(s—9)(s—1)

s2 s§—9 s-—1

A B C D
s

5+1252—53=A4s(s=9)(s—1)+B(s—9)(s—1) + Cs?(s — 1) + Ds?*(s — 9)
= As3 — 10A4s% + 94s + Bs? — 10Bs + 9B + Cs3 — Cs? + Ds3 — 9Ds?

=(A+C+D)s®*+(B—104—C—9D)s?>+ (94 — 10B)s + 9B

let s=1 let s=9 coefficients, s° coefficients, st
16 = D(1)(—-8) 248 =C(81)(8) 9B =5 94 —-10B =0
16 = —8D 248 = 648C 5 5
B =- 94—-10(=])=0
D=—2 o 31 9
- 81 50

A=—
81

Step 4 : Write the answer by referring to the Laplace Transform table.

v(s) = 5+12s5% — 53

"~ 52(s2—10s+9)

50 5 31

81,9, .81 —

s +52+s—9+s—1

50 1 1 31 1
Y(t) =—L71 Ll —1 —2£71
(©) 81 +9 281 s—9 s—1

50 5 31

_2V 2, 20 9t ot

81+9t+81e 2e
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"

Determine the differential equation for the followings by By applying the

inverse Laplace Transform :

.y —y=e*,; y(0)=2

2. 2-2y'=0,; yO)=1

3.y =3y +2y=e3t; y(0) =1,y"(0) = 0

4. y'@®-2y'(6) -3y() =0; y(0) =2,y'(0) = -1

S y'@+y'®-2y()=0; y(©0)=0,y'(0) =1

6. y'()—y'(t) —2y(t) =sin3t; y(0)=1,y'(0) = -1
d"f‘J

TUTORIAL

By applying the inverse Laplace Transform, solve the differential

equation for the followings:

[, 2y' +y=4e?, given y(0) =3
2. y'(t) —y(t) =sin2t, given y(0) =0
3. y"=3y"+2y =6, given y(0) =2,y'(0) =6

4. y"(t)+2y'(t) + 10y(t) =5, given y(0) =0,y'(0) =1

g

[

Laplace Transform

(€]
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LAPLACE TRANSFORM
IN ELECTRICAL ENGINEERING




Laplace Transform in Electrical Engineering

Civen the input current is i(t) and the voltage across an inductor is v(t).

i(t) = sin wt Inductor
L
IR PO, :

input current
Figure |

a) Since the input current is i(t) = sin wt and the exponential function for

iwt_ ,—iwt

sin wt = ————, determine the Laplace Transform, I(s) by using

F(s) = [, e stf(¢) dt

di(t)

b) If the voltage across the conductor is given by v(t) = L—= where L is

the inductance value and the input current, i(t) = sin wt, find the

Laplace Transform, V(s) using the Laplace Transform Table.

(€] Laplace Transform _ KT




Laplace Transform in Electrical Engineering

A switching transformer introduced harmonics in the electrical power
distribution system with the fundamental frequency 50 Hz supply, created
distortion of the voltage waveform as depicted in Figure 2. Given the
equation for the first harmonic is E; = 3t* — 2t3 + 4e73t — sin 5t + 3 cos 2t.

Find the Laplace Transform for the equation.

L3

I |

\

RN

= — = —

Figure 2

Laplace Transform



Laplace Transform in Electrical Engineering

A closed-loop control system is shown in Figure 3.

6;(t) o) e(t) , f@& | 1 0(t)
N\ - - s(s+8) -

!

Figure 3

If K =7 and the input signal is a step response of 6;(s) =§, the closed-loop

transfer function that incorporates the feedback relates the output 8(s) to

the input 6;(s), is Qiven by 6(s) = Find the time-domain step

s(s2+48s+7) "

response, 8(t).

Laplace Transform




Laplace Transform in Electrical Engineering

Based on the RLC circuit shown in Figure 4, the equation derived from the

Kirchoff's Law is given by Lz—i + Ri + %f idt = E.

