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TOPIC

Basic of Integration

At the end of this chapter, you should be able to:

« Explain the indefinite integrals

 Calculate definite integrals

 Apply integrals of trigonometric function,
reciprocal function and exponential
function




INTRODUCTION Ce e e

Integration is the inverse or reverse process of differentiation.
The process of obtaining y from Z—i’ is known as integration.

dy Differentiation Integration
[ reo

=fx)=x° fdy=f3x2dx
Y pw =3
dx_f X=X

Symbol of integration

j . dx Integration of y with respect to x is
[ reo ax

e There are no limits of integration in indefinite integral.
 In indefinite integral, the constant ¢ must be stated.

 In definite integrals this ¢ has some value and can be determined by
some function value (the values of limits: upper limits - lower limits)

REMENMBERI

where c is a constant
and must be stated

Indefinite integral

f F0o dx = F(0) +@©)

Irepor{ir]

Definite integral

b
[ 7 dx = F) - F@

a

&) Must have POWER f 33 dx = f x5 dx
2
o) Bring the power UP j; dx ‘ ij“‘ dx
c) Expand j(x+2)(1—x) dx ‘ J-Z—x—x2 dx

.[(x—3)2dx ‘ fx2—6x+9dx
d) Separate fo —x*+5 dx P f___+_dx

=J2x3—1+5x‘2 dx

2
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INTEGRATION OF ALGEBRAIC FUNCTIONS

a) Constant Function - b) Constant Multiple Rule -
jadx faxdx, n+-1
=ax+c ax™tl

T n+i e
c) Power Function Rule d) Addition & Subtraction
fx"dx, n+ -1 ff(x)ig(x) dx
—:1:11+c =ff(x)dxifg(x)dx
e) Formula Method/

Composite Function

f) Substitution Method

f(ax + b)"dx, n+-—1 ff[g(x)] x g'(x)dx = f(u) - du,
n+1 —
_ (ax + b)™ i wher;z = g(x)
(n+1) <%(ax+b)) dx g (x)
du=g'(x)dx

1W»B

HOW to Integrate The ‘+c’ is just how we write
“plus an unknown constant”
fx” dx
@ 1. POWER plus 1

OVER the new power
. + C ’

INTEGRATION

3




(@)
> & Example1
A
a) Constant Function

Find the integral of each of the following:

a) dex b)
=5x+c
c) 1 d)
gdt
_1
—§t+C

fndz

=mnz+c

fwdm
=352m+¢c

fa dx = ax + ¢ where ais constant (number)

b) Constant Multiple Rule

Find the integral of each of the following:

a) b) 2
7x dx -z dz
3
7x1+1 2 Zl+1
=11 25'12+1+C
2 z
7x2 2.2
=5+ 372" ¢
B | O
ax™+1
jaxdx= +c,n+-1
n+1

4
INTEGRATION



@;@; R
> & Example 2

A

¢) Power Function Rule

Find the integral of each of the following:

a) b)
fx3 dx f422 dz
x3+1 4Z2+1
317 ¢ 2+1
_xt N _ 4z’ N
= C = 3 c
c) 1 d) dm
— dk —
k Vm change form
change form
1
= fk‘S dk - f_l d
m2 change form
k—5+1 _ m_%dm
= +c
—-5+1
4 —=+1
=—5t¢ -’ +c
1 7t
= +c 1
—4k4 .
TT1te
2
e) J
3vx dx 1
change form =—2m2+c@2Jm +
1
= fof dx
1
3x§+1
+c
—71
2 +1 n+1
3 ndy — _
Iys jx dx n+1+c,n¢ 1
=3 t¢
7

—2x2+c@2\/ +c

5
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(@)
> & Example 3
A -

d) Addition & Subtraction

Find the integral of each of the following:

O.I4x2+2dx

:J‘4x2 dx+j2 dx
3
=4i+2x+c
3

3
:4i+2x+c
3

< I@)dx
expand
=J'2x3 — 3xdx D
:I2x3dx—_|'3x dx

_2xt 3¢

4 2

x*  3x?

2 4
b'.[(s—'_F_Fj o change form
= I3+ 2x72 — 4x7° dx

=I3X dx + ij‘z dx—J'4x‘3 dx

2x7t 4Ax7?

+C
) (2

2 4
=3X——+ —+C
X  2X

=3X+

=3X— 2 + %+c
X X

d [ (2x+1)(x—2)dx
I L/ D expand
:j2x2 —4x+ x — 2 dx
=I2X2 —3x— 2 dx
:J-ZXZdX—J-3XdX —Ide

[rezg@dr= [ reaxs [ gwax

INTEGRATION
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@
b, &3 Example 4
A—

Find the integral of each of the following:

2 2
) [|X22) ax o) (B+x)(2-x),
X’ I x* X expand &
separate |
. X2 2 2 6—)(_)(2 separate
. 6
- (1+ 2x’2)2 ax =IX4
= (1+ 2x‘2)(1+ 2x‘2)dx =j6x*4 dx — jx*3 dx—J' X2 dx
= [ 1+ 4x 2+ 4x* dx _6x7 x* xP
) _1 3 =3) (2 (-1
4x 4x o 1 1
= X+ + +C -2, 1 1.
) (=3 x> 2x% X
=X—————=+C
X 3X

/
DON'T FORGET
y ¢ In integration, there is no product
rule or quotient rule

b The functions need to be expanded
or separated then simplified and
lastly integrate term by term

T
INTEGRATION



a) jdx b) j7x2 dx
3, 5
C) J‘Et dt d) fx—g dx
1 3 2
e) _3_3/5 dy f (5x° + 2x* —9)dx
1 3 ,
a) f 4+x_2_F dx h) fx (x—3)dx
x3+ x2+10
S r— y (L,
x6 + 2\ 2 2
1+=)(1-=)d
0 (5 e o () (a-3)
ANSWER
a)x+c b)l;+c 0)31—25+c d)—%+c
e e e e e o e ) gyite NE 42 _gx e Q) 4x—Z+—+c DESPERY:
. : . : : . : . 092—1522+253z3+c J)x72+x—%+c k)"77+4x—$5+c Du++c

8
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INTEGRATION OF ALGEBRAIC FUNCTIONS

e) Formula Method/Composite Function

f(ax+b)"dx, n+-—1
(ax + b)**1

(% (ax + b)> (m+1)

+c

. REMEMBERI
this FORM ULA can ONLY be
used when POWER of x is 1!

How to Integrate composite function...

(ax + b)"dx 1 POWERplus1
(ax + b@ 3 2 OVER— (% (ax + b)) x (the new power)

+© 3 ‘+c’
—x(ax + b)> n+1)
2

f) Substitution Method

[ rlg@onx g/ ax = ) - au,

REMEMEER

du

Substitution Method: E:g,(x)

Find u — priority u du=g'(x) dx
Inside bracket = [ 5x(2x% + 5)3dx 1

D . > 2x d

/- Denominator f(l—xz) X How to Integrate by using

iil. Highest power = [ sin3x cos*3xdx substitution method:

ldentify ‘v

\v. Power of exponent = [ 5x 3% dx . du ,
Find = then make dx as subject

Substitute  ‘U" and dx into the
original question

Simplify, then integrate

e o o o o o o o . Substitute back u=g(x) into the
© o o o o o o final answer

9
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@
b, &3 Example 5
A—

Solve the integral [(2x — 3)*dx

which METHOD to be used is
Solution : based on the question given

METHOD 1 : By using Substitution Method

Step 1 : ldentify ‘u’ — must be in the bracket & substitute u = g(x)

u=2x-—3

Step 2 : Find z—’; — differentiate u, then find dx

du _
dx
dx =2
2
Step 3 : Substitute g(x) = uand dx = — into the original question

()

f du
u —
2
1 _. .
= 5 u? du Put the coefficient outside [

Step 4 : Integrate

_1u+
—2'5 "¢

“10 " €

Step S : Substitute back u = g(x) into the final answer

(2x — 3)5
=710 *°¢

METHOD 2 : By using Formula Method/Composite Function

Step 1 : Integrate (ax + b)™+1

f(ax+b)”dx,= +cn#*-—1
_ (2x -3+ . (;—x (ax + b)) (n+1) @

2(4+1)

Step 2 : Simplify

(2x — 3)°
" 10 ‘¢

10
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@
b, 3 Example 6
A—

Solve the integral [5(5z + 2)%dx
Solution :

METHOD 1 : By using Substitution Method

Step 1 : ldentify ‘u’ — must be in the bracket & substitute u = g(2)
u=5z+2

Step 2 : Find % — differentiate u, then find dz

du _
dz
dz =2
5
Step 3 : Substitute g(z) =uand dz = T into the original question
. s du
W

=fu5du

Step 4 : Integrate
u6

=—+
6 Cc

Step S : Substitute back u = g(z) into the final answer

5z 4 2)°
=%+C

METHOD 2 : By using Formula Method/Composite Function

Step | : Integrate

_5(5z+ 2)>+1
~ 5(5+1)

Step 2 : Simplify
5z + 2)°
_Gz+2)7

n
INTEGRATION



(@) SRR
P & Example 7
i Y, )

DON'T FORGET

2. ONLY use Substitution Method
if the variable in the BRACKET of
the function has POWER

Solve the integral [ x(3 — 2x2)3 dx

Solution :

METHOD: By using Substitution Method

Step 1 : ldentify ‘u’ — must be in the bracket & substitute u = g(x)

u=3-2x?

Step 2 : Find % — differentiate u, then find dx

— = —4x
dx a
u
dx = —
—4x

Step 3 : Substitute g(x) = uand dx = 2 _into the original question

g'(x)
du
= 3
fxu “ix

1
= — Z,[ ud du Put the coefficient outside [

Step 4 : Integrate

Step S : Substitute back u = g(x) into the final answer
3 —2x?)*
16

A constant factor in an integral can
be moved outside the integral sign:

[kf(x) dx =k [ f(x)dx

12
INTEGRATION



(@) SRR
a& Example 8

DON'T FORGET

* ONLY use Substitution Method if

Solve the inT@grQ| f 2p(p — 7)° dp there is a variable outside the bracket
and the variable in the bracket of the

function has NO POWER

Solution :

Step 1 : ldentify ‘u’ — must be in the bracket & substitute u = g(x)
u=p-7

Step 2 : Find Z—Z — differentiate u, then find dp

au _
dp -
dp =du
Step 3 : Substitute g(p) = uand dp = % into the original question
[
Make p as
_ 7 subject matter:
—2f(u+7)u du w=p—7
p=u+7

=2fu8+7u7 du

NEMEMBER!

