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Preface

Grateful to Allah because with His permission, the eBook Calculus - Differentiation For Science & Engineering
Students was published. This eBook is written by lecturers who have been teaching in Engineering Mathematics for more
than 13 years . This eBook can be used by all institutions of higher learning such as Polytechnics and Colleges as well as
private and public universities. The purpose for this eBook was written is to make it easier for students to gain
knowledge and review the topic of calculus in a simpler and more concise way.

Many examples in various forms of questions are included in this eBook with detailed steps of solution to make it
easier for students to quickly understand the method of its solution. In addition, students will also able to improve and
strengthen their understanding through the included practice questions. The authors hope that this eBook can benefit all
students as well as educators around the world in the field of Engineering Mathematics.

Thank You So Much.

Suhana bintt rRamli
Editor
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[ Calcuvs: Di€€eventiation

— Differentiation —

> The process of finding a derivative
is called differentiation.

> lfgiveny = f(x).the differentiation

is written as % or f'(x)
> Application:
i) to calculate rates of change

i) to determine where the maximum

\‘%Q,a\ﬁt‘

-
e\\‘
Algebra

O  Algebra focuses on solving equations

QO  Algebra deals with operations on variables
and numbers

; and minimum values occur.
|

; Calculus ** Among the uses of calculus in engineering

~ O Calculus is primarily focused on are the study of gravity and planetary
differentiation and integration problems.

_ . mation, fluid flow and ship desjgn, and
e Q Calculus deals with operations on : . .
P Jeametric curves and bridge engineering.

(1]



AR

a\cu\u-. Dic€eventiation

Determining the derivative ofa
function from first principles
requires a long calculation and
it is easy to make mistakes.

However, we can use this
method of finding the

derivative from first principles
to obtain rules which make
finding the derivative of
function much simpler.
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y = (ax™+b)*

dy n d
— = + b)*1— (ax™ +
ax k(ax™ + b) Ix (ax™ £ b)

z dy=f(x)ig(x)
y_ ! !
a—f(x)ig(x)

7
;-
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J

a)
b)

c)
d)

E)

IMpPoORg TA

Must have POWER

POWER must be numerator
x0=1

Expand

Separate

y = Vx5 )
1
Y =35 '—_:\>

y=02x+ 1B —x) l:\>

y = (x — 3)? I___—'_‘>
6 —4x3+5

y:x X =

x3

o

y = 3+ 5x — 2x2

y=x%—6x+9
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r a) ConStant Rule J Differentiate the followings:
‘ Example | ‘ ‘_\‘Example Z

4
Y=z y =51
Let's differentiate Now, differentiate

il ay _
dx
5 =5
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[ L) Power Tunction Rule j

y=x" y = ax"
dy — n-1 dy n—1
dx =nx E = nax

STEPS How to

Differentiate??

. Bring the POWER up front.
2. PDWER is subtracted by |

Differentiate the followings:

l Example |

® =+

Let's differentiate

‘ Example 2

@ y = 3x*

Now, differentiate

%“\“{\““ d 1
Y
E — @ . 3 _@

= 12x3




[ Colcuius: Oiffecentiation |/ [ - o]
C) Uwm \ evence wule

Differentiate the followings:
=f(x) £ gx)

d:};,_ /4 + /4
a—f(x)_g(x)

ATTENTION!

2

X 1,
‘ Example | 3 7 3%

L\E‘xample 2

Let's differentiate FO) = x5 — Ex6 — 9y
Sy 1 - 3
- = (4)4x*1 — (2) §x2‘1 -0 Now we can differentiate

2 : - 2 o -

= 16x3—§x1 f'(x) = (5)x° 1—(6)§x6 1_9gyl-1
2 = 5x* — 4x> — 9x° ===

= 16x3 — 3% | REMEMBER! |

=5x*—4x> -9 ox%=1

L]




[ Caleuvs:. Dif€eventiation j

ATTENTION |

ATTENTION ! N ~
3 B » \e A( x° = x2

q_g - @/{A‘“Q -

\e 3
Eﬂmfp/( L3, h(x) = /x3 — x* + 5x
P=2q SRR 3

~ h(x) = x2 — x* + 5x
~p=2q°=3q° +q*

9\ Let's differentiate
Then differentiate qowe 3\ 3
3‘,\“‘&& h'(x) = <§> x2 1 — (4)x* 1 + 5x1-1
R d—p = (3)2¢°7" = (=3)3q7° " + 4¢*"} 1
] 1 =§x5—4x3+5x°
) =6q%+9q~* + 4¢3
r 3
9 =—yx—4x3+5 ———
— 2 - 3 (4 N
\ =6q"+ gt g 4 F REMEMBER! |
| x0 = [
(S
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Example 6 Fm
REMEMBER! ,

' (2n — 3)? (expand)
| =@2n-3)2n-3) |

Examples m = (27’1—3)2 | =4n’>—-6n-6n+9
— 2 _
[ sm=4n*—12n+9 \___4"__?1’:’?‘_)
r- p— m %
y=0Bx+1)(x—-2) y, REMEMBER ! | e Then we differentiate
(3x + 1)(x — 2) (expand) ) \S/ﬁ\“\‘“ dm
— 2
.'.y=3x2—5x_2 ‘ —3x2—6x+x—2 ' _=(2)4n2—1_(1)12n1—1+0
(IR dn
Now, let us differentiate — — ‘L =8n! —12n°
S ). = —
g\ 2 o (2)3x27 = (1)5x11 = 0 T EL biaG — it
dx ey
= 6x* — 5x° PR [ o \
/// N =6x—5 i t == \I\ . ‘ b
S —————— , \ i 17—
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ATTENTION !

Example 7 ‘/5_":‘/_5\/?
|_, _ e R

x* + 5x3 —/5x | y = x* +5x% —5x (separate) !
y = ‘
|

x |
1 | =

y=x3+5x2—\/§x_2 \ = x3 +5x% —5x72 J

: @ We can now differentiate

Y @t - )5t (- 1) Vxz!
dx 2

3

5
= 3x?% — 10x? +7x_2

3% —10x o |
2. |x3
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[ d) ConStant Multigle Rule ]

y = (ax"+b)k
ﬂ _ n k-1 i n
2y = klax" £ byl o (ax™ £ b)
How to
STEPS Differentiate??

. Differentiate OUTSIDE (power value).
2. Differentiate INSIDE (value in bracket)

Differentiate the followings:

ijample I
y = (4x* + 3)°
Let's differentiate
‘@“\@daf e

= =542 +3)° | (8x)

= 40x(4x? + 3)*

Example 2
~\

y = (x—3x%)°"

Differentiate the equation
$&“{_\“‘\ ﬂ. 2

dy 2\8-1 E 3
a=8(x—3x) -1 — 6x)

= 8(1 — 6x)(x —3x?)7
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Example 5
Example 3
f(x) = (2x3 + 5x — 3)*
y = (x3 - 8)° %\,{\m We can now differentiate
-\ let'sdifferentiate > f'(x) = (4)(2x3 + 5x —3)*71 - (6x3~1 + 5x171)
o
i“af\\“‘ dy = 4(6x2 4+ 5)(2x® + 5x — 3)3
dx (5)(x* —8)>71- (Bx*"1) | Example 4
= 15x2(x3 — 8)*

FO) = £ (x4 308
% Now let's dlfferentlate

== f'x)=@3)= (x +3x)371 - (4x*1 4+ 3117 |

§(4x3 + 3)(x* + 3x)?
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| | Example 7
| Example 6 I

N

: * I
1

2

T ‘&éy=(x4—5)§
3(5 = 2x) > change the form \S/“\““““

. 2 , .
@y =< (5 — 2x)~° Then differentiate

change the form

L2
&

d 1 1
We can differentiate % = (5) (x* —5)37" . (4x*™ D)
dy _ E _ —6-1 . (_ 1 3 4 —%
a—( 6)(3>(5 2x)~%"1.(=2) 3(4x)(x 5)

3
= 8(5 — 2x)~7 4

 33/(4x® —5)2
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. 00000 | _—_.“
A )0 ) <4 )1 = Vol
‘ \ \

CHAIN RULE

The chain rule has been known since Isaac Newton and
Leibniz first discovered the calculus at the end of the 17th

century. The chain rule states that to compute the derivative

of composite function, f(g(x)) is '(g(x))-g'(x).