Ey Ct L

Figure 4

a) Ifi= %(q(t)), L=1H, R =3Q, C = 0.5 and E, = 10, find the differential

equation for the RLC circuit.

b) If q(0) =0 and q'(0) = 0, solve the initial value problem for the

differential equation in 3(a) using Laplace Transform.

Laplace Transform
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Click on the NUMBER DM
to go back to the question <

3 4
_2 2. il
s s2
2 3 1
= 5. — b=
s—2+s 5_1+S
1 3 1 2 2 96 8 1
— = +- 2. —_— 3 —+—=+-
s+2 s% s s—4+52+4 s s3 s
4 3 9 1 3 s 10
——=—= S. —dre——e 6. —— ==
s3 sz s 2(s—5) 2(s+5) 4(s2+25) s2+100 s
72 1
5 2. ST Ry Se—— e 3,
(s+2) 2(s2 + 65 + 8)
s n 2 5 1 n 24 6
S2+25  (s+1)3 : 5—3 (s+2)* :
2 5 10 3 —2s(—s?+12)
352 ' (s—4)3 ' (s2 +4)°
2s 5 2 4(-3s%+4 1 2
(s*-1) s sz (s2+4)3 (s+3)2 s

f(t) = 2 cos 4t — sin 4t 2. f(t) = 2t + cosh 5t — sinh 5t — t*

7 5
f(t) =5e73t + 3 cos 4t — 4 5. f(t)=ﬁt4+2 sinh 2t

3. f(t) = 2 cos 5t — sin 5t

6.

1
Ji0) =§t5 + 2 sinh 4t

O
(©

oy 1= ge'“ sin 3t 2. f(®) =3e3tsint

4. f(t) = e ? cosh 4t + e~% sinh 4t 5. f(t) =3e tcos4t—e tsin4t 6.

f(t) = 2e3 cos 3t + e3¢ sin 3t
f() = 3et cos V15t — ie"’ sinV15¢
V15

f@®

_ 3t -5t — -4t —at
I @) =e3 +3e 2. — 5ot 4 5e-2t 4 7re-2t 3, f() =2e % + te
1 1 -t -3t -3t i
4. f(t)=1+ze3”+ie‘3‘ S. f(©) =3e7t + 2e 6. f(®)=2e3+3cost—sint
1 3 1
y(@) = Ee“ +Eet 2. y(t) = e2*
3t -5t 7oL a
y(t) = e3" + 3e 4. yt)=—et+-e
4 4
1 1 3 3 9 1
t)=-el——e ™ 6. t) = ——=cos3t———sin3t+-—et +—e
y(t) 3¢ —3¢ y(t) 130°S e +loe +13e




TUTORIAL

Find the Laplace Transform for the following function by using the Definition of Laplace Transform.

I

3.

() = 2%
Fo) = [ etre) d
(s) jo e Stf(t) dt

= f e Ste2'dt
0

2s—1

(et +5)?2

(et +5)(et +5)
=e?t +10ef + 25

F(s) = fooe_“f(t) dt
0

f®
f@®

20 F(0) = V16e8

= 4e*t
F(s) =j e StF(t) dt
0
= 4J- e St ettdt
0

— 4fo°° e~St+at gt

= 4[2e -0t gt

e—(s—4)t ©
=4 [ —(s—4) ]o

e~ (5=9)()

e~ (s—9(0)

=4 eTa T Teo9
1
:4P_—@—®
4
=s—4

= J e St(e?+10et + 25)dt
0

f ‘Serfdt+10f e‘“etdt+25f e Stdt
0 0

f e st*2tdt + 10f e~St+dt + zsf e~stdt
0 0

f e~ "Dtdt + 10f
0 0

(o)

e~ GDtge 4 25f —stdt

[ g~ (s-2)t 1% e—(s—1t —st
= |— —| +25

__(S_Z)L +10 _(s_1>] + [

o—(5-2)(©)  5=(s-2)(0) 0 o= (5=1)() e—(s—lxo) . e=5(®)  o=s(0)
- —(5—2)_—(5—2) Ml Ty sharour sy ey I
= _0 +10(0 L |4 25[0 1]
B —(s -2) —(s— 1) —s N