Step 4 : Integrate
=2 w + 7t +
““l9 T g |TC

_2u9+7u8+
9 T3 7€

If there are 2 variables, NEED to:
* Remain the variable u
* Change the other variable to u

— [f(w) du

Step S : Substitute back u = g(p) into the final answer

20-7)° 7(p-7)°8
= 9 + 7 +c

13
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Exercise

I. Find the integral of each of the following by using Formula Method

a) j(—St +5)% dt b) f 3 (g — 4)3 dx
<) j4(6x—4)‘2dx d) fﬁ dx
e) f 2(7 = 3x)"%dx f == dx

2. Find the integral of each of the following by using Substitution Method

a) sz (z3+7)3dz b) f(1 — 2x)(3x — 3x2) % dx
2 jsz + 4x)(x® + 2x2 — 5)%dx d) fﬁ dx

_3 )
o Jaaem I

ANSWER : by using Formula Method

314 x 1% 2
) % +c b) 3[5;4] +e - 3[6x+4] te
5 2
d) TR +e 2) o +c H2vVx +6+c
e o o o o o o ANSWER : by using Substitution Method
° ° o o ° ° ° ° 2 5 2 3 1r. 3 2 3
LB+ +c 0) 2[3x — 32?7 + ¢ o)l +2x? -5P +c
e o o o o o o o d) — _r +c e) — +c f) 3 :
9[3x+2]3 20[3y+1]5 ~2 [9-2z]5+¢

14
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DEFINITE INTEGRALS s

Definite integral is integrals with the limits of integration. It has start and end
values which also known an interval [a, b].

a is the lower limit of integration and
b is the upper limit of integration

fbf(x) dx

the integral from a to b of
f(x) with respect to x

If a function f(x) is continuous on
the interval [a, b], which means

b
| £ dx = Fib] - Fla

Properties of Definite Integral o

( REMEMBER!

b
a. f f(x)dx = F(b) — F(a) [ f(x) dx from x = a (lower limit)
a tox = b (upper limit)

b b
o. f kf(x) dx = f f(x) dx; kis aconstant

a

b

b b
mmimmm=fhmMifmmm

o
S

a

d fbf(x) dx = — fbaf(x) dx

a

e. facf(x) dx = Lbf(x) dx + J:f(x) dx

15
INTEGRATION



@
b 3 Example
A—

|. Bvaluate the definite integrals ff 3x%2 —3 dx

Solution :
Step 1 : Integrate the term
o
=3
1 ——
= [x* - 32}

Step 2 : Substitute limit where the upper value minus the lower value
= [(2)° = 3(2)] - [(1)* = 3(1)]

Step 3 : Solve/Simplify

= [2] = [-2]
=4

The final answer will be a number |

2. Evaluate the definite integrals f245 + xiz —2x — ¥/x dx
Solution :

Step 1 : Change form
4 1
=f 54+ x72%—2x —x3 dx
2

Step 2 : Integrate the term

4_4
. -1 2x% 3
B L T R
31,
1, 3%/?]
= |5x —— — x% —
4 1,

Step 3 : Substitute limit where the upper value minus the lower value

3V@* 3V@*
- @2 -2 ] [5(2)—(2) (22 - =

[5 D7

Step 4 : Solve/Simplify

= [-1.0122] — [3.6101]
= —4.6223

16
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@
b 3 Example
A—

3. Evaluate the definite integrals f_21(2x +1)(2x — 1) dx
Solution :

Step 1 : Change form

2
= f 4x% — 1dx (2x + 1)(2x — 1) => expand

-1
Step 2 : Integrate the term

43 2
=|——x

3

-1

Step 3 : Substitute limit where the upper value minus the lower value

_[42)? 4(-1)°
o
Step 4 : Solve/Simplify
%l
3 | 3
=9

4. Evaluate the definite integrals f; 3/ (3x — 5)* dx

Solution :

Step 1 : Change form

4 4
=f (3x — 5)3dx
2
Step 2 : Integrate the term

7 4
(3x — 5)3
7]
2

33

Step 3 : Substitute limit where the upper value minus the lower value

) I(3(4) - 5)%] I(3(2) - S)ﬂ
- 7 B 7

Step 4 : Solve/Simplify
= [13.39] — [0.14]
= 13.25

17
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@
b 3 Example
A—

35x%—x*

5. Evaluate the definite infegrals f=-—=—dx

Solution :

Step 1 : Change form

35X2 _x4
[,
0

2
3x separate

Step 3 : Substitute limit where the upper value minus the lower value
5 (3) OF
Eo-2]-fo-2

Step 4 : Solve/Simplify
=2-[0]
=2

18
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@
b 3 Example
A—

6. Evaluate the definite integrals fol 8x (2x? — 3)°dx

Solution :
METHOD: By using Substitution Method

Step | : Identify ‘u’ — must be in the bracket & substitute u = g(x)
u=2x%-3

Step 2 : Find z—’; — differentiate u, then find dx

du_4
dx x
dx =&

4x

Step 3 : Substitute g(x) = uand dx = T into the original question

j18 s du
X u —
0 4x
1
= Z.f u® du Put the coefficient outside [
0

Step 4 : Integrate
76
Step S : Substitute back u = g(x) into the final answer

_[(2x? - 3)6l1

Step 6 : Substitute limit where the upper value minus the lower value

[z =3 [ew?-3]

Step 7 : Solve/Simplify
1
=3—243
728

3

C e e e e e e .
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@
b 3 Example
A—

/. Given, f_32f(x) dx = 7, find the values of the following

-2 3 1
d b) — d
| reoa | 7 r@a
2 3 3
f f(x)dx+ff(x)dx d) f [x? — 2f(x)] dx
-2 2 —2
Solution :
-2 3 1
) d o) — d
o | reax | 7 re
3 1 3
[ reodx =5 e
-2
=—-7
Use: 5(7)
" R 1 o) dx 257
c) fz f(x) dx+f3f(x) dx d) Jg[xz—Zf(x)] dx
-2 2 -2
3 3 3
= d = 2dx =2 d
f_zf(x) X f_zx X f_zf(x) x
=7 .
== -2(7)
Use: 3 ~
c b e (3 (=2)°
[reac=[ reoar+ [ reax =53 l— 14
(23 (93
—:9 8 14
= +§]‘
35
= ?— 14
_ 7
N _§ Use:

facf(x) dx = -Lbf(x) dx +fbcf(x) dx

20
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Exercise

Evaluate each of the following:

2 ] 4
a) j 4w(2w? — 2)?%dw b) z (1-2z%)3

1

2 116
c) f (2t — 2t°) dt d) f — dx

-1 -4 X

e) Given ffg(h) dh =9 and f35g(h) = 2. Find

3 5
f g(h) dh i, j‘g(h)dh
5 1
3 3
i, Zj‘g(h)dh iv. ]'[h—kg(h)]dh
1 1
........ ANSWER
: a) 72 b) —0.112 c) —18 d) —3.984
........ e)i) -2 e) i) 11 e) i) 18 e)iv) 14

21
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TRIGONOMETRIC FUNCTION Ce e e e

Trigonometric integral will take us to look at how to integrate certain
combinations of products and powers of trigonometric functions.

Let's us scrutinize at these Trigonometry Identities:

Reciprocal Identities Double Angle Identities
1 tanx = sinx 1. sin 20 = 2 sin6 cosO
’ " cosx
. 2. cos 20 = cos*0 — sin’0
2. cosecx = 3. cos20 =2cos*0—1
3 secx =—— 4. cos20=1-2sin*0
Ccosx
2 tan6
—__1 _ cosx 5. tan20 = ———
4. cotx = o — Sinx 1—-tan20
Integrals of Trigonometric Function ) Trigonometric Identities
1 fsinxdx:—cosx-kc 1. cos’x+sin®*x=1

2. 1+ tan®’x = sec’*x

5. Jcosx dx = sinx + ¢ 3. cot’x+ 1 = cosec*x

3. fseczxdxztanx+c

4. fsin(ax+b) dx:—écos(ax+b)+c
1 _ . : :
5. J- cos (ax+ b) dx =—sin(ax+ b) + ¢ Integration for Trigonometric Function:
a v’ function CANNOT have power except
1 sec?’x
6. f sec? (ax +b) dx =—tan (ax+b) + ¢ v Solve using Trigonometric Identity if
a the function HAS a power

em— 22
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@
b &3 Example 1
A—

Find each of the following indefinite trigonometric function:

a) jsin 2x dx b) j7 cos 5x dx
2 .2
c) f 2+ cos (5x — 2) dx d) f S5sec“3x — sinzx dx
Solution :
Step 1 : Integrate — refer to the formula Integrals of Trigonometric Function
a) jsin 2x dx b) j7 cos 5x dx
= 2x + =71 sinsx+
= -5 cos2x+c =7-gsindx+c
=z sin5x + ¢
2 .2
c) f2+cos (5x —2) dx d) szec 3x—sm§x dx
= 2+ % sin(5x—2) + =52 tan3x - |~ L cos 2|+
= 2x + ¢ sin (Sx c =53 tan3x Zcosgx c
3

5
=§ tan 3x+§cos§x+c

23
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@
b, 3 Example 2
A—

Solve the integral [ x cosx? dx

Solution :

METHOD: By using Substitution Method

Step 1 : ldentify ‘u’ — must be the highest power & substitute u = g(x)

u=x?