[

Calculvs:, Di€€eventiation

J

v &

a) Chain Rule

STEPS

dy dy du |
dx du dx
.
A |
Findufry

o uinthe bracket & y the remain
Differentiate u & y

Substitute into the formula

Solve / simplify

Replace u

‘ Example |

y=(4*+3)°
u = 4x*+3 y =u®
=
ﬁ = 8x i 5u*
X du
dy dy du
dx du’ dx
d
A 5u* - (8x)
dx
= 40x(w)*
= 40x(4x* + 3)*




F Calculus: Di€€eventiation

Example 2 2 .
- y=(2x3+5x —3)* ‘

— ¥ 1

u=2x3+5¢x-3 y=u' du dy 1 ,
------- SEVE) — =4x>+3 T =5U
________________________ dy e dx 7 7 du 2

- e
.................................................. oD

dy dy du dx du dx
bbb P

dx du dx —L = 22 (4x3 +3)

dy dx 2

—x=4u3 (6x+5%
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L\E‘xample 5
l Example 4 . 5

y=+x%*-5

2 change the form
| _ L ~ 1
Y= 3G-20° @ y=(x*~5)3
/ change the form 1
S wmvtos  yeid
3

2 du 3 dy 1 2
u=>5-2x y:;u_6 Step 2 a=4x @=§u3

d 1 _2

Step 3 dy _dy ou & ZuTE . (4xd)

dx du dx P a——— | d 3

d 2 o .

a0 el -3

dx w L I
= —8(w)”7 _ =
------------------------------------------------ 3 (4x3 — 5)2
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0
AN \
Y

\

R
.

If given question y = (7 — 6x2)8 therefore it can be solved either by using Composite Function or Chain Rule.

** Refer to what method the guestion want !/l -
__\ Composite Function y = (7—6x*)°
S“\\)\.\““
y = (7 - 6x%)8 u=7-6x* y=u®
du . dy
ot ) ax du
B — = 8(7 - 6x%)7 - (~12%) dy _dy_du
o dx  du dx
= —96x(7 — 6x%)7 dy ;
s (—6x)
= —48x(u)’
\\’ (w)
= —48x(7 — 6x?)7
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PRODUCT RULE

If y = w.vis the product of a function, then to obtain 0) Product Rule

the derivative of the product of that function, the

product rule must be used.
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I given questions as followings:

S Bracket has a POWER

@ y = mz) Expand

= 7x3 — 6x°
bracket has @ y = x3 (7 — 6x2)3

%.2 NO POWER !
@ y = (x +2)(7 — 6x*) Expand

=7x —6x° + 14— 12x*>

@ y =|2x + 3)*||(7 — 6x2)3

-~ ~

Differentiate using
(@ y=(7—-6x?? SSP PRODUCTRULE!
( bracket has the
= (7 — 6x%)(7 — 6x%) Expand POWER of 2 !

=47 — 12x% + 36x*
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M L) Product Rule W

STEPS \@

. Finduv

o uinfront & v at the back
2. Differentiate u & v
3. Substitute into the formula
4. Factorize
0. Solve / simplify

]
L\E\xample I

Differentiate y = 2x3 (2% + 3)°

du dv
Step 2 — = 6x? — = 10x(x? + 3)*
dx dx

dx
= 6x°%(x% + 3)° + 20x* (x? + 3)*

= 2x2(x% 4+ 3)*(3x% + 9 + 10x2)
= 2x%(x%? + 3)*(13x%2 + 9)

2 (x? +3)° - (6x?) + (2x°) - 10x (x* + 3)*
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Differentiate y = (2x3 + 1)(1 — 4x)3
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‘ Example 3 Differentiate y = (x — 1)3(3x + 1)° >

not
7 @ O R 5= (S 1

du dv
Step 2 _— = — 2 — = 4
=3 1) =56+ ')
= 3(x — 1)2 = 15(3x + 1)*

d
— = (x4 D33 -2 + (x = 1)? - 15Gx + *

=303x+1D°(x—-1)2+15(x - 1)3(3x + 1)*

T - | = 33x+ 1)*(x=1)2(3% + 1+ 5 —5)
| : = 3(3x + 1)*(x — 1)2(8x — 4)
=12C6x + D*(x - 1D?*(2x - 1)
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Example 4 Find the derivative for y = v2x + 3(2 — 3x2)°
@ u=2x+3 v=(2-3x%)°

1
= (2x+ 3)2

du 1 1 dv

— s -2 — = — 2)4(_

T2 2(2x+3) 12(2) Tx 5(2 — 3x°)*(—6x)
=(2x+3)2 = —30x(2 — 3x%)*

d—z =(2-3x2)°-(2x + 3)_% + (2x + 3)%[—30x(2 — 3x2)*]

1 1
=(2-3x%)>-(2x +3)72 — 30x(2x + 3)2(2 — 3x?)*

1
=(2—-3x%)*(2x + 3)" 2[2 — 3x% — 60x% — 90x]

T
2

= (2 —3x%)*(2x + 3)" 2[2 — 63x% — 90x]
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QUOTIENT RULE

The quotient rule is a method of finding the derivative of

a function that is the ratio of twa differentiable functions.

|ts function is in the furm%
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J

L Quotient Rule w

STEPS

-4

|, Findufv

o U is nominator & v is denominator

2. Differentiateu & v
3. Substitute into the formula
4. Factorize

3. Solve / simplify

3

L\E}xample I
/

Differentiate y =

(x2+3)°

u=2x3 v=(x?+3)°

du dv
Step 2 — = 6x?2 — = 5(x? + 3)*(2x)
dx dx

= 10x(x? + 3)*

du dv

dx v?2
dy (x*+3)°-(6x?) — (2x%) - 10x(x* + 3)*

dx ((xz + 3)5)2
_ 6x%(x? +3)° — 20x* (x* + 3)*

(x2 + 3)10
_ 2x%(x% + 3)*[3(x? + 3) — 10x7]
- (x2 +3)10

w265 B ot w2655 _ 2x%(9—7x%)
B ¢z ) LR ¢

[7]




[ Calculus. Dik€eventiation J |
: _— _ (2x3+1) S
Find the derivative for y = FEr =

dv

du_ o2 — 3(1 — 4x)%(—4)
e dx X

= —12(1 — 4x)?