1 10 25 TASPS

= + +
s—2 s-—-1 S
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4. f(t) =2cos 3t
f(t) = 2 cos 3t (change to exponential form)
=2 Le3it

F(s) = fme_“f(t) dt
0

[oe]
= f e st.2 e3itdt
0

=2 fme—st+3it dt
0
= Zfoooe‘(s‘3i)t dt

'e—(s—3i)t] ©
0

[ ~G-30)

[o—(s=30)()  o—(s=30)(0)
e R O 3i)]
[ 1
=2[0-=5C 3i)]
2
T s5—3i

solve by using conjugate, therefore

2 s+ 3i
=s—3i'<s+3i>

s+ 3i
-y F

s 3i
=Sz+9+52+9
As cos 3t is the real part, thus

s
F(s) =
(s) s2+9




TUTORIAL

By using the Table of Laplace Transform. find the Laplace Transform for the following functions.
Refer to the Laplace Transform table for each term
[, f(t) = 3t%(e? —t)?

= 3t2(e* — 2te?* +t?)
= 3t%e*t — 6t3e?t + 3t

2! 3! 4!
"'F(S):3'(5_4)2+1_6'(5_2)3+1+3'S4+1
2 6 24
=3 G- Gt
6 36 72

TGo4F G-2F s

2. F(s) = 3Ltcos2t — 5Ltsin4t + Lt3e*t

F(s)=3. 52 — 22 e 2(4)s N 3!
o (52 + 22)2 (SZ + 42)2 (S _ 4)3+1
3 -4 40s N 6
T (s2+4)?2 (s2+16)2 (s—4)*
3. © = 2tan2t o3t sinhSt + t*
f " cos2t e s 2
) sin2t 1
_ cos2t —3t s 4
t) =—— h5t + =t
f@® o=+ e sinhSt + 5

1
= 2sin2t + e 3tsinh5t + Et4

1
F(s) = 2Lsin2t + Le 3tsinh5t + LE t*

. F(s) = 3 2 N 5 +1 41
oS = s24+22  (s+3)2—-5%2 2 s*ft
_ N 5 +1 24
T s2+4 (s+3)2-25 2 s5
6 N 5 +12
T s2+44 s2465s—16 S5
4, 9t* + 6t3 + t2
f@) =—————
e
9t* + 6t3 + t2
f(t):T

= 9t*e™> + 6t3e 75t + t2e 5t

F(s) = 9Lt*e 5t + 6Lt3e 75t + Lt2e 75t
! 3! 2!
) G ) B ) B
_ 216 + 36 4 2
T (5+5)5  (s+5)* (s+5)3

~F(s)=9-




TUTORIAL

Find the Laplace Transform for the following functions by using first shifting theorem method.

[

f(0) = (% +1%)?
=ef +2e3t% + t*

Lef(t) = L2e3t?
a=3
F(s—a)=F(s—3)

f(t) > Refer Laplace Transform Table
!

3!
F(S) 2253?

12
e
Thus, F(s—a) =F(s —3)
12
F(S) =m

f(t) = 3et + e**cosh2t
Le®f(t) = Le*cosh2t

a=4
F(s—a)=F(s—4)

f(t) > Refer Laplace Transform Table

F(s) = 3Let + Le*cosh2t

S

=3.
s—l-i-SZ—Z2
_ 3 4 S
T s—1 s2-4
Thus, F(s—a) =F(s—4)
3 S
~ F =
© =1t e-ar—a
3

S
+
s—1 s2—-8s+16—4
3 S

+
s—1 s2-—8s+12

2.