Step 2 : Find % — differentiate u, then find dx

du

o de
dx ==
2x
Step 3 : Substitute g(x) = uand dx = T into the original question
_ f du
= X CoSu X
= E,[ cosuau

Step 4 : Integrate

L s
=—-Slnu c
2

sinu+
= c
2

Step S : Substitute back u = g(x) into the final answer

sin x? N
= c
2

24
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[
P & Example3
A A
Solve the iﬂTQgrO| fSlTl 4x COS5 4x dx Trigonometric function
has POWER
Solution :

METHOD: By using Substitution Method

Step 1 : ldentify ‘u’ — must be the highest power & substitute u = g(x)

u = cos 4x

Step 2 : Find % — differentiate u, then find dx

du .
ol —4 sin 4x
dx = d_u
—4 sin 4x
Step 3 : Substitute g(x) = uand dx = % into the original question
f 4 s du
= | sindx -u> ———
—4 sin 4x
1
= —ZJ u® du

Step 4 : Integrate

1 ub
=—Z'—6 +c
u6
~ Tt

Step S : Substitute back u = g(x) into the final answer

cos 4x)°®
(cos 4x)” |
24

Can also be written:

cos®4x

) +c

25
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o S
) & Example 4
A A
Solve the inT@ng” fSiTlZ 3x dx Trigonometric function
has POWER
Solution :

Step 1 : Refer to Double Angle Identities

cos 20 = 1 — 2xsin?6
1
sin?@ = > (1 — cos 26)

0 = 3x
-~ 20 = 6x

sin? 3x = 5 (1 — cos 6x)
Step 2 : Substitute sin? 3x into the original question

1
=f§(1—cos6x) dx
1
=§J(1—cos6x) dx
Step 3 : Integrate
_1[ 1 . p ]+
=[x —gsinéx|tc

X

1
—E—Esm6x +c

26
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Example

Solve the integral [ cos® 2x dx

Trigonometric function
has POWER

Solution :

Step | : Break the question

jcos3 2x dx

= fcos 2x cos?2x dx

Step 2 : Refer to Trigonometric Identity
cos?0 + sin?0 =1
cos?6 = 1 — sin?6
0 =2x

cos? 2x = 1 — sin? 2x
Step 2 : Substitute cos? 2x into the original question

= fcos 2x (1 — sin?2x) dx

Step 3 : By using Substitution Method
u = sin 2x
du

a=2c052x

B du
" 2cos 2x

= Jcos 2x (1 —u?)

1
=§f1—u2du

dx

du
2 cos 2x

sin32x .
— c
3

U3

1 3 Can also be written:
l ¢ l +c

2

1[_
= —|sin2x —

(sin2x)3
> —3 +c

27
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Example 6

Evaluate the definite integral ff sec?5x dx

Solution :

Step 1 : Integrate — refer to the formula Integrals of Trigonometric Function

1 3
= [g tan SX]1

Step 2 : Substitute limit where the upper value minus the lower value

= E tan 5(3)] — Etan 5(1)]

Step 4 : Solve/Simplify
=0—[-0.6761]
= 0.6761

Use Mode Radian in calculator

&

@
" Example 7
)

Evaluate the definite integral fln cos (2x +1) dx

Solution :

Step 1 : Integrate — refer to the formula Integrals of Trigonometric Function

= E sin 2x + 1)]71I

Step 2 : Substitute limit where the upper value minus the lower value

- Esin Q2(m) + 1)] - Esin Q) + 1)]

. ) b ¢ For definite trigonometry function,
Step 4 : Solve/Simplify the calculator mode should be

= 0.4207 — [0.0706] changes to radian mode if the limit

used in radian units and vice versa

= 0.3501
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Exercise

Find each of the following indefinite and definite integrals for trigonometry

function

a) J(@2sin3x + sec? 4x) dx b) [9 cos(10x — 3) dx
J 2sinecosxa =

o) sin?x cos x dx d T

2) f(ZG + 2) sec?(6?% + 20) do o) fcos3 2x dx

TL' 600
X
) J;T cos(3x — 2) dx h) f sin= dx
7 200 3
T 900
) J sin (2x + 1) dx i) f 2 sec? 4x dx
1 500
L] L] L] L] L] L] ANslUER
o Q) — 2 c03s 3x + tal:4x +e b) 9sin(11[(J)x—3) +e o) gsin3x +c d) tan 2x + ¢ ) sin22x _ sin(62x)3 te
A f) tan (6% + 20) + ¢ g) 0.164 h) 0.16 i) —0.765 j) —0.182
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RECIPROCAL FUNCTION Ce e e e

Reciprocal integral refer to the integral of multiplicative inverse of a variable
which equals to sum of natural logarithm of variable and constant of integration.

The multiplicative inverse or reciprocal of varioble x is expressed as ~ in
mathematical form.

Integration of Reciprocal Function

Formula Method Substitution Methods

Figure | : Methods To Solve Integration of Reciprocal Function

Let's us scrutinize at these Integral of Reciprocal Function by Formula Methods:

Q. f%dx=1n|x|+c

1 1
=—1
b. fax+bdx " njax + b| + ¢

How to Integrate by using substitution method:

I . Identify ‘v’
 J ( [} . Find du/dx , then make dx as subject
/- . Substitute ‘v’ and dx into the original

qguestion
. Simplify, then integrate
. Substitute back u=g(x) into the final answer

30
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Example 1

<)

B

Find each of the following indefinite and definite reciprocal function

! d j ! d
a) fo x o) 4 —x X
c) f— dx d) dx
(2x +5) L 2x—1)
Solution :
Step 1 : Integrate — refer to the formula Integrals of Reciprocal Function
i =
a) x b) 14—
Put the coefﬂaent = _
—lnx+c =-Inld—x|+c
2
C) 2 5 dx d) dx
(2x +5) ; 2x—-1)
= 2] 1 d =5 ’ 1 d
‘)l axr5 =) ax-*
L = 5. L mx - )P
=2[E-ln|2x+5|]+c = ‘E[n(x_ )i

= In|2x + 5|+c

dx ——ln(ax+b) +c,

J.ax+b
where a is from E(ax + b)

31
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b, 3 Example 2
A—

Solve the integral f( 7

Solution :

METHOD: By using Substitution Method

Step | : ldentify ‘u’ — must be the denominator & substitute u = g(x)

u=x%+3

Step 2 : Find % — differentiate u, then find dx

— =2
dx x
dxzd—u

2x

Step 3 : Substitute g(x) = uand dx = T into the original question

Sx du
u 2x

—Sjld
2 u U

Step 4 : Integrate

5
=§[lnu]+c

Step 3 : Substitute back u = g(x) into the final answer

= ;[ln(x2 +3)]+¢

........ -
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b, &3 Example 3
A—

Solve the integral [ tan 2x dx

CANNOT integrate
tan x

Solution :

METHOD: By using Substitution Method

Step 1 : Refer to Reciprocal Identities

ftan 2x dx
sin 2x

= f dx
COS 2x

Step 2 : Identify ‘u’ — must be the denominator & substitute u = g(x)

change form

Uu = cos 2x

Step 2 : Find % — differentiate u, then find dx

du_ 2 sin 2
i sin 2x
dx = @
—2sin 2x
Step 3 : Substitute g(x) = uand dx = T into the original question
_ f sin 2x du
B —2 sin 2x

=+ au

Step 4 : Integrate

1
=—§[lnu]+c

Step S : Substitute back u = g(x) into the final answer

= —%[ln(cos 2x )] +c
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@
b, &3 Example 4
A—

Solve the IﬂT@ngﬂ f mdx

Solution :

METHOD: By using Substitution Method

Step | : ldentify ‘u’ — must be the denominator & substitute u = g(x)
u=2x%+3

Step 2 : Find % — differentiate u, then find dx

du

=4
dx = 2
4x
Step 3 : Substitute g(x) = uand dx = T into the original question
_ ("8x du
Jy u 4x
11
= 2f —du
o U
Step 4 : Integrate
=2[Inul}

Step S : Substitute back u = g(x) into the final answer
=2[In (2x% + 3)]}

Step 6 : Substitute limit where the upper value minus the lower value
= 2[In(2(1)? + 3) — In(2(0)? + 3)]

Step 7 : Solve/Simplify
= 2(1.6094 — 1.0986)

= 1.0216
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EXPONENTIAL FUNCTION

An exponential function is a Mathematical function in the form f(x) = a*, where X" is a
variable and “a” is a constant which is called the base of the function and it should be
greater than O. The most commonly used exponential function base is the transcendental
number e, which is approximately equal to 2./ 1828

Integration of Exponential Function

Formula Method Substitution Methods

Figure 2 : Methods To Solve Integration of Exponential Function

Let's us scrutinize at these

How to Integrate by using

Integral of Exponential Function: Substitution Method:

Formula Method 9>  Identify *u'
a. [efdx=e*+c . Find du/dx , then make dx as
1 subject
b _ b
b. ] e dx = a e +c . Substitute ‘v’ and dx into the

original gquestion
. Simplify, then integrate

. Substitute back u=g(x) into the
final answer

39
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Find each of the following indefinite and indefinite exponential function

Q:f@:

> & Example1

A
a) fe_7x dx b)
o) jSer 3 +— dx d)

e) J 2e* 1dx
1

Solution :
Step 1
a) Je‘” dx
1
=—-e ™+
o
= +c

1
C) f 5€2x_3 + 6’? dx

change
form
fSer 3 4 e~*(dx
_5.%8236' 3+(_14> 4-.X'+C
:E 2x-3 __ 1 +C
2 4etx

e) 2
f 2e** 1 dx
1

— 2[ e4—x 1]
4 1 ,
_ > [l 42)-1 _ le4(1) 1]
4 4 .
= 538.27

fex(l —e*) dx

36496 —eX
_[—e3x dx

: Integrate — refer to the formula Integrals of Exponential Function

b) jex(l —e*) dx

expand

= fex_er dx

=e* _ler +c

2
3e4x —eX
d) —ax dx
separate
3649( ex
=f Al

e %Xdx

=j3ex—
=3-e* - L e +c
-2
1

= 3e* + +c

Zer
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b, 3 Example 2
A—

Solve the integral [e*(1 + 2e*)72 dx
Solution :

METHOD: By using Substitution Method

Step | : ldentify ‘u’ — must be in the bracket & substitute u = g(x)
u=1+2e*

Step 2 : Find % — differentiate u, then find dx

Step 3 : Substitute g(x) = uand dx = T into the original question

1
=§]u‘2 du

Step 4 : Integrate

Step 3 : Substitute back u = g(x) into the final answer

1
20420
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b, &3 Example 3
A—

Solve the integral fol x2e1™%% gy
Solution :

METHOD: By using Substitution Method

Step 1 : Identify ‘u’ — must be power of exponent & substitute u = g(x)

u=1-x3

Step 2 : Find % — differentiate u, then find dx
du
dx
dx =

= —3x?
du
_3x2

Step 3 : Substitute g(x) = uand dx = T into the original question
_jl du
= x%e% ~3.2
—3_]. et du

Step 4 : Integrate

1
—3[6]

Step S : Substitute back u = g(x) into the final answer
1 341
—_ 1-x
- [e ]0
Step 6 : Substitute limit where the upper value minus the lower value

1
=— [el—(1)3 _ e1—(0)3]
Step 7 : Solve/Simplify
1
=3 (1-2.7183)

= 0.5728
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@
b, &3 Example 4
A—

Solve the integral foz e?*(sine?*) dx

Solution :

METHOD: By using Substitution Method

Step | : ldentify ‘u’ & substitute u = g(x)

— =2 2x
dx de
u
dx = T
Step 3 : Substitute g(x) = uand dx = T into the original question
_fz du
0
1 2
= Efo sinudu
Step 4 : Integrate
1
= E[—cos ul?