_(1—4x)%-6x% — (2x° +1) - —12(1 — 4x)?

dx ((1 - 40)3)"
_6x%(1—4x)° +12(2x° + 1)(1 — 4x)?
B (1 — 4x)°

_6(x*—4x® +4x°>+2)  6(x*+2)

: .
(1—4x)* (1—4x)*
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(x-1)3

Example 3} i o —
‘ F: Find the derivative for y = TPITE
g“\\\\'\““ u=(x—1)3 v=0Bx+1)>
""""""" v L dv
A 3 —1)2 av _ 4
s ) 2 s 'O
= 3(x — 1)? = 15(3x + 1)*

dx v?
dy (Bx+1)°-3(x—1)%-(x—1)>-153x + 1)*
dx ((3x +1)5)°

~3Bx+1)%(x — 1)? = 15(x — 1)°(3x + 1)*

(3x + 1)10

C3(x-1D2Bx+1-5x+5  3(x—1D*(6-2x) _6(x—1D*B-x)
B (3x + 1)6 - Bx+1° (3x + 1)
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(7t+2)?
4(t3+1)3

Find the derivative for s =

du dv
@20 e e
= 14(7t + 2) = 36t2(t3 + 1)?
_______________________ @ @
dt v2
ds  4(t%+1)° - 14(7t +2) — (7t + 2)? - 36t%(t> + 1)?
dt (4(t3 + 1)3)2
_56(t% +1)° - (7t +2) — 36t%(t> + 1)*(7t + 2)?
B 16(t3 + 1)6
3 2 3 _ 2
=4(t + D)4(7t + 2)[14(t> + 1) — 9t=(7t + 2)]
16(t3 + 1)°
"""""""""""" 3 1 1N2(7r 4 V(1453 4 14 — £243 — 1052Y
=4(t + 1)“(7t + 2)(14t> + 14 — 63t> — 18t=)
16(t3 + 1)°

_ (7t +2)(14 — 18t* — 49¢t°)
= 4(t3 +1)*
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5

— A e D e

The second order of differentiation is
when the differentiation made twice

The second derivatives of a function £ (x) is
usually denoted as £’ (x) and for y =

2
f (x). then the secand order written as %

Among the uses of the second order of
differentiation is to determine the optimum
value.

differentiate first time  differentiate second time
f f &
differentiate first time  differentiate second time

dy &y
dx dx?

S e R = = N
T R~ - St apeia:
— == ,‘sg.&—,—-- & e~ P
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| Example |

Find the derivative for the followings:

S“\““““
d
% =12x% 42
——
d_x:)zl = 24x

@ y=02+3x)(x—1)

change the form

y=3x%—x—2

dy
—=6x—1
dx x

d2

£V _6
dx?

@ y = (5+ 3x%)5

dy 4 5 For 2 order derivative, must
—_— =50+ 3x™)% - 12x use product rule :
X dy _ du . dv
= 60x3(5 + 3x*)* ax~ Vax T Yax

2

d—x’; = 60x3 - 4(5 + 3x*)312x° + (5 + 3x*)*180x?

= 2880x°(5 + 3x*)3 + 180x2(5 + 3x*)*
= 20x2(5 + 3x")3[144x* + 9 (5 + 3x*)]
= 20x%(5 + 3x%)3(144x* + 45 + 27x*)

7]
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/

‘ Example 2

2
Find the value nf% whenx = 3 for each of the following

6
@y=5x3—p+9x+3 change

@ the form
et
2 02— SO RO R

d
& 15x% +12x73+9

dx
d*y —
W = 30x — 36x <
36

= 30x —F

o 3 &
Substitute x = 3 into p
d2y 36 806
—2=303)-= =—
dx? (3) 34 9

Must use product rule for It order and 2
@ y =x(2x — 1)* order derivative :

= =x-4Q2x -1 2+ (DEx— 12
=8x(2x — 1)3+2(2x — 1)*

di_}; ___________________________________________________________________
—5=[8x-32x— 1?2+ 2x — 1)*- 8]+ [4-2Q2x — 1)* - 2]

=48x(2x —1)> +8(2x —1)3 + 16(2x — 1)3

= 48x(2x — 1) + 24(2x — 1)3

= 6(2x — 1)?[8x + 4(2x — 1)]

= 6(2x — 1)2(16x — 4)

2
Substitute x = 3 into d—z
2 dx

Y _ 62(3) - 1)2[16(3) — 4] = 6600

& el
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a\CU\us Dic€eventiation

Trigonometric differentiation
needs to use a fixed formula to
solve it.

It can be solved either using the
trigonometric differentiation
formula or a chain rule

A combination of either
product rule or 8 quotient rule
should be used if it invaolves two
functions.
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]

_

Al
ﬁ[/ Tr'\ﬂonome'\'v\i Function é}}

‘ Basic Derivatives

d
I —(sinx) = cosx
dx
| d
— (cosx) = —sinx
| dx

I = (tanx) = sec’x

| d
dx
| g

| Ix (secx) = secx tanx

| — (cotx) = —cosec?x
VAN

dx

I

)
|

— (cosecx) = —cosec x cotx |

[

S —

_

Reciprocal ldentities
sinx
tanx =
COSX
1
cosecx = —
sinx
1
secx = ——
COSX
1 COSX
cotx = =

tanx sinx

VRN

<

Trigonometric ldentities

cos’x + sin’x =1
1 + tan®x = sec?x

)
l
|
|
|
)
|
|
| cot’x +1 = cosec?x
)
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J

S ) How To Oevive Tv‘\ﬁonovne'\'w function ! i
—~1

Method (1)
ﬁ'v’\aonow\efﬂ' with powev )

STEPS \@

<

. Differentiate trigonometry function

2. Differentiate the angle (in bracket)

Examples:
y = sin5x,
y = sin(5x + 4)

Method @
(*riaonomeﬂ'\‘ with powev > 1)

STEPS @
\

<
. Differentiate Power

2. Differentiate triggnometry function

3. Differentiate the angle (in bracket)

Examples :
y = sir@';x,
y = sir@Sx +4)




[ Caleuvs:. Dif€eventiation j

Differentiate Fuw&r

T

* 1) Differentiate trigonometry function

3 STEPS
) Differentiate tmgunnmetry function E
- 2) Differentiate the angle (in hranket) §

@.m w@%

y = Sin2x y = sin(1 — 2x) y = sin32x

%\ Let's differentiate @Nuw. differentiate o ﬁT hen differentiate
By ! _ =y 1 2 3
: oy = cos2x - == COS(1 — 2x)|((=2) - o = 3sin®2x {cos2x}((2)

= 2 cos2x = —2 cos(1 — 2x) = 6 sin%2x cos2x

3)  Differentiate the angle (in bracket)

el i

d’
=




[ Calcuvs: Di€€eventiation

]

| Example |

@

y = cos3x
Jute®
=dy
Fie —sin3x -+ (3)
= —3 sin3x
y = > an4x

S“\“\‘\““
/d‘

2
———— 4 . 4.

= 2 sec?(1 — 4x)

Find the derivative for the followings:

® 2

@ y = singx
St
\S“\“\ dy 2 (

a=COS§X'

2 2
—3C053X

)

3

2

= — sin—

x>

x4

@ y=coryz
1

S“\““““ = cotx2

d
' d_ic] = —cosec/x - (
cosec’+\/x

2v/x

change the form

1 1
2% )
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Example 2 Find the derivative for the followings: @ |
y = 4cot(1 —+/x) change the

1 form
- = 4cot(1 — xz)
S“\“\\““

@ @ y = cos(5x + x3) \’ % Lo
= Ao — = _ 201 _ =52
Souet y = cos(3x + 2) %\ o 4( cosec-(1 ﬁ)) < 5% 2)

dy
d o o 3y . 2
Y _ _sin(3x +2) - (3) 7 sin(5x + x>) - (5 + 3x%) _ 2cosec?(1 — %)

dx N

= -3 sin(3x + 2) = —(5 4 3x?) sin(5x + x3)

@ =tan|7 — i
@ 3 composite function Y x4 changethe
=y = =sin(1 - 4x)3

form

8 @@ = tan(7 — 2x™%)
dy 4 _
2 =3 cos(1 — 4)° - 131 — 40)?) (~9) ax = sec (7= 2x7) - (=8x7)

\\\ d 8 9 8 5 <7 2>
=——sec’|7T——
= —5(1 — 4x)? cos(1 — 4x)3 x> x*
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| Example 3 Find the derivative for the followings:

Ar %
y = 2cos?(5x + x3)
A v = cos34x Souiet
o
S““/d.y d_y = 2-2cos(5x + x3) - —sin(5x + x3) - (5 + 3x?)
ool 3 - cos?4x - —sin4x (4) x
A = —4(5 + 3x?)cos(5x + x3)sin(5x + x3)

2 @ y=tan4<7—i>

4
- change the form

3 .
y = =sin®(1 — 4x)

_ o4 —4
W 5 ey = tan*(7 — x=*)
d 3 d
’ % =5 -gsin“(l — 4x) - cos(1 — 4x) - (—4) ‘ d_icl =4 -tan3(7 — x~*) - sec?(7 — x™*) - (4x7°)
= —12sin*(1 — 4x) - cos(1 — 4x) = 1—§tan3(7 — x~Hsec? <7 — %)
x x
|40




o
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|ﬂijamP|e 4 Find the derivative for the followings:
0 CO
A Chain Rule B Peoduct Rule

— ot o _ 2
@ y = sin3(tanx®) @ y = x* sin(5 — 4x?)
- 3
%“\\)\\“
u = tanx?

g

y = sindu u=x* v = sin(5 — 4x?)
d d dv
e sec?x3(3x?) = — 3sin?u cosu dy 43 — = cos(5 — 4x*)(—8x)
dx du e dx
= 3x2%sec?x3 = —8x cos(5 — 4x?)
dy dy du dy du dv
EE —=v——+tu—
dx du dx dx dx dx
D 3sin?u cosu - (3x?sec?x?) g (5 — 4x2) - 4x3 + x* - —8 (5 — 4x2)
Ix - = sin x x3 +x X coS x
= 9x?sec?x3sin®u cosu = 4x3sin(5 — 4x?) — 8x°cos(5 — 4x?)
= 9x? sec?x3 sin?(tanx?®) cos(tanx?) = 4x3[sin(5 — 4x2) — 2x%cos(5 — 4x2)]

[4]
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Quotient Rule

_ cos(x* +5)
y= (x3 + 2x2)
%“\“\'\0“
u = cos(x? +5) v = (x3+2x?)
du o dv 5
— = —sin(x* +5) - 2x — = 3x“ + 4x
dx dx
= —2x sin(x? + 5)
du_ dv
d_y _ Vax ~ Ydx
dx V2

dy  (x+2x?) - —2x sin(x® +5) — cos(x® +5) - (3x* + 4x)
dx (x3+2x2)2

_ —2x(x® + 2x*)sin(x® + 5) — (3x* + 4x )cos(x? + 5)
— (x3 + 2x2)2
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= S b SRS N

The expression for the derivative of

the natural logarithm function is
1
;.
It can be solved either using the

logarithm differentiation formula

y = In|x| = (In|x])" =

or a chain rule.

The law of logarithms should be
applied first if necessary before
differentiation.

Logarithm differentiation can
alsoinvolve the product rule or
quotient rule.

e ==
PR Y

S
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Forwvla Di€€eventiation o€
aavithwm Function
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STEPS @ Now, differentiate Let's differentiate
Mite—— @ T 2 @“‘;dy — 2
o XD T 2 (D) dx — (1—2x)
2) Differentiate (ax + b) x  2x

Don't forget to
follow the steps

2
. -
L1 X N
) =T STEPS Iij

7) Differentiat
) Differentiate u & =

(u /s any valve in bracket )

| 1) Write%
| ) Write L I 7) Differentiate u
u
7) Differentiate u

d ')
OR —Inf(x) = —
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e

_ - - 4
Example | Find the derivative for the followings: O y = In|5x — 3|

Simplity using law of log

differentiate

@d_y L constant
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Simplify using law of log

b _
@ y =In(Bx — 4‘)5 Simplify using law of log y=In m :::?Efm logaM” = b loga M
logaM’J = b log, M 1
=5In(3x — 4) = In (5x — 2)3
Juuet 1
fs“ u_ 1 = ZIn(5x - 2)
dx =~ (3x—4)
15
 (Bx—4)

y =V31In(7 — 3x — 4x2)

_/ d 1
] ¥_.3. _3_
dx V3 (7 — 3x — 4x2)° 3-8
1 _ V3(=3 — 8x)

~ (7 —3x — 4x?)
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f(x) =In(5x — 3)?(3x% + 4)

fe=2:

= In(5x — 3)? + In(3x?% + 4)

= 21In(5x — 3) +In(3x2 + 4)
5+ 1 6

Gx—3) > GxZ+4)

__10 . 6x
~ (5x—=3) (3x2+4)

Simplify using law of log

log,mn = log,m + log,m

Simplify using law of log
log,M? = b log, M

@y=ln 7

1 — 3x2

s 57
dx 7x (1—-3x2)
_ 1 6x
T x (1-3x2)

Simplity using law of log
m

log, o log,m — log,m
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Example 2 Find the derivative for the followings:
Quotient Rule

Pvoduct Rule @ In(5 — 2x) Remember !

f(.'X.') =T ln|5—2x| n|5—2x|
2x% [2x4]

@ :
3 %“\\g{\\\“
g(x) = 2x*In(5 - 2x) @u = In(5 — 2x)
e | du =2
u = 2x* v = In(5 — 2x) dx (5—2x)

du dv 1

— =28 3 _ .2 d_u _ dv
dx x dx (5—2x) d_y = Vdx dx
-2 dx v?
~(5-2x) 4.2 05— 92) - 83
dy du dv e 2x G =2x) In(5 — 2x) - 8x
— = —_— _ X) =
dx  Udx ' “dx , (2x%)?
"(x) = In(5 — 2x) - 8x3 + 2x* - —— X ‘
70 = e G=29 — [ty + 26— 20
4x*4 = 8
=8 In(5 =20 ~ 50y B
1 X
X = —— 2In(5—2 )
= 43 <2 In(5 — 2x) — m) x5 ((5 —2x) + 21In( X)

[4]
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| Example

@

qouet

u =In3x

du 1 1
dx 3x  «x
dy dy du
dx dudx
dy , 1
a—secu-—

3 Find the derivative for the followings:

Chain Rule

y = tan(In 3x)

_ sec?(In 3x)

Chain Rule
y = In(cos 2x3)

u = cos 2x3 y = lnu
du dy 1
—_ = —q7J 3., 2 _— = —
Ix sin2x” - 6x Tu_ u

= —6x2 sin 2x3
dy dy o du
dx du’ dx
d
Y (—6x2 sin 2x3)
dx u

_ —6x? sin 2x>

B u

—6x2 sin 2x3 Simplify using reciprocal identities

sinx
cos 2x3

= —6x%tan2x3
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Simplity using law of log

' gx) =n(2x —3)(2 —x3) log,mn = log,m + log,m
IMPORTANT!

Use Product Rule

_ g(x) = n(2x — 3)In(2 — x3) @ CW
dx dx
7x Simplity using law of log
y =I5 =

7
log, P log,m — log,m

Use Huotient Rule
— L @ du dv
y In(2 — 3x2) dy _Vix " “dx

dx V2

f(x) = In(5x — 3)? @ ZS;H;T}DII’UT%J%/;L'E

EHCCE S

dx_duxdx




=
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Calcus: 0'\€€evenﬂaﬂ

Exponential functions have
the form f(x) = e*, then
the derivative is given by

-

|ts can be solved either using

the exponent differentiation
formula or a chain rule

A combination of either a
product rule or a quotient
rule should be used if it
involves two functions

B
o ity B ey
= S
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Formula Di€€eventiation o€
EXQOnQn'\“\Q\ Tunction

a™ x g™ = gm+n

a™ = q" = gm"n
(™" = gmn |

(ab)™ = a™b" |
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/

S ) How To Vevive Exgonential function IK
—~.