t34+2t2+ ¢
f(t)=T

f@t) =e 353 +2t* + 1)
=e 33 + 2e73t2 + 73

Le®f(t)
= Le 33 + 2Le 302 + Le 3t

a=-3
F(s—a)=F(s—(-3))
=F(s+3)

f(t) > Refer Laplace Transform Table
! 2! 1
F(S) 253?4—2'52?4'5—2

6 4 1
Tt B3
Thus, F(s—a) =F(s+3)
6 4 1

FO) =t a3 TG ran
) = e“sigh\/gt

1
Le®f(t) = §Le”sinh\/§t

a=2
F(s—a) =F(s—2)

f(t) > Refer Laplace Transform Table
F(s) = %Le“sinh\/gt
_L_ 5
3 s (5
5
"~ 3(s2-5)
Thus, F(s—a) =F(s—2)
V5
AR )
B V5
T 3(s2—4s5+4-5)
B V5
T 3(s2—4s-1)




TUTORIAL

By using the Multiplication of t* method find the Laplace Transform for the following functions:

1. f(t) = e** (3t + cos 2t)

= 3t e + e cos 2t

L3t e*t)
n=1 and f(t) =e*
f(t) > Refer Laplace Transform Table
1
F(S) = m
=(s-97"!
F'(s)=—-(s-=9H7*(1)
-1

Substitute into the formula:

Lt"f(t)=(—11)"F“(s) ;
nL3tett =3(-1)——— =

(s=9H? (s—-4)?

s—4

3
PO =Tt oz 1a

3. 3eV5t¢2
16 ==

n=2 and f(t)= 3eft

f(t) > Refer Laplace Transform Table

3 1
RPN
=5(s3—f)-1
F'(s) = =5 (s =V5)~?
_ 3
 2(s —V5)?

Substitute into the formula:
Lt f () = (=D"F"(s)
36\/_t 2
)= (-1 )2

_ 3
2(s —V5)?

3

L(t sin mt)

n=1 and f(t) =sinmnt
f(t) = Refer Laplace Transform Table
F(s) =—5———
) s2 +m?
=n(s? +nr?)7?
F'(s) = —m(s? + m?)72(2s)
—2ms

- (s? + m?)?
Substitute into the formula:
Lt"f(t) = (=D"F"(s)

) —2ms
o L(t sinmt) = (1) G2+

_ —271Ss
T (52 +1?)2

f(&) = t?(et + 1)?

f(t) =t?(e?t +2et +1)
=t2e?t + 2t%et + t2

n=2

f(t) > Refer Laplace Transform Table
1 1

F(s) = -

s—2 s—1 s
=@ -2+ -+

F'(s)=—(s—2)2%2—-(s—1)"2%2-572

F'(s)=2(s—2)3+2(s—1)3+2s73
5 1 1 1
(s—2)3 + (s —1)3 + 253]
Substitute info the formula:
Lenf() = (=D"F"(s)
o L(t%e?t + 2t2et +t2)

=(—1)22[ 1 1 1]
G-2° " (s —1)3

1
‘I = 2)3 G- ]

=y

86



TUTORIAL

Apply Inverse Laplace Transform using Laplace Transform Table.

| 11 3  2s—6

F(s) =5 +——
(s) s* s—4 s2+49
_11+ 3 2s 6
T st s—4 Is24+49 52449
11 3! 1 S 6 7
t)y=— 1 +3L1—— 271 +-L
f® 6 §3+1 s—4 s2+72 7 s2 4+ 72
11

6
= ?t3 + 3e*t — 2cos 7t + 5 sin 7t

2. 4 2s—5
t) =Lt —+ L7
f® 52+ s2—25
4 2s 5
_ 15 -1 _ -1
et ags 225
_ _ S _ 5
=L G2 LT e LT
= 4t% 4+ 2 cosh 5t — sinh 5t
3 10 2
t) = L1 — 1
f® 252 -8 s—11
10 2
_ -1 =t
£ 2(s2—4) £ s—11
5 2
_ -1 _ -1
=L s2—4 s—11
5 2
:_L—l _ L_l
2 §2 —22 s—11
5
=Esinh 2t — 2el1t
10 4
4, F(s) = _
(s+52%—-16 (s—3)°
4 1 4!
=10L1— g1
f® (s+5)2—-42 6 (s — 3)*+1

1
= 10e75¢ sinh 4t — gt4e3t




TUTORIAL

Apply Inverse Laplace Transform using Completing the Square Method.