Step S : Substitute back u = g(x) into the final answer

=—3 [cos e?*]3

Step 6 : Substitute limit where the upper value minus the lower value

1
- _E[COS e2® — cos 2] NOTES

Use mode radian for
trigonometry (calculator)

Step 7 : Solve/Simplify

1
= _E(_0'371 — 0.540)

= 0.4555
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Exercise

Find each of the following indefinite and definite integrals for
reciprocal and exponential function

5z -3
a) f10z2 dz o) fﬁ dt
f 1 p j 2x —1 p
— dx —_— aXx
c) 2(1 = 37%) DT —2x+5
fsiand f8 t(2x) d
e) o5 7% X f cot(2x) dx
4 1
1 2
d h f d
a) L<2x+4> x ) 0<3x+2> x
[ Lo [
LR V) Tre
2 2x 3
e’ d 2x (22
K [ze?’dz D Je (4+5) dx
eSx
m)  [e®¥*sinx dx n) f—e3x ) dx
3 1 ,
o) f e?*tldx o) f 36x2 (2x7+3) gy
1 0
1 2 5
Q) f e5* cos e>* dx r j 9+e* —— dx
0 1 X
ANSWER
O)%lnlz|+c b)—§1n|9t+3|+c c)—%ln|1—3x|+c d)§1n|2x2—2x+5|+c e)—%ln|c052x|+c
f) 41In|sin 2x| + ¢ 9) 0.2027 h) 0.610 D—S+c D2vi+er+c
Cot e 0 e =) m) —e®s* + ¢ n) Infe3 + 4| +c 0) 538.27
° ° ° ° 2 D%'{'C
ct e e p) 769.965 a) —0.305 r) 30.729
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TOPIC

Techniques of Integration

At the end of this chapter, you should be able to:

 Solve integration by parts
 Solve integration of partial fraction




INTEGRATION BY PARTS JRIREERERERENE

Integration by Parts is used to integrate the product of two or more functions with
one that can be ecasily integrated, and one that can be easily differentiated.
Sometimes, we have to use Integration by Parts twice.

Guidelines for choosing v’

This can be remembered using the rule LIATE where the following function
comes first in the following order is assume it as u.

L - Logarithmic, example In5x,log3x etc

| - Inverse Trigonometric, example sin~14x etc
A - Algebraic, example 4x%,2x + 7 etc

T - Trigonometric, example sin 6x etc

E - Exponential, example e3* etc

Table | : How To Identify ‘v and ‘dv’

. HOW TO IDENTIFY ‘u’ AND ‘dv’
Functions
u dv
fxcosxdx X cosx dx
f x2 sin 2x dx x2 sin 2x dx
fxz In x dx In x x% dx
fo e3% dx 2x e3* dx

For a combination of trigonometry and
exponential, any can be selected as ‘w’
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INTEGRATIONBYPARTS oo

Apply the Method of Integration by Parts to Solve Related Problem
Involving Two Functions

Integration by Parts

Formula Methods Tabular Methods

Figure 3 : Methods To Solve Integration by Parts

a) Integration by Parts Formula Method

For an integral, [ f(x)dx can be written as u dv, then

fudvzuv—j.vdu

** The key to Integration by Parts is to identify the part of the
integrand as "u" and the rest part as "dv".

How to Integrate by using formula method ?

Step 1 : Identify ‘u’ (check the priority) and dv

Step 2 : Find %, then make du as subject matter

&)
- )

Step 3 : From dv, find v = [ dv
Step 4 : Integrate by using the formula integration by part

43
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INTEGRATION BY PARTS JRIREERERERENE

b) Tabular Method for Integration by Parts

The tabular integration method can be opplied to any function which is the
product of two expressions, where one of the expressions can be differentiated until

it gets zero, and another expression can be integrated simultaneously multiple times

How to Integrate by using tabular method ?

Step 1 : Identify ‘u' (check the priority) and dv
Step 2 : Fill in the table as below

i u dv
'en (Differentiate) (Integrate)
+ u=? N\ | dv=? NOTES
- d_u 9 \ For Tabular Method, it is only
dx \ suitable if the chosen ‘U’ can be

.\ N zero if differentiated

Stop Here until we STOP

got ZERO HERE

Step 3 : Write the final answer according to the signs and arrows

COMMON
MISTAKES

v the mistake of choosing ‘U’ according
to priority

v using the differentiation method when

doing integration




@
b &3 Example 1
A—

Solve the integral [ xsin3x dx

Solution :
METHOD 1 : By using Integration by Part Formula
Step | : Identify ‘u’ (check the priority) and dv
u=x and dv = sin 3x dx

Step 2 : F|nd ’rhen find du

u==x
du

E—l
du = dx

Step 3 : From dv, find v = [ dv
dv = sin 3x dx
v = fsin 3xdx

cos 3x
3

Step 4 : Integrate by using the formula integration by part

fudv=uv—[vdu

cos 3x cos 3x
fxsin3xdx=x<— 3 >—f— 3 dx

_ cos 3x +1 g d
=x 3 3fcosxx

xc053x+sin3x+
= — c
3 9
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@
b &3 Example 1
A—

METHOD 2 : By using Tabular Method

Step 1| : Identify ‘u’ (check the priority) and dv

u=x and dv = sin3x dx

Step 2 : Fill in the table as below

Sign . v . dv
(Differentiate) (Integrate)
+ u=x \ dv = sin 3xdx
) 1 \ _cos 3x
\ 3
N 0 N B sin 3x
9
Stop Here until
STOP HERE
we got ZERO

Step 3 : write the final answer according to the signs and arrows

cos 3x sin 3x
fxsiandx:x —3 G +c

X coS 3x+sin3x+
= — c
3 9

WARNING

Be careful with positive and
negative signs
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@
b, 3 Example 2
A—

Solve the integral [ 6x%e**~3dx

Solution :

METHOD 1 : By using Integration by Part Formula

Step 1 : ldentify ‘u’ (check the priority) and dv
u=6x? and dv =e**3
Step 2 : F|nd ’rhen find du
Z—Z = 12x
du = 12x dx
Step 3 : From dv, find v = [ dv
dv = e**~3
U=Je4x_3
e4x—3
T4
Step 4 : Integrate by using the formula integration by part

[udv =uv — [vdu

e4x—3 e4x—3
f6x2 et 3dx = 6x2 ( 2 ) — f (12x dx)

Integrate By Part again
(Repeat step 1-4)
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P & Example 2
Y )

Step 5 : Repeat step 1 - 4 to integrate [3x e** 3dx

u = 3x dv = e**73
du . v = [et*3
dx p4x—3
du = 3dx =7
[ Y N
f6xze4x‘3dx =:%: _ : 35 <e4:—3> ~ f 342—3 - 3dx I fudv =uv— f vdu
-———

Copy from step 4

2 ,4x-3

_ e ez" —%xe“"‘3 +%fe4x‘3 dx
2 ,4x-3

_3x e2 . —%xe‘“‘_3 + Z(%e‘“‘*) +c

[ 6x%2e**3dx — Because x?, therefore
we need to integrate by part 2 times &
using formula (the last integration)
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@
b, 3 Example 2
A—

METHOD 2 : By using Tabular Method

Step 1| : Identify ‘u’ (check the priority) and dv
u = 6x% and dv = e**3dx

Step 2 : Fill in the table as below

Sign U dv
& (Differentiate) (Integrate)
+ u=6x> (| dv=e"7dx
] 125 \ o4x—3
\| 4
4x-3
+ 12 N e
N 16
N
4x—-3
i 0 N e
64
Stop Here until
STOP HERE
we got ZERO

Step 3 : write the final answer according to the signs and arrows

5 axe3 5 e4x—3 e4x—3 e4x—3
x— — —
f6xe dx 6x( 2 ) 12x( 16)+12( 64)+c

3x264x—3 3xe4x—3 3843{—3
ST 2 T4 ‘T *C
3e4x—3 , x 1

= > X —-§'+-§ +c
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@
b, &3 Example 3
A—

Solve the integral [ Inx?dx

Solution :

By using Integration by Part Formula

Step 1 : ldentify ‘u’ (check the priority) and dv
u=Inx* and dv=1ldx

Step 2 : Find %, then find du

Step 3 : From dv, find v = [ dv

dv = 1ldx
dv = [ 1dx
=x

Step 4 : Integrate by using the formula integration by part

fudv=uv— [vdu

2 do = Inx2 v — (5.2
JInx? dx = Inx®.x — [ x - ~dx

= x Inx? — [ 2dx

=xInx?—2x+c
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@
b, &3 Example 4
A—

Solve the integral [ e* sin5x dx

Solution :

By using Integration by Part Formula

Step 1 : ldentify ‘u’ (check the priority) and dv
u = sinS5x and dv = e*dx

Step 2 : Find % then find du

Uu = sinbx
du

— = 5cosbx
dx

du = 5cos5x dx

Step 3 : From dv, find v = [ dv

dv = e*dx
v=[e*dx
= eX

Step 4 : Integrate by using the formula integration by part

fudv =uv — [vdu

[ e*sin5x dx = sin 5x.e* — [ e*.5 cos 5xdx

rf _____ | Integrate By Part again

— pXof
= e*sin 5x (Repeat step 1-4)

o1
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@
b, &3 Example 4
A—

Step 5 : Repeat step | - 4 to integrate [ 5e*cos5xdx

U = cos5x dv = e*
& _5 sin5x v = [e¥dx
dx
du = =5 sin 5x dx = e*

== === —————— |
[ e* sin5x dx =je*sin5x |- I(cosSx e* — [ e* - —5sin5xdx),

Copy from step 4 fudv — oy — f vdu

= e*sin5x — e*cos5x — 5 f e*sin5xdx _I

We notify that e*sin5x dx is same with the question
given. In this case we need to assume I = [ e* sin 5x dx
for easier calculation.