STEPS

&

D)o

Let's differentiate

< &\
) Write the exponent function fsn\“\'&dy 1 2

7) Differentiate the POWER

OR = 2e*
) Write e -—ml
2) Differentiate u Q&\
(/s power of exponent ) STEPS
[) Writee™

7) Differentiate u

@, y = 2¢7%73

Let's differentiate

S‘)\\)’(\““ )
@y 1 2

- = 2e7x3 _
= 14e7*73 Don't forget to
L=y follow the steps
STEPS

ertE et
) Differentiate u
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| Example | Find the derivative for the follawings:

@ -+
differentiate

%“\“\\“‘\ dy g constant

[ =

‘ _ ,2x-3
@ - ® y- oy 5,
- %\ = Je% Junet
S dy 6‘& \'S““ dy 5
_:eZX—3.2 dy —=—€_3x -3
. dx L — 4e8%.8 dx 3
1 — 2p2%-3 dx 15
= 32e8 =— 3e3%
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| Example 2

Find the derivative for the followings:

Simplify using law of index
_ a™ x g™ = g™m*n
@,

S“\“\‘\““

_ Ge2-8r+3x Simplify using law of index
385_2x a™ = qh = g™ "
— e2-5% @ Y = "goux
Simplity using law of index
4
= 8
a3 = EeS—Zx—LLx @ P e %@ = an

ﬂ — 6eZ—5x -5 %“\“ 8

dx

1 (ab)™ = a™b™
S S ) = (81e™)3
_ - _5-6x
= —30e27%% ~8° \

1 1
= 812 . 5@
= 3e?*

dy 3 - ¢ d

— =—g>7%. -6 y 2x

—L = 3¢2%.2

dx 89 dx e

_ = 6e2¥
— _ _ p5-6x
2¢
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]

Example 3

@y = e3%(2e3* — 6)

expand
= 2e% — 6e3¥

o=

Find the derivative for the followings:

‘V\ = 2¢%% — 5e~3*
\S“\“’(\““

e + 2e*
@ '
separate
eBx Zex
@ = J3x e3x

5

@ y=2€6x—eﬁ

change
the form

d
2 o ef%.6—5e3x. 3

dx
15

= 6X
= 12e +eﬁ

3
- e+

d
—y=Ze6x-6—6e3x-3
dx

= 12e%* — 18e3¥

= 6e3%(2e3* — 3)
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| Example 4

Find the derivative for the followings:

Chawn Rule
Chawn Rule
y = In(e?¥)
4
y=e*
‘S@ = g2X = lnu
u=x4‘ y:eu d_u=282x d_y:l
du o dy dx du u
— = 4X _— =
& du dy _dy du
dy dy du dx du dx
a - @ 8 E ﬂ = l Zer
dy 3 dx u
T eu 4 2x
dx 2e
= 4x3e*" o e2x
/;i, - - - 7? S
= — = e —

Chain Rule

y = Cos(e4x+1)

u = etrt1
du dy
— = 4et*tl — = —sinu
dx du

Yy = cosu

dy_dyxdu
dx du’ dx
d

y .
— = _sinu - 4
dx sinu e

— _4e4x+1sin(e4x+1)

4x+1
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Quotient Rule

Example 5 Find the derivative for the followings:
e6x+1
q y =
O 2x4
Product Rule
= 6x+1 v =2x*

u=e
g(x) = 2e3*(x3 + 2)* du_ 6e6xt1 v 8x3
@ dx dx
ot
RN du dv
u=2e3* v=(x3+2)* dy Vax " Yax
du d - 2
—— 6e3* & 4(x3 +2)3 - 3x2 ax Y
x dx dy 2x4- - 6€6x+1 — e6x+1 - 8X3

= 12x2(x3 + 2)3

dy du dv dx iy
L x4 - 12x%6X+1 _ gy3p6x+1
g'(x) = (x3 +2)*- 6e3* + 2e3* - 12x2(x3 + 2)3 4x®
4x3e%t1(3x — 2) Factari
— (3% (3 4 2 ,3x (3 3 = actorize \
= 6e°* (x> 4+ 2)* + 24x°e>* (x> + 2) 428
= 6e3%(x3 + 2)3(x3 + 2 + 4x?) m _ e (3x - 2)
= o




s
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Calculus (differentiation § integration)

was developed to improve the

understanding of application of

differentiation.

Differentiation & integration can help
us solve various types of real-world
problems.

We use the derivative i determine
the maximum and minimum values of
particular functions (e.g. cost. strength,
amount of material used in a building.
prafit, loss, etc.).

lts also used to splve rate of change
(e.g. area, volume, |ength, velocity etc. )
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— ) MaxiwmUm, MiniwmUwm And T

We use differentiation to determine whether a function is
increasing or decreasing.

A point where a function changes from an increasing to a
decreasing function or visa-versa is known as a turning
point.

Turning point is also known as stationary point or
critical point.

A function is increasing if the derivative is positive, and if
the derivative is negative then the function is decreasing.




e —
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Calculvs:, Di€€eventiation

Stationary points are points on a curve where the
gradient is zero.

This is where the curve reaches a minimum or maximum.

A maximum is a high point and a minimum is a low point
on the curve.

There are three types of stationary points: maximum.
minimum and inflection/ inflexion points.
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J

How to €ind stationawy goint and
; detevmine the watuve of the goint?
I |

.REMEMBER

At all stationary point, the gradient is zero

d
where 2 = 0
dx

Second derivative will tell the nature of the
curve whether it is a maximum paint, a
minimum paint or a paint of inflection.

d2

> O minimum point
dx 2
d2
< O maximum point
dx 2

2
d—z = 0 /nflection point
dx

PN

— N
4 //\ -

—

STEPS \‘@

2.
3.

<
Differentiate I5t time (ﬂ)
dx
dy :
let — = 0, then find the value of x
dx

Find value of y (substitute x into the function
given from question)

State coordinate of the turning point.
dZ

[]|fferent|ate 2" time ( ) and find the value
dx?

uf — (Wﬁﬂﬂ NECESSArY )

State the nature of the point (/zax or min or
inflection point )

8]
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| Example |

Find the stationary points on the graph of
y = x? + 4x + 3 and state their nature.
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Find the stationary points on the graph of
y = x% — 2x% — 4x + 5 and state their nature.

2 stationary
points

_ _ 2 175
turning points are (2,—3) & =37

d
d—y =3x?—4x—4 d?y —— ¢ substitute
_________________ e dxz X~ values of x

2
Y0 P I ' when x = 2 =6 -4=8 >0
dx 2 dx2
3 2

3
R AR e ) et (20} Bl ) o e i

Point (2,—3) is a minimum point &
9 5 5 ., point | — 327 s a maximum point

REMEMBER

dher==2y={=2) 2(=2) =s(=2}s
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| Example 3

%:4’6_8 :;:
dy _ 4x -8 = )4
dx Ay — ’

x =2 '
when x = 2 y=2(2)>-8(2)+8
__________________________ e
turning point is (2,0)
d%y
a2 *>0 REMEMBER

_:L'=2_‘C: —8x+8
intercept x —axis, y=10
S 2x —8x+8=0

x=2

intercept y —axis, x=10

points on graph
1.(2,0)
2 (0,8)
3.(2,0)

~v=2(0)" -8(0)=8

=8




-----

The rate of change is the rate of increasing
or decreasing of a quantity with the respect
of time, ().

The rate of change of a function £(x) with
respect to x can be found by finding the
derived function f"(x)

For example in mechanics, the rate of change
of displacement (with respect to time) is the
velocity. The rate of change of velocity (with
respect to time) is the acceleration.

If given y = £ (¢t).

Then the rEIatEd chain rule will be

dy _ dy
ac — dx dt

where % is the rate of change of y

with the respect of time, ¢ and
Z_Z is the rate of change of x with the

respect of time, ¢.