=L 55—
f® s2+4s+13

6
(s+2)2-9

3
(s +2)2—32

= 2e 2t sinh 3t

= L_l

=2/L"1

3. _ 2s
f@ =L T 718

2(s —3) +3
(s—3)2+09

26-3) 3
G-32+32 " -37+32

(s—=3) _ 3
(R O TR e e

= 2e3t cos 3t + 3t sin 3t

= L_l

— r-1

=2/L71

4. _ s+6
FO =m0
(s+2)+4
— r-1
fo=£ (s+2)2-16
(s+2) 4
— r—1 -1
=t (s+2)2—42+L (s +2)2 — 42

= e 2t cosh 4t + e 2t sinh 4t




TUTORIAL

Apply Inverse Laplace Transform using Partial Fraction Method (Linear Factor).

| F _ 3s
®)=GTa6-D
3s A

(s+2)(s—1)=s+2+s—1
3s=A(s—1)+B(s+2)

s—1=0, s=1 s+2=0, s=-2
3(1) = B(3) 3(=2) = A(-3)
3=B(3) —6 = A(-3)
B=1 A=2
F(s) = 2 + !
S Ts+2 s—1
) =2,"1 ! +£71 !
f® = s+2 s—1
=2e7 %t 4 ¢t
2. . s=3 s=3
F(s)_52—6s+5_(s—5)(s—1)
s—3 A B

(s=5(—-1 :s—5+s—1
s—3=A(s—1)+B(s—5)

s—1=0, s=1 s—5=0, s=5
1-3=B(-4) 5—-3=A4(4)
-2 =B(-4) 2=A(4)
1 1
) )
1 1
2 2
F(s) =
X f_5+s_11 1
t)=-L1——+- 7t
f® % SI5+2 s—1
_ 5t 4 ot
—Ze +Ze
3. s+3 s+3
F(s) ==

1 G+DG-1

s+ 3 _ A B

G+DG-1 s+1s-1
s+3=A(—-1)+B(s+1)

s—1=0, s=1 s+1=0, s=-—1
1+3=B(2) —-14+3=A4(-2)

4 =B(2) 2=A(-2)

B=2 A=-1

-1 2
F(s) = +
Q) s+1 s—1
f@&)y=-,71 Loy
s+1 s—1
= —e7t + 2¢et

|P£&e§b
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4+25—52_A+ B N C
s(s=2)2 s s—2 (s—2)2
44+25s—52=A(s—2)2+Bs(s—2)+Cs

assume s =0 s—2=0, s=2 assume s =1
4420)—-02=4(-2)2 44+212)-22=C(2) 4+2(1)-12=1(1?+B1)(-1)+3(1)
4=A(4) 6 =C(2) 5=1-B+3
A=1 C=3 B=-1
F()—1+ -1 4 3
V=55 —2 (s —2)2

f@) =L‘11—L‘1L+3L‘1#
s s—2 (s —2)?

=1 —e?t 4 3te?t

5. F(s) = 9s245s5—1
= =2 (s + 1)2
9s2 +5s5s—1 A B C

G-DG+1? s-2 s+1 Gt12
952 +55—1=A(G+1D?+B(s+1(s—2)+C(s—2)

s+1=0, s=-1 s—2=0, s=2 assume s =0
9(-1)?+5(-1)—-1=C(-3) 9(2)2 +5()—1=A4(3)? 9(0)2+5(0) —1=5(1)?+B(-2)(1) —1(-2)
3=C(-3) 45 = A(9) —1=5-2B+2
c=-1 A=5 B=4
F _ 5 4 -1
(S)_s—2+s+1+(s+1)2

f®)=5,"1 ! +4 L7t ! Lt !
- s—2 s+1 (s +1)2

=5e?t +4e7t —tet

6. F()_1252+24s+9_1252+24s+9
8= s34+ 3s2 T s2(s+3)
1252+24S+9_A+B+ Cc
s2(s+3) s s2 s+3
1252 + 245 +9 = As(s + 3) + B(s + 3) + Cs?