[ = e*sin5x — e*cos5x — 51 ? S
6] = e* cos5x — e*sin5x ° ® e ?
[ ]
e* cos5 x — e*sin5x
I = 6 +c
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Exercise

Q@ i

Find each of the followings integrals:

a) f 2xsin3xdx b) f x?cos xdx
) j dxe™ %dx d) j In|4x|dx
3 2
) 7 In|x|dx f S5xsec*2xdx
2
9) jezxcos xdx h) fxlnlledx
1
2 3
) ' 4x
) 2xcos4xdx ) —5 dx
e
0 1
Answer
a) g[—xcos3x + %sin3x + c] b) x2sinx + 2xcosx — 2sinx + ¢ o) 49;:_2 [7x —1] + ¢ d) x[In|4x| — 1] + ¢
e o o o o o o o e) —%[lnlxl +1]+c¢ f) g[xtan(Zx) +%ln|cos(2x)|] +c Q) ZeTn[cgs(x) +%sinx] +c h) 1.2726

LA 1) 0.8462 j) 0.0880
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INTEGRATION OF PARTIAL FRACTION Ce

Integration by partial fractions is o method used to decompose and then
infegrate a rational fraction integrand that has complex terms in the
denominator. The steps needed to decompose an algebraic fraction into its
partial fractions result from a consideration of the reverse process - addition (or

subtraction).

The list of formulas used to decompose the given proper rational functions is

given below.

Denominator

No. Expression Form of Partial Fraction
containing...
Linear Factor f) A + B

(x+a)(x+Db) x+a x+b
Repeated linear x A B
2. @ + ot ————
factors (x+a)r x+a (x+a)? (x +a)?

How to Integrate by Partial Fractions ?

Step | : Factorize the polynomials in the denominator (if needed)
Step 2 : Decompose the integrand using a suitable expression

Step 3 : Divide the integration into parts and integrate the individual functions

v' do not factor (if needed)
v’ just do decompose of partial fraction
without integrate «

COMMON
MISTAKES




Example 1

Solve each of the integral below:

) 7x + 3 b 9% — 1 4
a
(x +5)(x —3) )f4x2—11x—3 x
Solution :
7x + 3
D GEDE=3)
Step 1 : Decompose the integrand using a suitable expression
7x + 3 A B

Gr5(x—-3) x+5) x=3)

Multiply by denominator (x + 5)(x — 3)

7x+3 A
G+5x—3) x+35)  (x=3)

(x+5)(x—-3)

(7x+3)(x +5)(x—3) _A(x+5)(x—3) B(x+5)(x—3)

x+5)(x-3) G+ T x-3) Simplify

Then we get
7x +3=A(x—3)+B(x+5)

let x +5=0=x = =5, then constant of A can be determined.

7(=5) + 3 = A(=5 — 3) + B(0)
—32=-84
A=4

let x —3 =0 = x = 3, then constant of B can be determined.

7(3) +3=A4(0)+B(3+5)
24 = 8B
B=3
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@
b &3 Example 1
A—

Therefore,

7x + 3 4 3
(x +5)(x — 3) _(x+5)+(x—3)

Step 2 : Divide the integration into parts and integrate the individual
functions

7x +3 d_f 4d+f 3,
x+5x -3 ) x+5% T ) x—3%¥

= 4In|x + 5| +3In|x - 3| + ¢

b f 9x — 1 P
) | e —1ix =3
Solution :

Step 1 : Factorize the polynomials in the denominator

dx = d
42— 11x -3 J @x+ D -3

f 9x — 1 9x — 1

Step 2 : Decompose the integrand using a suitable expression

-1 4 B
G+ DE—3) Gx+D)  x=3)

Multiply by denominator (4x + 1)(x — 3)

%-1 A B
x+ D=3 GrtD =3

4x+1)(x-3)

(9x—1DAx+1)(x—3) B A4x+1)(x—3) BAx+1)(x-3)
(4x + 1 (x — 3) B (4x + 1) * (x —3)

Simplify

C e e e e e e =
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b &3 Example 1
A
Then we get

9 —1=A(x—3)+B(4x+1)

letd4x+1=0=>x= —i, then constant of A can be determined.

o(-3)-1=A4(-3-3)+B(0)

4

_1B_ 13,
4 4
A=1

let x —3 =0 = x =3, then constant of B can be determined.

9(3) — 1 = A(0) + B(4(3) + 1)
26 = 13B
B=2

Therefore,

ox-1 1 2
x+D(x—3) @x+D (x=3)

Step 3 : Divide the integration into parts and integrate the individual
functions

f 9x — 1 d_f 1 d+f2d
42 —11x -3 " ) a1 T ) x =3

1
=Zln|4x+ 1| + 2ln|x - 3|+ ¢
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Example 2

Solve each of the integral below: (Repeated Linear Factor)

x? + 10x + 25 b f7x + 7x% —16x + 16
(x + 4)° ) X2(x2 — 16) x
Solution :
x? + 10x + 25
(x +4)3
Step 1 : Decompose the integrand using a suitable expression
x*+10x+25 4 B C
(x+4)3  (x+4) (x+4)? (x+4)3
Multiply by denominator (x + 4)3
x2+10x+25_ A N B N a3
(x+4)3  (x+4) (x+4)? (x+4)3 (x+4)
(x2 +10x +25)(x +4)® A(x+4)®> Bx+4)3® Ckx+4)3 I
= IMpil
(x +4)3 (x+4) (x + 4)? (x +4)3 Y
Then we get

x2+10x+25=A(x+4)?+B(x+4)+C
let x +4 =0 = x = —4, then constant of C can be determined.

(—4)?2+10(—4) + 25 = A(0) + B(0) + C
C=I

Expand: x?2+10x+25=A(x+4)>+B(x+4)+C
x2+10x +25=A(x>*+8x+16)+B(x +4)+ C

Equating coeffiecient of x2 to find A:
1=4
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@
b, 3 Example 2
A—

Equating coeffiecient of x or constant to find B:

Coefficient x, Constant,
10=8A+B 25=16A+4B+C
B=2
B =2
Therefore,
x? +10x + 25 1 2 N 1
(x +4)3 (x+4) (x+4)2 (x +4)3

Step 2 : Divide the integration into parts and integrate the individual
functions

x% 4+ 10x + 25 1 4
f (x + 4)3 j(+4) J} T2t Gy

= In|x + 4| +|f 2(x + ) 72dx + | (x +4)dx]

e 4

2 1
= In|x + 4] — -
R TC W TR

Composite function :

2. (ax+b)"*?
f(ax+b) dx—w+c
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@
b, 3 Example 2
A—

.I'7x3 + 7x% —16x + 16

x?(x%2 —16) dx

Solution :

Step 1 : Change the denominator to linear form

7x% +7x* —16x+16  7x° +7x* — 16x + 16
x%(x%2 —16) T x2(x—4)(x+4)

Step 2 : Decompose the integrand using a suitable expression

7x3 + 7x% — 16x + 16 A+B C D
x%(x —4)(x +4) X (x—4) x+4

Multiply by denominator x2(x — 4)(x + 4)

7x3 4+ 7x% — 16x + 16 A+B+ C
x?(x—4)(x+4) X (x—4) x+4

(x—4)(x+4)

(7x3+7x? — 16x + 16)x*(x — 4)(x + 4)
x?(x—4)(x+4)

AX*(x—4)(x+4) Bx*(x—4)(x+4) Cx*(x—4)(x+4)
= + +
X x? (x—4)
Dx*(x —4)(x + 4)
+
x+4

Then we get

7x3 + 7x% — 16x + 16
=Ax(x—4)(x+4)+B(x —4)(x +4) + Cx?(x + 4) + Dx?(x — 4)

Let x =0, then constant of B can be determined

16 = B(0 — 4)(0 + 4)
16 = —16B
B=-1
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@
b, 3 Example 2
A—

let x — 4 = 0 = x = 4, then constant of C can be determined
7(4)% + 7(4)2—16(4) + 16 = C(4)2(4 + 4)
512 = C(128)
C=4

Let x + 4 = 0 = x = —4, then constant of D can be determined
7(—4)3 + 7(=4)2=16(—4) + 16 = D(—4)%(—4 — 4)
—256 = —128D
D=2

Expand
7x3 +7x?> —16x+16 = Ax(x —4)(x +4) + B(x — 4)(x + 4) + Cx%(x + 4) + Dx?(x — 4)
7x3 + 7x% —16x + 16 = Ax(x?> — 16) + B(x? — 16) + Cx?*(x + 4) + Dx?(x — 4)
7x3 +7x% —16x + 16 = A(x3® — 16x) + B(x? — 16) + C(x3 + 4x2) + D(x3 — 4x?)

Equating coeffiecient of x3 or x to find A:

Coefficient x3, Coefficient x
7=A+C+D —16 = —164
7T=A+4+2 OR A=1
A=1

Therefore,
7x3 +7x* —16x+16 1 1 4 2

x?(x —4)(x +4) =;_x2+(x—4)+x+4

Step 3 : Divide the integration into parts and integrate the individual
functions

f7x3+7x2—16x+16d —fld fld +f 4 p +f 2 p
x?2(x —4)(x+4) Sl B xz ™ (x—4) x x+4™*

=ln|x|+i+4ln|x—4| +2In|lx+ 4| +¢
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Exercise

Q@ S

Integrate each of the followings:

f 7x — 2 4 5x + 3 P
A | ama—™ o) | exrDE+ D™
j8x—6d J —-11 P
c) | o™ d |z ysr—12™
f 5x — 7 p J‘22x2+16x—2d
@ |y ioax—15% 2 3x(x+2)(x -1
j2x2+3x+2d 2x2+10x—2d
<) 2x+2) Vo Grra—5 ™
. 3x2+15x+14d . f2x3+4x2+3x—2d
D ey youn vhes ) B +2) x
5x + 19 > 7x+1
k d | J —d
) (x+2)(x+5) * ) 3 2x2—=3x—2 x
1
Answer
a) %ln|x|+3ln|x—2|+c b) 21n|x+1|+%ln|2x+1|+c c) 3iln|x — 3| + 5In|x + 3| + ¢
d) Inlx + 4| —In|2x — 3| + ¢ e) 4ln|lx+5|+In|lx—3| +¢ f 3ln|x+2|+4ln|x—1|+%ln|x|+c
[ ] [ ] [ ] [ ] [ ] [ ] 1 L_'_ll _5|+ 1
c e e e e e e e O Imlal-_+lnlx+2+c N x+s ¥ ‘ D 2mlx =1+l 43l - ——+c
e o e o s s e ) ln|x|—§+x—22+ln|x+2|+c k) 3.564 D) 3.522
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T Qo = I,t . Hci—m ) “'l,
éz: /)d"é‘”éG( //4>O,4/O/

r,:\\l-tlf’/ﬂffqﬂxﬁ 20,950,9

)
TOPIC

Application of Integrations

At the end of this chapter, you should be able to:

 Apply the techniques of integration
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AREA

Area Under A Curve _
X-QXis
A y A Y
10 y=x*+4x-5
y=4+4x —x?
_ L X
P 0 "
> X |
/ | ' |
above x-axis below x-axis
b upper limit value b
A =j y dx A= J y dx
a

a S
lower limit value

y-Qxis
4
3

> - (1] 5
\ x =10+ 3x ~ 2

i

y
=

v
=

right y-axis left y-axis

b
fxdy‘
a

upper limit value

b
Azjxdy A=
a

lower limit value
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b &3 Example 1
A—

Find the area of the region bounded by the curve along the x-axis.
y
A

lower limit value upper limit value

Solution :

Step 1 : Substitute the equation and the limit into the formula

Step 2 : Integrate

4x2 31°
2 30
314

= [2x% — —
31,

Step 3 : Substitute value of the limit into the equation
, (4)° , (0)°
- oo - G- [por -

Step 4 : Solve
32

3
32
3

Step S : Write the answer

32

Formula Area: A = f:ydx
~ Area is ?umt2 '
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@
b, 3 Example 2
A—

Find the area of the region bounded by the curve y = (x —3)(x + 1)
between x = 0 and x = 3.

Ay

lower limit value </ upper limit value
4

y=x-3)x+1)

Solution :

REMINDER : EXPAND the equation given

y=(-3)x+1
=x?—2x—3

Step | : Substitute the equation and the limit into the formula
A= f ! Write the LIMIT
o ! Write the equation y
Step 2 : Integrate
x3  2x? r
0

=z 7

x3 3
= l? —2x% — Bxl
0

Step 3 : Substitute value of the limit into the equation

33 03
-|[5 207 50| -5 -2007 500

Step 4 : Solve
=|-18 - 0]
= |-18] Formula Area: A = f:ydx

Step S : Write the answer
. Area is 18 unit?
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Example 3

Find the area of the region bounded by the curve along the x-axis.

Ay

~
y=x3—4x

Step 1 : Substitute the equation and the limit into the formula

0 2 -
f 23 — 4y dx +f 3 — 4x dx Write the LIMIT
-2 0 Write the equation ¥

Step 2 : Integrate

Solution :

A=

3 x* 4x2]° N It 4x2]?
4 2 4 2
2 1 0
x4 r x4
=[|——2x*| |+ |+——2x2
[4 LTl i

Step 3 : Substitute value of the limit into the equation

0* (-2)* 2 ("
(e it o M
Step 4 : Solve
ey

=8

Step S : Write the answer

b
- Area is 8 unit2 Formula Area: A = fa ydx
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Exercise

Q@ A

Find the followings area of the region bounded by the curve along the x-axis:

a) y=x*+x—-6forx=-2&x=1

b) y=8+2x—x?forx=0&x=3

c) x?=5yforx=-5& x=3

d) S5x+y=x*forx=0&x=5

e) y=(x+2)?-2forx=-3&x=-1
f) y=1A4+x)3—-x)forx=—1&x=2
g y+1l=-x?—4xforx=-3&x=-1
h) y=x?+4forx=-2&x=2

D y=2x2-10x+3forx=1&x=4
D y=-x*+2x+2forx=0&x=2

K y=x3-3x?—-x+3forx=-1,x=1& x=4

D y=x+3)x+2)x-1Dforx=-1,x=1& x=4

. . . . . . . Answer

e o o o o o o o 28 152 125 10 32
36 —_— — — —
a b) o) G d) c e) 3 f) 3

3

16 64 16 71

= = i 24 j = 8 =
h) 3 0 ) 3 k) D) g

68
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@
b &3 Example 1
A—

Find the followings area of the region bounded by the curve x =2 + 4y — y?
between y =0 and y = 4.

AY

upper limit value
\—4 ______ x=2+4y—y3
0 2 4 5 l
——
lower limit value

Solution :

Step 1 : Substitute the equation and the limit into the formula

Step 2 : Integrate

4?2 ¥

B RAEAE)
0

4

= [2y + 2y? ——l

Step 3 : Substitute value of the limit into the equation

3
UPPER [imit — LOWER limit

3
=12(4) +2(4)* - 4?] — [2(0) +2(0)% — %

Step 4 : Solve
56

_ ?]_0
56

)

b
Step 5 : Write the answer Formula Area: A = [ x dy

.56
~ Areais ?unlt
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b, 3 Example 2
A—

Find the followings area of the region bounded by the curvex = 2y? — 4y — 3
between y =0 and y = 4. :

Ay
upper limit value
x=2y*—4y -3 e -
----------- 2
| - x
4 \N
—
lower limit value

Solution :
Step 1 : Substitute the equation and the limit into the formula

Write the LIMIT
Write the equation x

Step 2 : Integrate

Step 3 : Substitute value of the limit into the equation

2(2)3 2(0)3
- |52 —so| - [FF 200 -3
Step 4 : Solve
-[-51-9]
B 3
_ | 26
I

b

Step 5 : Write the answer Formula Area: A = [ x dy

26
~ Area is = unit?
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Example 3

Find the followings area of the region bounded by the curve along the y-axis:
o4

x=@+1)2%2-4 | —

4/ - -1 0
1

X
»
»

Solution :

REMINDER : EXPAND the equation given
y=O+1)?-4
=y2+2y-3

Step 1 : Substitute the equation and the limit into the formula
0

A:f:y2+2y_3i dy Write the LIMIT
< B Write the equation y

3 2 0
|y 2y
HEREE 33’]
L 0_3
[.,3

= y—+y2—3yl
3 -3

Step 3 : Substitute value of the limit into the equation

[ 0 3 -3 3
=[5+ 030 ][ SE o239
Step 4 : Solve
=0-9
=9
Step 5 : Write the answer Formula Area: A = f:x dy

~ Area is 9 unit?

n
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Exercise

Q@ S

Find the followings area of the region bounded by the curve along the y-axis:

a) x=y’+y—-12fory=-2& y=2
b) x—2y=8-y?fory=-1& y=3
c) x+4y=yifory=0& y=4

d) y?=3xfory=0& y=3

¢) x=@+3)2-9fory=—-6&y=-1
) x=Q+y)3-y)fory=-2& y=3
g x=-y’-8y—7fory=-5& y=-2
h) x—y?=-4fory=—-1& y=2

D x=2y’—10y+1fory=1&y=4
D x=-2y*’+2y+12fory=-1&y=2
k)Y x=y2—-5y—6fory=0& y=6

D x=@-D@H+2)y+3)fory=-3,y=-2&y=1

. . . . . . . Answer

a 47.8091 b) 33.7367 c) 19.5032 d) 12 e) 39.0718 f 23.7831

e o o o o o o o Q) 43.1696 h) 12.6677 0 15.8669 ) 14.6873 k) 53.6405 D

12
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Area Under A Curve & A Straight Line -

X-QXis

: "=ﬁ\/] = _g(x)

y=fkx)

(= SN N O O O Y

]
=]

A= fabf(x) dx+fbcg(x) dx A= f:f(x)dx—fabg(x) dx

PLUS = shaded region near the x-axis MINUS =¥ shaded region far from x-axis
UPPER line - LOWER line

y-QxXis

b > x=g()
b c b b
A=f g(y)dy+fbf(y)dy A=f f(y)dy—f g(y)dy

MINUS =» shaded region far from y-axis
UPPER line - LOWER line

PLUS =» shaded region near the y-axis
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(@) SRR
P & Example1
i Y, )

Find the followings area of the region bounded by the curve along the x-axis
and the straight line:

DON'T FORGET

Solution : PLUS =» shaded region near the x-axis

Step 1 : Identify the shaded region (hear or far from x-axis)

A=f04xdx+f455x—x2dx

Step 2 : Integrate You also CAN USE the Triangle formula

instead of A = f:xdx
214 2 315 N 5 -
_ ¥ 4 5x° «x ..[Ex4x4]+f45x—x dx
21, 31,

2

Step 3 : Substitute value of the limit into the equation
B 42 (? 5(5)2 (5)° 5(4)2 (4)3
L L e T A N R

Step 4 : Solve

2 2
gy 125 56
N 6 3

b
Step 5 : Write the answer Formula Area: A = [y dx

61 )
~ Areais ?unlt
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.@ SERRERES
5 Example 2
-.i

Find the followings area of the region bounded by the curve along the x-axis

and the straight line:
AY

y = —6x —x?

> X
/
Solution :
Step 1 : Identify the shaded region (hear or far from x-axis)

6 —6
Azf —6x—x2dx—f 12 + 2x dx
-2 -2
6

= f —6x — x% — (12 + 2x)dx
-2
-6 .