Rate increase

Rate decrease
= +ve values .. = -ve values




[
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FL How Yo %olve vate o€ change ? Lg

Extract ALL the given information from question.
Including WHAT to find.

Solve related formula to find value of related
variable (i the value is given or when necessary).

Write the related equation or formula (zsualy

WHAT rate to find).

Then differentiate the related formula.

State related chain rule.
Substitute ALL the value.

Solve/simplify
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If the expression of y given by y = x3 + x2 — 5 Find the
rate of change of y if x increase at 0.5 “n¢/g whenx = 5.

‘ Example |

dy dy dx

Step 5 —_— ==X —
- dt dx dt .
dt ~dx” dt

d
[ Step 6 gﬁzcn%+moxms)!!illllab
= (3(5)%2 + 2(5) ) x (0.5) R
= 425 unit/sec h:/§ —)

~ Rate of y increase at 42.5 ¥/, ona \ A)/

Rates which containy = f(x)

e - o = —— — ————
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Example 2

“\“{\t\“

A
‘
+
Q
4
-
Q.| &
88
[l
Q
3|g
|
|
NS
=
o
[ |
e |
o
o
(7]
o
=2-
<<
|
[\
[EN
(@)

216 = x3

dt  dx = dt

Rates which contain length
v dvV dx

The volume of a cube is decreasing at the rate of 4 cms ™1,
Find the rate of decrease of the length when the volume is 216 cm3.

V =x3 (formula of volume)

X
X
dx x
4
dt  3x?
= X =6
3(6)?
2
= 0037cm /sec .
— 4’_____

dt dx "

1

~. Rate of the volume decrease at 0.037 €™°/gec
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Example 3

\

s~ 2nr =5

The area A of a circle is increasing at a constant rate of 1.2 cm*/;.
Calculate the rate at which the radius, r of the circle is increasing when the
perimeter of the circle is 5 cm.

Rates which contain radius

dA _dA _dr

dA _dA _dr

dr dA
_ _ _ =— X — @ _as ar
E_? E—l.z P=5 dt dr = dt dt drxdt
_______________________________________________________ ’
Perimeter, P = 2nr (formula of parameter) 1.2 = 2mr X dt

______________________________________ B 12
u / ;
— = 2nr : 2
dr w : = 0.24M /5o,
« Rate of the area increase at 0.24 ™*/gec
= = = S 1 - S : .
= = kf : E Se= 7 — = e =T 7'
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— s . b i b

-

A parametric equation is where
the x and y coordinates are both
written in terms of another letter,

The third variable is called a
parameter and is usually given the
|letter £ or 6.

The differentiation of functions
given in parametric form is carried
out using the Chain Rule

d_y=d_yxﬁ where
dx dt dx
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How to Solve gavametvic eauation
di<eventiation 7

‘ | STEPS \@

~ - ’
. . . Differentiate each of the parametric

equations for the parameter.

7. State the related Chain Rule.

3. Substitute the resulting expression for
the parameter into the Chain Rule.

4. Simplify the equation.
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Example 2
I Example |
biven x = 3 sin26 and y = 6 cos26 then find %.

. d
Find d—zwhenx = 2t% + 3tandy = 5t — 3.
¢ y = 6 cos26 x = 3 sin26
dy
T —~ = 6cos20
do 12 sin26 dé cos change the
dt dt change the de 1 posttion
position
dt 1 &/ VvV VvV T ;
dx 4t +3 dy dy do
St =L x—
dx dé dx
d
o (=12 sin20) x
dx
= sin260

6 cos20

= —2 tan20
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‘ Example 4
I Example 3
Given x = 4 In3t and y = 5¢3 — 3¢, find Z—Z

2 at
@ 1—7t 2
y =5t3 -3t x = 4In3t

y=2(1-7t)"1

., d et 2
Find 2 whenx = —andy = —.
dx 2 1-7t

y dx 4 _ |\ U T
§osos L y oo
dt dt 3t SO — = —2(1-7t)"% -7 Z=4.—
&3 - - =5
4 14
= change (1 =7t)2 = 2e*t nhapgethe
dt  t the position dt 1 position
dx 4

t(15t% — 3)
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Implicit differentiation is the process
of finding the derivative of a dependent
variable in an implicit function by
differentiating each term separately.

The technique of implicit differentiation
allows you to find the derivative ofy
with respect to x without having to
<olve the given equation far .

The chain rule must be used whenever
the function y is being differentiated
because of we assume that y may be
expressed as a function of x.
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o e
> How to %olve implicit di€eventiation 72 < > Basic implicit di€€eventiation <

STEPS \@ Function Differentiation

. Differentiate x and y with respect to x X 1
(differentiate y followed byZ—z ). y 1 dy

[ Putall Z—z expression on the left side of the equal sign, while X Oiferentiate by :l:ng oroduct rue
the other expression on the right side of the equal sign.

2. Factorize Z—z expression on the left side. % Differentiate by using quotient rule

3. Find Z—Z (move all the expression on the left to the right side).

&= b = =
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[

‘ Example |
. d
Find d_z for 3x3 + 2y = 8 — 2y* + 5x.

3x3 + 2y =8 —2y* + 5x

____________________________________________ s
Fad®) ¢
d 'a LIS
Z(2+8y%) =5-9x? R
dy 5—9x?
=278y

Differentiate using
Product Rule

‘—jxample 2

Find Z—zfur 2x* + 8 = 2x%y3 — 5y3.

2x* + 8 = 2x%y3 — 5y3

dy dy

Step 1 2 = |4xy3 2y2 —[—15y%2 —

8x* +0 [xy +6x%y dxl S
Step 2 15y? —dy—6x2y2 == = 4xy3 — 8x3

dy  4xy®—8x?
dx 15y2 — 6x2y2

_ 4x(y® —2x?)
~ 3y2(5 — 2x2)

[®]




[

Calculvs:, Di€€eventiation

J

Example 3

Biven 2x* — 2 = y2 — 3e2¥+2Y, findz_z

2x4- — — yZ — 4_83x+2y
dy dy
8x3 —0=2y——4e3**2V |3 4+ 2=
X Yo € [ e expand

8x3 = Zyﬂ _ 12€3x+2y _ 8€3x+2yﬂ
dx

dy 8x° +12e3**2Y

_ 4(2x3 = 3e3¥2) (243 — 3e3%+2Y)
B 2(y + 4e3x+23’) y + 4e3x+2y

L\E‘xample 4

Find %fur x° — 2sin3y = In(2x + 3y).

x> — 2sin3y = In(2x + 3y)

1
4 N A— 2
SX" = 6 cos3y dx 2x+3yl dx
dy 2 3 dy
5x* — 6 cos3y— = —
= 05V ax 2x+3y+2x+3ydx
3 dy dy 4 2
2x+3ya+6cos3yd—— _2x+3y

dy 3
dx \2x + 3y

2x + 3y
2
4
d_}’_ — 2x + 3y
dx 3
2x_+_3y+6cos?>y

d
+ 3—yl expand
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Differentiate using
Ouotient Rule

Example 5

2x*—15=—+y3
y 7 4

dy
3y(2) — 2x(352) d dy
Step 1 8x3—0= ( dx” | 4 3y2 % Step 3 Ix (27y* — 6x) = 72x3y* — 6y

(3y)?
dy e sz _en
6y — 6x 5= d S dy 72x°y® — 6y
32 —dx 2 &Y *"'P 4 ety 7o
Bx== 9y2 +3Y dx dx  27y*—6x
dy 2 dy
= e 6xﬁ S dx = eyiizsy =1 Factorize

9y? 3(9y* — 2x)

dy dy

72x3y? = 6y—6x—+27y4a _ 2y(12x%y — 1)

dx =
'''''''''''''''''''''''''''''''''''''' S — )
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=1
®

How do You Solve these Problem?