assume s =0 s+3=0, s=-3 assume s =1

12(0)% + 24(0) + 9 = B(3) 12(=3)? +24(-3) + 9 = C(-3)? 12(1)2+24(1) +9 = A(1)(4) + 3(4) +5(1)
9 =B(3) 45 =C(9) 45 =4A+12+5
B =3 c=5 A=7

F()—7+3+ 5
S_s s2 s+3 L

7 3
=L+ LS+ 5L —
f® s+ 52+ s+3

=7+3t+5e73

.Pﬁ"é"“)
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s(sz+4)_s+52+4
2s—1=A(s*+4)+ (Bs +C)s
= As? + 44+ Bs? + Cs
=(A+B)s?+Cs+44A

Co-eff s° Co-eff st Co-eff s?
44 = -1 C=2 A+B=0
A= . 1-I-B—
=—3 =
v —% %s+2
©) =5+ 212
211
__"%., _3° 2
s S2+4 s2+44
ft) = —2Lt =t T
4-1 i 4 s2 422 §2 4 22
=—Z+16052t+sin2t
5s%2 — 65+ 7
F(s) =

(s2+1D)(s—-1)
552 —6s+7 As+B c
(52+1)(s—1)_52+1+s—1

552 —65s+7=(As+B)(s—1)+C(s*>+ 1)
=As?—As+Bs—B+Cs*+C
=(A+C)s>?+(B-A)s+(C-B)

s—1=0, s=1 Co-cff s2
5(1)2—-6(1)+7=C(1%+1) A+C=5
6=C(2) A+3=5
c=3 A=2
25 + (—4) 3
Flo) = s2+1 +s—1
2s 4 3

=sz+1_sz-|-1-|_s—1

S 1 1
)=2L1— 4,1 _—— 4371 —
f® s2+12 SFSTA s—1
=2cost—4sint+ 3et

Co-eff st
B—A=-6
B—-—2=-6

B=_

|ﬁ%%ﬁ)
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2s—3
(s +2)(s? + 65+ 10)
2s—3 A N Bs+C
(s+2)(s24+654+10) s+2 s2+65s+10
25s—3=A(s>+ 65+ 10) + (Bs + C)(s + 2)
= As? + 64s + 10A + Bs? + 2Bs + Cs + 2C
= (A+B)s?+ (6A + 2B + C)s + (104 + 20)

F(s) =

s+2=0, s=-2 Co-eff s2
2(-2) -3 =A((-2)? + 6(-2) + 10) A+B=0
7 7
A=—= 7
2 B =—
2
—% %s+16
F =
(s) = s+2+52+6s+10
—7 1[ 7s + 32
s+2 2ls2+6s+10
7 1 7(s +3) + 11
t)=—=L" 1— |
f® 2 +2 2 (s+3)2+1]
=_ZL1 L1, 76+3) 1., 11
2 s+2 2 (s+3)2+1 2 (s+3)2+1
A —1&4_2 o L
2 s+2 ' 2 (s+3)2+12 2 (s+3)2+12
7

7
= —Ee_Zt +—e 3tcost + 76_3tsin t

Co-eff s°
104 + 2C = -3
7
10 (—E) + 2C = -3
2C = 32
C =16




TUTORIAL

By applying the inverse Laplace Transform, solve the differential equation for the followings.

. 2y"+y=4e?, given y(0) =3

4
Z(SY(s) — y(O)) +Y(s) = Py

2sY(s) —2y(0) + Y(s) = é

2sY(s) —2(3)+Y(s) = S;LZ

2sY(s) —6+Y(s) = S;LZ

4
ZSY(S) + Y(S) = m +6
4+ 6s—12

s—2
6s — 8

(s—=2)2s+1)
B

Y(s)(2s+ 1) =

Y(s) =

6s—8 _ 4
(s—2)2s+1) s—2 2s+1

6s—8=A42s+1)+B(s—2)