_ f % —8x— 12 dx You also CAN USE the Triangle formula

-2 instead of A = f__26 12 + 2x dx
WA= ("® 2 1
fA= [ —6x—xPdx—[;x4x8]

Step 2 : Integrate

x3 8x? 12 l
=|-————-12x

3 2 ,

x3 -°
=[-—=——4x* - 12x

3 2

Step 3 : Substitute value of the limit into the equation

_|-¢ 36) — 4(—6)% — 12(—6)] |- 32) —4(-2)* - 12(-2)
Step 4 : Solve
B 32
-3

32 b
=-3 Formula Area: A = fa ydx

Step 5 : Write the answer

32 )
s~ Area i lS? unit
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Example 3

Find the followings area of the region bounded by the curve along the x-axis
and the straight line:

T
1
1
1
1
1
1
1
1
1
I
I
1
I
I

/

/

1 1
/~ :[y=5+6x+x2
y=x+1 )

Step 1 : Identify the shaded region (hear or far from x-axis)

-1 -4
— 2
A—f_4x+1dx+f_5 5+ 6x +x“dx DON'T FORGET
PLUS =» shaded region near the x-axis

Solution :

Step 2 : Integrate

—x2+ 1+5+6x2 il
2T XT3

-4 —4
x2

-1 37-5
x
—+x| +|5x+3x*——
2 3

4 —4

Step 3 : Substitute value of the limit into the equation

—1)? —4)2
() (5e)

)3 N3
+ <5(—5) +3(=5)2 — %) _ <5(_4) +3(=4)? — ( ;L) )l
Step 4 : Solve
Y (s
()
s
) o Formula Area: A = fabydx

Step S : Write the answer

275 o
~ Areais Tunlt

76

INTEGRATION



Example 4

Find the followings area of the region bounded by the curve along the x-axis
and the straight line:
AY

ka
>

/

y=x(x+6)

xX=y+6-

Solution :

Step 1 : |dentify the shaded region (hear or far from x-axis)

6 6
fx2—6xdx—f6—xdx -
. . DON'T FORGET

A -
f x2 — 6x — (6 — x)dx MINUS =» shaded region far from x-axis

A

1
6

x> —6x—6+xdx
1

6
=f x%2 —5x—6 dx
1

Step 2 : Integrate

6
x3  5x? l
1

377 ™

Step 3 : Substitute value of the limit into the equation

_[(6)* 5(6)? (D?  5(1)°
N N
Step 4 : Solve
__c4 49
B 6
275
= Formula Area: A = f:ydx

Step S : Write the answer

- 275 o
~ Area is Tumt

17
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Example

Find the followings area of the region bounded by the curve along the y-axis
and the straight line:

Solution :

Step 1 : Identify the shaded region (hear or far from x-axis)

7 7
A=f39+2y—3@hif—y—1dy
17 1 DON'T FORGET
1

7
=fy2+3y—2dy
1

Step 2 : Integrate

7
y3  3y? l
1

= |=-Z--2

3 2

Step 3 : Substitute value of the limit into the equation

3 2 3 2
R
Step 4 : Solve
1043 1
-2
1044
6

Formula Area: 4 = f:x dy

Step 5 : Write the answer

1044
unit

~ Area is

18
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Example 6

Find the followings area of the region bounded by the curve along the y-axis
and the straight line:

Solution :

Step | : |dentify the shaded region (ncar or far from y-axis)
1 2

A=f y+3dY+f6—y—y2d3’ DON'T FORGET
-3 1

PLUS =» shaded region near the x-axis

Step 2 : Integrate

2
o LY
Y5 3,

y? '
-+ 3yl +
2 -3

Step 3 : Substitute value of the limit into the equation

(1)? (—-3)?
<T + 3(1)) —~ ( —+ 3(—3))

22 (2)3 1% (1)3
w5

2 3

Step 4 : Solve UPPERTimit ~ LOWER limit
7 9 22 31
= (5— (‘5))* (?‘?)
61
6

Step S : Write the answer b
Formula Area: 4 = faxdy

61 )
~ Area is ?umt

79

INTEGRATION



Example 7

Find the followings area of the region bounded by the curve along the y-axis
and the straight line:

—

Solution :

Step 1 : |dentify the shaded region (nhear or far from y-axis)

—4 -1
A =j 1_ydy+j R R AL 1 ON'T FORGET
-5 -4
PLUS =» shaded region near the x-axis
Step 2 : Integrate

2174 1.3 2 171
4
! s 1 14
214 .3 1-1
= y—y— + y—+2y2—5y
. 2-—5 |3 14

Step 3 : Substitute value of the limit into the equation

_42 _52
<(_4)_(2>)_<(_5)_(2)>

—_A)3
( ;) +2(—4)2—5(—4)]

133
+[( 31) +2(—1)% - 5(1)

Step 4 : Solve

_(—1s 35 N 10 92

B 2 3 3
57

2 Formula Area: 4 = f:x dy

Step S : Write the answer

. 57
~ Area is Tumt
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Example 8

Find the followings area of the region bounded by the curve along the y-axis
and the straight line:

y=x
L X
7 1 2 3 4
Solution :
Step 1 : |dentify the shaded region (ncar or far from x-axis)

3 3
4= fo 4y —y*dy - fo VLS DON'T FORGET

3
=f 4y —y* —ydy
0
3
=f 3y —y*dy
0
Step 2 : Integrate
3y y3

2 3

0

Step 3 : Substitute value of the limit into the equation

3 2 3 2 3
OEOLNEONO
2 3 2 3

Step 4 : Solve

9
=——0

2
9 Formula Area: A = f:x dy
2

Step 5 : Write the answer

.9,
~ Area is Eunlt
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Exercise

Find the followings shaded area bounded by the curve and the line along
the axis mentioned in the bracket.

a) Acurvey=4x—x*andaline2x+y=8forx=0&x =4

b) Acurvey—2=x*-2xandaliney=x+6fory=2&y=56

c) Acuvex?+y=5xandaliney=2xforx=08&x=3

d) Acurvey?—6=2xandaliney—3=xfory=08&y=2

¢) Acurvex?=6x—yandalney=6—-xforx=0&x=56

f) Acuve x+y?=3y+4andalincy+x=4fory=0&y=3

g Acurvey+x?=6xondlincy=6—-xforx=1&x=6

h) Acurvey+2=-6x—x?andaliney—x=8forx=-5&x=-2
) Acurv22y2—6y=8—xondo|in@y=§—1forx=—1&x=4

i) Acurve x=—-y2—7y+10and aliney+x=2fory=—-48&y =2

° ° ° ° . ° . Answer

51 91

a) b) - c) 9 d) 3.2839 e) -

o 125 h) 2 D 3159 D 36

6 2 82
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VOLUME e o o o o o o o

Volume Under A Curve

X-QXis

10 y=x?>+4x—-5
y=4+44x —x?

v

- » X
above x-axis below x-axis
b upper limit value b
V=7rjy2dx V=7tjy2dx
a\_} I a
y-Qxis
“_'y Ay
—— x=y2+2x—10 3//
_ X / X
\%},2
right y-axis left y-axis
b upper limit value b
V=7rjx2dy Vznfxzdy‘
a

[
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@
&3 Example 1
A—

o@*
0,
A
Find the volume generated when the shaded region rotated 360° about
the x-axis:
A y
I 1 y=2x—x
> X
1
owe alue upper limit value
Solution :

Step 1 : Identify the shaded region (hear or far from x-axis)

2
Vznf (2x —x?)? dx
0

2
=T[J 4x?% — 4x3 + x* dx
0
Step 2 : Integrate
3 2 '3

2
4x3  4x*  x°
=r|l—-—+ —
0

Step 3 : Substitute value of the limit into the equation

5 5
=”l4(52’)3 _(2)4+(25) l_ 4(2)3 ) (0)4+%l

Step 4 : Solve
16
=7 I 0
16
ETT

Formula Volume: V = nf:yz dx
Step S : Write the answer

~ Vol 522 it3
- Volume is = m uni
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@
b, 3 Example 2
A—

Find the volume generated when the shaded region rotated 360° about

the x-axis:
A y

y=x?2-2x-3
Solution :

Step 1 : |dentify the shaded region (hear or far from x-axis)

3
f (x? —2x —3)? dx
0

V=m

=T

3
f x* —4x3 —2x% +12x + 9 dx
0

Step 2 : Integrate

[ 4 2x3_|_12x2_|_9
" T T3 T T

x° x3 ’
=n||——x*——+6x%+9x
E 3 .

Step 3 : Substitute value of the limit into the equation

5 3 5 3
_ | O -2 s+ 9(3)] [(05) OO 9(0)”
Step 4 : Solve

153
=T T -0
=$7‘[ Formula \/olume:V=7rf:y2 dx

Step S : Write the answer

153
~ Volume iSTT[ unit3
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@
b, &3 Example 3
A—

Find the volume generated when the shaded region rotated 360° about

the y-axis:
upper limit value

==

A

\

—

2

1

[——

/ﬁ

w4

:x

Solution :

Step 1 : Identify the shaded region (hecar or far from x-axis)

2
V=nJ 2y —y*)? dy
0

2
=T[f 4y? — 4y3 + y*dy
0

Step 2 : Integrate
4y° 4yt Y5

N
0

4 3 512

=TT L_ 4‘+y_
3 5 o

Step 3 : Substitute value of the limit into the equation

42)° @)
=”IT_(2)4+ 5 l‘

Step 4 : Solve
16
=T 1—5 -0
16 b
1_5” Formula \/olume:V=7rfa x%dy

Step 5 : Write the answer

~ Vol 520 it3
- Volume is = m uni

3 5
KO 4 0
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@
b, &3 Example 4
A—

Find the volume generated when the shaded region rotated 360° about
the y-axis: Y

H/

Solution :

Step 1 : |dentify the shaded region (hear or far from x-axis)

1
j (y*—y—2)*dy
0

V=m

=T

1
j y4—2y3—3y2+4y+4dy‘
0

Step 2 : Integrate

1

[.,5 4 3 2

y> 2y 3y 4y
=r|[=- — 4
s~ "3t T yL

5 4 1

5 2 .