) Q

y
= 2 2y. 2 -
cos(x*+y“)-|2x + 2y

= 2x cos(x? + y?)+ 2y cos(x? + y?) Z—z

In(x? + y?) e
__ 1 dy ) A4

2 n 2y dy
_x2+y2 x? + y?dx

o(1743?) 6
_ e(x2+y2) ) <2x N zyz_i’> A4

— 2xe(**+¥?) (x?+y?) &Y
2xe +2ye Tx

@ sin(x?y?)
g = cos(x%y?) - (nyz + 2x?

dy Q
ydx

= 2xy2cos(x? + y?)+ 2x2ycos(x2y2)%

@ In(x?y?)

nyZ

dx

1 o @
= - : <2xy2 + 2x2y—y)

_ 2xy?  2x’ydy 2

Cx2y2  x2y2dx  x

@ e(x2y2)

2dy
ydx

=I| el <2xy2 + ZxZYZ_Q Q

= 2xy2e(¥*¥")+ 2x2ye(x

2y2) dy
dx
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a\w\u-. Dic€eventiation

ey -
- e

= —_— _— —

Partial differentiation are defined
as derivatives of a function where the
variable of differentiation is indicated
while all the ather variables are held
constant.

Suppose f is a function inx and y
then it will be expressed by f (X, y).
So, the partial differentiation of f

with respect to x will be %2 keeping

y as constant and partial
differentiation of £ with respectto y

will be %f; keeping x as constant.




-----

If f(x.y) is a function of two variables, there are two first order partial differentiation

of f thatis partial derivative of f with respect to x and the partial derivative of £ with |
respectto y ’

1

|

The first partial derivatives of the equation z=f (x.y) be a function with two variables

o 2z
0x OR dx
of

with respect to x: f), = 3 OR

with respectto x: f,, =

0z
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How to Solve \°F order partial
difeventiation 7

z=2x%+2y

2
Z=Xx*“+2 _ 2 o 2
4 Differentiate x,and z = 2x°y z=2x%y

y held as CONSTANT _,_.-_':;.':;

Differentiate y ,and

Differentiate y,and
x held as CONSTANT  \

Differentiate x,and
x COPY back _

y COPYback €

ane.n X and y /

9'\"0nd9 alone

1€ ajven f(x,y) =
Then f, and f,

1€ 3\\12»:\ zZ =
Then a and 5
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> How Yo di€€eventiate 7 <

L\E‘xample I
. . 10z 0z
— +3 2 _ —_
Given z = x® + 5y? — 8. Find o and 5

When x and y
I Solution I

stands alone
0z

respectiox ¥ 5T 3x*+0-0

Differentiate x.and y
— 32 held as CONSTANT
respectto y % = - 1y — (0]
dy Differentiate y.and x
= 10y held as CONSTANT

Example 2
—\

When x and y
comes together

B

%=3x2+0—24x22 IS
respect to x e y Differentiate x.and

P v COPY back

0z
respecttoy = 0+ 10y —16vx3
dy y yx

Differentiate y.and I
x COPY back

= 10y — 16x3y

[8]




[ Calcuvs: Di€€eventiation

Example 3 Flnd — and — fur the followings: =
z=(x*+2)(1-3y)
@ expand

=x2—-3x?y+2—-6y

_ 4 a2 _
z=x"+5-3y @ =
= 2x — 6xy

0z z=4x + 2x*y? — y° 6; -----------------
3
B —=0-3x2(1)+0-6
dy

=3x%2-6

@ z =3x + x cos2y — 5y

z
Froi 34 (1)cos2y — 0
=3+ cos2y

— =0—xsin2y(2) -5

= —2x sin2y — 5
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|ﬁE[xample 4 Fmd —= and —= fnr the fulluwmgs

— @2x+3y (2)

— Sexy _ 262x+3y

\\_; — Sex(l) _ er+3y(3)

= Ge¥X — 362x+3y

@

z=In(x*+y?) +4x — 3y

% | 2x|+ 40
ox  |x2 + y2 X
= 2x + 4
x% + y?
aZ— - 2y +0—3
dy  |x2 + y2 y
2y

@ z=(x3+y?)°%+4x -3y

9
a—i = 5(x% +y2)*Bx2 +0) + 4 — 0

=15x2(x3 +y?)* + 4

0z

- 5(x3+y2)*(0+2y)+0-3
=10y(x3 +y?)* -3
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| Example 5 Find 2Z and 2Z far the followings:
dx dy

Pvoduct Rule

z = 2x* — 4x2%y(cos(x® + 3y))+/5yh s

f/ 4x%y(cos(x® + 3y)) must

with respect to x

u = 4x2y v = cos(x3 + 3y)

ou dv
—~_3 O A 2cin(3
3y = 8 s 3x“sin(x> + 3y)

0z use product rule for derivative with
22— gy3 _ 3 ) 20, (242 cin (13
% 8x3 — [cos(x® + 3y) - 8xy + 4x%y - (—3x2sin(x® + 3y))] + 0 e
= 8x3 — 8xy cos(x3 + 3y) + 12x*y sin(x3 + 3y)
0z 3 2 2 03
E =0 — [cos(x® + 3y) - 4x2 + 4x2y - (=3sin(x® + 3y))] + 5 with respect to y
u = 4x2%y v = cos(x3 + 3y)
= —4x?%cos(x3 + 3y) + 12x%y sin(x® + 3y) + 5 a0 i
— = 4x? — o 3
= x 3y 3sin(x° + 3y)
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. 0z 0z .
‘ Example 6 Find F and % for the followings:

Quotient Rule

with respect to x
u=4x>+3y v=5x—y3

ou ov
=5

—=28 — =
0x x ox

2
, 4x“+3y

Z=y" — Sx——y3 + x
\%“\““““

5

9z =0- [(Sx =) Br= (x4 3)(5) I e Ax7+3y must use quotient rule for
ox (5x — y3)? 5x—y3
- 40x% — 8xy3 — 20x% — 15y L derivative with respect to x and y
(5x —y3)?
20x? — 8xy3 — 15
= — Y | ¢ 5t
(5x — y3)?
s ST A with respect to y
5x — -(3)— 4 3y)(—3
N (S MO R R (G V) i dx 43y b Sk
| (5x — y3)? v
_, [15x — 3y3 + 12x2y? + 9y3 = P —3y?2
| (5x —y3)?
N ) [15x + 12x%y?% + 6y3l
| i (5x —y3) 8g




-----

Given a function £(x.y), the function is said to be differentiable if £,
and f,, exist.
If we can differentiate z=f (x,y). therefore its I*t order derivatives

can be differentiated again and we can delineate the 2" order partial

derivatives of z=f (x.y) as follows:

CcC
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How Yo Solve 1 ovrdev pavtial

dif€eventiation 7 @6\ D ‘
-

[

dyox

— m— — e —

r———— - N
Partial respect to x respecttuj R E m E m B -E R U
Derivative =
| 0z 0z l
[t order — =
I = zx I c 1€ 3'\\}2“ zZ =
I ou 0%z 0%z IS aven f(x,y) = .
, £ order x2 ayz ! I @ Ficst ocder
@ Fivst ovdev oz oz
respecttoy  respectto x — and %
' 2 2 ' frendfy Second ovdev
| 2order 07z 0z | @ Second ovdev @ 2 2
frx 8Nd f, a—i and =—
xx VX 926 ayzax
fyy and f; 9%z, 0°z
, Note I!] . vy Sy 52 M50
| )
v The answerfura—zzshuuld be the same asﬁ |
dyox )

\

—
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[

2

How Yo di€€eventiation 7?

| Example |

Differentiate Z 0
tto x —Z=9x2+0—15x2y2
respect to Bx
= 9x2 — 15x2y?
Differentiate Z 922
2
respect to x i 18x — 30xy
(2 time) X
Differentiate 2 ’z
,/ﬂ 0x =0 — 30yx?
AT respect to y dyodx Y
= —30yx?