s—2=0, s=2 _ _ 1
6(2) — 8 = A(5) 25+1=0 s=-3
4 = A(5) 1 5
6(-=|-8=B(-2
(-3)-2=5(-3
> 11=B >
I )
22
5
s 2
6s — 8 _ 5 4 5
(s—2)2s+1) s—2 2s+1
. (t)—4L‘1 2 4 1
Y =E —27 5" 2s+1
I - PR
5 s—2 5 2(s+%)
4 1 11 1
=_£1 —L_l
5 s—2 5 1)
s+2
4 11 _1
— 2t 5~ 5t
=ze +5e

|Pcl|~_!;eé".r"»
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2. y'(t) —y() = sin 2t, given y(0) =0
sY(s) —y(0)+Y(s) =

s2+4
sY(s)—0+Y(s) = 714
Y()(s+1) = 714
1
YO =Ty ae+D
1 As+ B C

(52+4)(s+1)_sz+4+s+1
1=(As+B)(s+1)+C(s?+4)
= As? — As+ Bs — B + Cs? + 4C
=(A+C)s>+(B—-A)s+4C

coefficients, s° coefficients, s2 coefficients, st
4C =1 A+C=0 B—A=0
C—1 A+1—0 L
A=—= __1
4 B=-7
111
1 _"3°"7 1
(s2+4)(s+1) s2+4  s+1
Y (t) = 1£_1 S 1£_1 1 +1 1 1
TVIETRY 14T dT 21474 s+1
1 S 1 2 1 1

—__r-1 _r-1 -1

e S
4 s2+22 8 152-+-22 4 s+1
t

1
= —Zcos 2t —Zsm 2t +Ze
3. y'"=3y' +2y=6, given y(0) =2,y'(0) =6
s2Y(s) —sy(0) — y'(0) — 3(sY(s) — y(0)) + 2Y(s) =6
s2Y(s) — sy(0) —y'(0) — 3sY(s) + 3y(0) + 2Y(s) =6
s2Y(s) —s(2) — 6 —3sY(s) +3(2) +2Y(s) =6
s2Y(s) —3sY(s) + 2Y(s) =6+ 2s
Y(s)(s?—35s+2) =6+ 2s

6 + 2s
() = (s2—-3s+2)
6 + 2s
TG-2G-1D
6+ 2s A B
(s—2)(s—1)=s—2+s—1
6+2s=A(s—1)+B(s—2)
s—2=0, s=2 s—1=0, s=1
6 +2(2) = B(1) 6+2(1) = A(-1)
10 = B(1) 8= A(1)
B =10 A=-8
6+ 2s -8 10
G-2G-1 s-2's5-1
1 1t
_’y(t)=—8L S——2+ 10L S——1
= —8e2t 4+ 10et N,

Ipageé\?.—»
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4 Y'(@®+2y'(6) +10y(t) =5, given y(0) =0,y'(0) =1
s2Y(s) — sy(0) —y'(0) + Z(SY(S) - y(O)) +10Y(s) = ;

s2Y(s) — sy(0) — y'(0) + 2sY(s) — 2y(0) + 10Y(s) = g
s2Y(s) —s(0) — 1 + 2sY(s) — 2(0) + 10Y(s) = g
s2Y(s) + 2sY(s) + 10Y(s) = g +1
5+s

Y(s)(s?+2s+10) =
545
Y " s(s2 4 2s +10)
545 _A+ Bs+C
s(s24+2s+10) s s242s+10
5+s5s=A(s®*+2s+10) +(Bs + C)s
= As? + 245 + 10A + Bs®> + Cs
=(A+B)s?+ (2A+C)s + 104

coefficients, s° coefficients, s2 coefficients, st
104 =5 A+B=0 24+C=1
A—1 1+B—0 1
—5 5 - 2 g +C=1
1
=-c 3
5
C=<
5
1 1 3
5+s _5, “55t3g
s(s2+2s+10) s s242s410
1 1 1 4—-(s+1)
sy ==Ll LT ——
y(@©) 5 s+5 (s+1)2+9
1 11 4 1, (+1)

—__pr1-4-p-1__ @ s
£ s+5L (s+1)2+32 5 (s+1)2+32

= Ul

= L letsin3e 4 etcos 3t
—5 56 sin 56 cos
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