Step 3 : Substitute value of the limit into the equation

1 5 4 5 4
= |%}—£%—(D3+%DZ+MD1 ()—Sl"{m3+ﬂm2+qm“
Step 4 : Solve UPPERTImt = LOWER it
47
=9
:%T[ Formula \/olume:V=7rf:x2 dy

Step S : Write the answer

~ Vol s 7 it3
= Volume is - uni
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Exercise

Q@ S

Find the volume generated when the shaded region rotated 360° about the x-axis:

a) y=x*+x—6forx=-2&x=2 b) y=8+2x—x%forx=-1&x=3
c) y=0Q4+x)B-x)forx=—-1&x=1 d) Sx+y=x2forx=0& x=4

¢) y=Fx*+4forx=-28&x=2 )  y=2x*-10x+3forx=1&x=3

Find the volume generated when the shaded region rotated 360° about the y-axis:

a) x=y’4+y—-12fory=-3& y=2 b) x—-2y=8-y’fory=-2& y=3

c) x+4y=y?fory=0& y=4 d) y*=-2x—16fory=-3& y=3
¢) x+y*=4fory=-2&y=2 N x=@-3)(y+2)fory=0& y=3
o : : : : . : . ANSWER : x — axis ANSWER : y — axis
° ° ° ° ° ° ° O)%T[ b)%ﬂ.’ C)%Tl‘ Q)%n b)54—7'[ C)%Tt

e e e 21 792 2134 d) 128 312 2048
o e =—m ) 128m o on f

. 88
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VOLUME e o o o o o o o

Volume Under A Curve & A Straight Line

X-QXis

AY

c

b
Ven j FO dx + 7 j [g(O)T? dx
a b

PLUS =» shaded region near the x-axis

MINUS =» shaded region far from x-axis
UPPER line - LOWER line

y-Qxis
A:‘y |
h 9
R \x\= )
, \
X ‘I
N T x=g(y)
b c b b
V= ﬂf [ dy + ﬂf [f(M]*dy V= nf [g()]? dy —nf [FO1? dy
a b a a

MINUS =» shaded region far from y-axis
PLUS =» shaded region near the y-axis UPPER line — LOWER line
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.@ SERRERES
& Example 1
-.i

Find the volume generated when the shaded region rotated 360° about

the x-axis and the line :
A)Y

N 'R

| \ DON'T FORGET

Step 1 : Identify the shaded region (hecar or far from x-axis)
3 4
Vznf xzdx+7rf (4x — x*)? dx
0 3 NOTES

3 4
:nf x2 dx+7-[f 16x2% — 8x3 + x* dx You also CAN USE the Triangle formula
0 3 instead of 4 = f03x2 dx

n[%x 3 x 3] +7Tf34(4x—x2)2 dx

Step 2 : Integrate

B %31’ N 16x3 8x* +x5-4

B Y R BE 4 5
lo

B 231 N 16x3 vt 4 51*

=1 3, n_ 3 x 5],

Step 3 : Substitute value of the limit into the equation

3 3 3 5 3 5
:7-[[3?_0? +n[<ﬂ_2(4)4+ﬂ>_<ﬂ_2(3)4+ﬂ>l

3 5 3 5
Step 4 : Solve
B P 512 153
- 15 5
188
= —17 b o
15 Formula Volume: V = [ 'y? dx

Step 5 : Write the answer
188

~ Volume is — m unit3
15
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@
b, 3 Example 2
A—

Find the volume generated when the shaded region rotated 360° about
the x-axis and the line :

Solution :

Step 1 : Identify the shaded region (near or far from x-axis)

DON'T FORGET
-1

1
rtf 9x2+6x3+x4dx—7tf 9+ 6x + x%dx
-3 -3

—1 -1
V=T[j (—3x—x2)2dx—7tj (3+ x)?dx
-3 -3

-1 A7
=nj 9x2 4+ 6x3 + x* — (9 + 6x + x2) dx gtz
-3
-1
=T[j 9x2% 4+ 6x3 + x* —9 — 6x — x% dx |
_3 ]
1 |
=7Tf x* + 6x3 +8x% — 6x —9dx i
-3 ! 1
Step 2 : Integrate |
LS N 6x* N 8x3 6x? 9 17! 2 E. T *
SE T Ty T T %
B 'x5+3x +8x 3 9'_1
=T 5 ) 3 x X
| -3
Step 3 : Substitute value of the limit into the equation
[ 3(=D*  8(-1)3 . (=3)° 3(-3)* 8(-3)3 .
—n[ z + > + 3 —3(-1)*—=-9(-1)| - z + > + 3 —3(=3)*—=9(-3)
Step 4 : Solve
_ 139 9
~ 7130 \10
56 b
15" Formula Volume: V = [ 'y? dx

Step S : Write the answer

~ Vol 520 it3
- Volume is = uni
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@
b, &3 Example 3
A—

Find the volume generated when the shaded region rotated 360° about
the x-axis and the line :

DON'T FORGET
Solution : PLUS =» shaded region near the x-axis

Step 1 : |dentify the shaded region (hear or far from x-axis)

-1 0
V=7TJ- (x2—4)2dx+7rf (3x)? dx R
—2 ~1

»

-1 0 x
=7Tf x4—8x2+16dx+nf 9x2 dx  awar i >
_2 |

-1

Step 2 : Integrate
-1

L S I
=T _ 5 3 X , T
} y=3\ | Jy=x2_4
5 g3 -1 ARG Y
=T ?— T'F 16x + 7T[3X3]91 P
. 12

Step 3 : Substitute value of the limit into the equation

(-1° 8(-1)° (=2)° 8(-2)°
=n\( T +16(—1))—< T +16(—2))

+m[3(0)° - 3(-1)%]

Step 4 : Solve

>3 13
~ ™15
_ 98

~15"

Step 5 : Write the answer

~ Vol 5 20 it3
= Volume is Tz uni

Formula \/olume:V=7rf:y2 dx O
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DI

@
b, &3 Example 4
A—

Find the volume generated when the shaded region rotated 360° about
the x-axis and the line :

DON'T FORGET

MINUS =» shaded region far from x-axis

Step 1 : Identify the shaded region (hear or far from x-axis)

Solution :

6 6
V=T[j (x2—6x)2dx—nf (x —6)?dx y
1 1

6
= nf x* —12x3 4+ 36x% — (x2 — 12x + 36)dx
1

6
=T[j x* —12x3 +36x% —x%? + 12x — 36dx
1

6
=T[.[ x* —12x3 + 35x2% + 12x — 36 dx
1

Step 2 : Integrate x=y+6s |
y=x(x+6)
_ [ _aaxt 350 1 ° |
A I 3 2 X )
XS IG
=T
E 3 L

Step 3 : Substitute value of the limit into the equation

5 3 5 3
“[(L 5000+ - 360) - (- 3w+ - 3 |

5 5

Step 4 : Solve

 [936 317
I 15

625

b
Formula Volume: V =m 2dx
Step S : Write the answer Joy

625
~ Volume is = unit3
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@
b, &3 Example 5
A—

Find the volume generated when the shaded region rotated 360° about
the y-axis and the straight line :

Solution :

Step 1 : |dentify the shaded region (hear or far from x-axis)

_nf (y? — $)2 dy — nf P ¥R DON'T FORGET

MINUS =» shaded region far from x-axis

2
=7Tf y* —8y2 +16 — (y? — 4y + 4)dy
-1
2
=71'f y*—8y?2 +16 —y% + 4y — 4dy
-1
2
=71'f y*—9y2 + 4y + 12 dy
-1

Step 2 : Integrate

y* 9y®  4y?
—m| - =412
n_s 3 + > + y_1
)5 12
=7 ?—3y3+2y2+12y
L 11

Step 3 : Substitute value of the limit into the equation

5 _1\5
<( ) —-3(2)3+2(2)?% + 12(2)) <( 51) -3(-13+2(-1D?*+ 12(—1))]

Step 4 : Solve

b
Formula Volume: V =x [ x%d
Step 5 : Write the answer Jo 4

132
~ Volume is =T unit3
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@
b, 3 Example 6
A—

Find the volume generated when the shaded region rotated 360° about
the y-axis and the straight line :

A
\\J\
\ y=x-
) \f’: > x
)
%y
Solution : 7
Step 1 : |dentify the shaded region (nhear or far from x-axis)

0 1
Vznf (y+2)2dy+nf (4—y—y3)idy
—2 0

0 1
=7Tf y2+2y+4dy+rtf 16 — 8y — 7y? + 2y3 + y*dy
-2 0

DON'T FORGET

PLUS =» shaded region near the x-axis

Step 2 : Integrate

2

I
S

y® | 2y ’
S +—=+4y| +m|ley— -
32 .

v’ ’ vyt Y]
T|=+y?+4y| +m|l6y —4y? —————+—
3 . 3 2z 5]

Step 3 : Substitute value of the limit into the equation

3 733
=7 (U +(0)2+4(0)> <( ;) +(—2)2+4(—2))]

7(D)3 (D* (D3
3 2 s

3 2 T

”_(16(1)—4(1)2— s aDS)l

> - (16(0) — 4(0)2 —

Step 4 : Solve
~ |20 N 281
~ 3T \30
481
ZET[ Formula \/olume:V=7rf:x2 dy | O

Step S : Write the answer

8
. Volume is — m unit3
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@
b 3 Example 7
A—

Find the volume generated when the shaded region rotated 360° about
the y-axis and the straight line :

Solution :

Step 1 : |dentify the shaded region (hear or far from x-axis)

3 3
V= nf (4y —y?)% dy — nf X548 DON'T FORGET
0 0

MINUS =» shaded region far from x-axis

3
=71'f 16y% —8y3 + y* —y2 dy
0
3
=71'f 15y2 — 8y3 + y*dy
0

Step 2 : Integrate
'15y3 8y4 y5 3

3 4 51,

513

=1 5y + 2y* +y?

0

Step 3 : Substitute value of the limit into the equation

5 5
= l<5(3)3 +203)* + %) - <5(0)3 +2(0)* + %)

Step 4 : Solve

=n[—@—( )]

1728
=——m

5

Step 5 : Write the answer

1728 3
~ Volume is T unit b
5 Formula \/olume:V=7rfa x%dy
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Exercise
I. Find the volume generated when the shaded region rotated 360°
about the x-axis and the straight line :
a) Acurvey=4x—-x*ondalinex+y=4forx=0ondx =4
b) Acurvex?+6x=yandaliney=xforx=—-6andx=0
c) AY / d) e
0 2 _ —
/~\/{1=2(x+1) f\_6x y
\ / ‘.‘
| i‘\-\5+4x=y+x2 y=6—x5\n/‘ \‘-\
| [ I \
[ o fi \
/IR /| \
\ > x ‘ ——>x
/ \ | \\
AY
e) RS f) -
T » X
Ly x :
y | E
/ y = 6x+x%
y—x=—4
y=x
xz\: 3x—4:y
2. Find the volume generated when the shaded region rotated 360°
about the y-axis and the straight line :
. 4
a) Acurve 9—y?=xand aline y+2=cxfory=-2andy=2
b) Acurve =16 =2x—y? and aliney=—-xfory=0and y =4
C) A Y d) s @) a2Y
_,;x+y2=3y+4 ) y:x—/ ; y=x
X \\ -__—_-__,_/7 i ____.____ 6y—y2=—x
'// 1 ///_ T % »
: » X T
/ yz—y=4—x
y+x=4 — . >
: : : : : : : : ANSWER : x — axis ANSWER : y — axis
. ° . ° Y ° Y ° a) 12m b) 9?67-[ C)%T[ Q) 42 b)32—17'[ C)%n
R QUL BE, g, g, sz 97
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