—

Given z = 3x3 + 2y3 — 5x3y2 Find

0%z 0%z 0%z
,——and
0x2’ 0y?

-GBS

dxoy

Differentiate Z 3
Z
respectto y v =0+ 6)’2 — 10yx3 First Order Partial
y Differentiation
= 6y?% — 10yx3
Differentiate Z 927
respectto y = = 12x — 10x3
(2" time) oy
Second Order Partial
o 52 Differentiation
. 0z o
Differentiate 5 — 0— 30x2y
respect to x dxdy
= —30x%y

A

g

The answer SHOULD be the same

[m]
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2 2 2
Example 2 . 0%z 0°z 04z S
| P bind ==, 372 and 3%y for the followings:
@ @ z=e?*3 4+ In(3x — 4y)
z=5x+x°y® + 4y + 25 e
o0
%“\“y‘ | 0z _ , 1 0Z _ x4y 1
— = etV (2) + (3) Pk G+ D
0z 46 0z s s 0x 3x — 4y y X —4ay
9= 25y H0+0 o= =0+46y°x° +4+0 . 4
y . = 2g2X+3y 4 — 3p2X+3y _
=5+ 5x*y® = 6x°y> + 4 3x — 4y 3x — 4y
_______________________________________________ 0%z 4
0%z 2 0%z 2 3 — = 3e2%t3y(3 —4
= < 3.6 — = 22XtV () ———— e )+ (=4)
ox2 b=p 20673y g—yi =30y*x5+0 0x? ¢ (2) (3x — 4y)? () dy? (3x — 4y)?
16
= 20x°y° = 30x5y* _ ge2xt3y _ 2 = 9e2¥43Y — —
(Bx — 4y)? Ba=Ay)
2Z 622 Y aZZ
— 5.4 — 4.5 =3 2x+3y 2) — 3
ayax O TIVX Gy =30V A0 axoy ¢ BT Gy
= 30x*y® = 30x"y 9%z N
=22V (3) + —— (4 — (p2%+3 12
950 RO A et e
= 6e2Xt3y _ L
(Bx — 4y)? ‘
33
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| Example 3

| Solution I

fr = 2e* —sin(3x% + y3) - 6x

6x sin(3x? + y>) must use
product rule for 2 order
derivative with respect to x

= 2e* — 6x sin(3x?% + y3)

fex = 0= [sin(3x% + y3) - 6 + 6x - cos(3x2 + y3) - 6x]

= —6sin(3x% + y3) — 36x2%cos(3x? + y3)

fey = 2e* - 4 — 6x cos(3x? + y3) - 3y?

= 8e*” — 18xy?cos(3x? + y3)

"} = 8e*Y — 18xy?cos(3x% + y3)

fy = 2xe* -4 —sin(3x* + y3) - 3y?

= 8xe® — 3y2 sin(3x2 + y3) 3y2 sin(3x2 + y3) must

use product rule for 2 order
derivative with respectto y

fyy = 8xe* - 4 — [sin(3x* + y3) - 6y + 3y2cos(3x* + y3) - 3y?]

= 32xe* — 6y sin(3x% + y3) — 9y*cos(3x% + y3)

fyx = 8e* —3y%cos(3x? + y3) - 6x

[w]



Total derivatives are often used in
related rates problems; for example,
finding the rate of change of volume
when two parameters are changing
with time.

A function w=£(x. y. z) and ¢ with
x, V. z being functions of ¢, Then the
total derivatives of w with respect to
t is given by.

dw 0w dx+6w dy+6W dz
dt  ox dt  dy dt 9z dt
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[

xample |

> How to %olve total devivative 77

-

@

<
. Extract ALL given info from question.

Including WHAT ta find.

2. Differentiate function using partial

STEPS

differentiation method.
3. Derive related Chain Rule of total derivative.
4. Substitute the partial differentiation into the
Chain Rule.
9. Then substitute all related values and solve

the differentiation

e
0x

Find total derivative for z = x2y3 — 2x + %
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ijample 2

= av dr dh
h = 2cm step 4 — = 2arh) - —+ (ar?) - —
dt dt dt
dr
Step1 — ) L =2 r=h=2 Step 5 Substituter = 2, h =2, % = —1 and
dt dt ih dt

dat
The volume of cylinder is:

; =2m(2)(2) - (=1 +m(2)*- (2)
W= e ln
av o = —8nr + 8n
a—=27t‘r‘h %_TET l 4 . , :O
The total derivative of this with respect to time |s ' + there is no changes in volume of the cylinder

The radius and height of a cylinder are both 2 cm. The radius is decreased at 1 <™/sec and the height
is increasing at 2 °™/se. . Calculate the change in volume with respect to time at this instant?

—————————————————————————————————————————————————— — = 2into step 4

v _ov dr ov dh
dt  dr dt oh dt

[w]




changeinx &y
change (1,2) change

ofx % (0.8,23)¢ 0y

dx=08—-1 dy=23-2
=—0.2 =0.3

F Calculus: Dif€eventiation J

| Example 3

dx = —0.2 dy = 0.3

fz =1 —2x2 + 3xy + y3, Find the total derivative of z
when (x, y) changes from (1, 2) to (0.8, 2.3).

dz = (—4x+3y)-dx+ (—3x +3y?) - dy

LA + 3y SO Substitute x = 1,y =2, dx = —0.2 and
X

Z dy = 0.3 into step 4
% — _3x 43y = (=4(1) +3(2)) - (=0.2) + +(=3(1) + 3(2)%) - (0.3)
y
__________________________________________ = 2.9 unit
The total derivative is
- there is 2.9 unit changes in z
az=2% ax+ %% .4
== dx = dy y
,— //7 e = f =




[
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L\Example 4

-=10cm
h =12cm
h =12
Step 1 & — =—0.03

The volume of cone is:
1
V= §7‘[T2h
W2 LL
9r 3™ oh

Step 3 The total derivative of this with respect to time is

dv _ov dr oV dh
dt or dt oh dt

Find the total derivative of volume of a cone when the height decrease by 0.03 <™/, and the radius
increase by 0.05 <™/s. The height and radius of the coneis 12 ¢cm and 10 cm ?

Step 5

v _(2 N\ dr (1 )\ dh
dac \3™ at T \3™ ) e

Substitute r = 10, h = 12, % = 0.05 and

dh i
<%= —0.03 into step 4

= %n(lO)(lZ) - (0.05) + %7‘[(10)2 - (=0.03)
=4mr —7

=3n

- there is 3w <™*/ changes in volume of the cone

B
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I‘\E‘xample 5

Consider a cuboid where all the edges are increasing. Given that the height is 15 cm. length is
12 cm and the width is 7 cm. Evaluate 2% when & = 0.3,% = 0.5 and 2% = 0.87
dt dt dt dt

The volume of cuboid is:

dv dl d dh
V=h-w-l —=hw-—+lw-—w+wl-—

_ w=7cm
di dh dhrr w=7 [ =12cm
—=0.3 —= —=0.8 —
dt dt dt [=12
h =15 h =15cm

dt dt dt dt
v _ v, W_
at " aw Y e Y
-------------------------------------------------- Sal Substitutel = 12,w =7, =15, = 03,
dh d :
The total derivative of this with respect to time is — = 0.5and—= = 0.8 into step 4

gl g g g g = (15)(7) - 0.3 + (12)(7) - 0.8 + (7)(12) - 0.5
dt 9l dt "ow dt ' oh dt

= 140.7

- there is 140 c™°/; changes in volume of the cuboid

]




EXERCISE
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