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LINEAR TIME INVARIANT SYSTEMS (LTI)
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LINEAR SYSTEMS

If a system is linear, this means that when an input to a given system is scaled by a
value, the output of the system is scaled by the same amount.

xt) —— L —— y

ax() — Ly

In Figure above, an input x(t) fo the linear system L gives the output y(1). If x(1) is
scaled by a value a and passed through this same system, as in Figure, the output
will also be scaled by a.
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A'linear system also obeys the principle of superposition. This means that if two inputs are
added fogether and passed through a linear system, the output will be the sum of the
individual inputs' oufputs. It shows in Figure below.

i —— L —— yiD) x2() —— L —— yof)

x1(f) + x2(t) ——» L —— yi() +y2D)

Superposition of Individual Input

If the inputs x and y are scaled by facfors a and B, respectively, then the sum of these
scaled inputs will give the sum of the individual scaled outputs:

axi() —>» L [——> ay) o ———> L —> By

axi (1) + Bxo(t) ————> L > ayi(®) + By2D

Superposition of Scaled Input
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TIME INVARIANT SYSTEMS

A time-invariant system has the property that a certain input will always give the
same oufput (up to timing), without regard to when the input was applied fo the
system.

) —— T —— y®)

x(t-to) ——— T ———» y(t-t0)

LINEAR TIME INVARIANT SYSTEMS

Certain systems are both linear and fime-invariant, and are thus referred to as LTI
systems.

x() ———» LIl —0» y()

LTI
ax(t-to) —————» —> ay(t-to)
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As LTI systems are a subset of linear systems, they obey the principle of
superposition. In the figure below, we see the effect of applying time-invariance to
the superposition definition in the linear systems section above.

x1() —— Tl — yi®) X2 () —— LTI ——— ya)

Principle of Superposition

axi (t-to) + B 2(t-tg) ———» L ———— ayi(t-to) + Byz(t-to)
X

NOT

Irra

IMPORTANT end USEFUL properties of systems :

J Linearity

0
\ 4
The knowledgethat a sum of input signals produces an output signal
= = that is the summed original output signals and that a scaled input
’ -— S signal produces an output signal scaledfrom the original output
- signal.
J Time invariance
' Ensures that time shifts commute with application of the system. In

other words, the output signal for a time shifted input is the same as

N\ 4
- = theoutput signal for the original input signal, except for an identical
shift in time. Systems that demonstrateboth linearity and time

S invariance, which are given the acronym LTI systems, are particularly
simple to study as these properties allow to leverage some of the
most powerful tools in signal processing.
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INTRODUCTION _ CONVOLUTION

The input-output relationship for LTI systems is described in
terms of a CONVOLUTION operation. Knowledge of the
response of an LTI system to the unit impulse input allows
us to find its output to any input signals.

LTI system is a system satisfying both the linearity and the time-invariance property.

(EET

eresponse to a linear combination of
inputs is the same linear combination of
the individual responses.

lTime Invariance l
- _

A

«in effect, the system is not sensitive to the
time origin

System, Tis linear if and only if y(n)=y’(n)
i.e., Tsaftisfies the superposition principle.

y(n) =T [a,x,[n]+ a,x,[n]]

Y= alT[xl["]]"' a'zT[xz["]]
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CONVOLUTION OPERATION

The convolution of two signals is a fundamental operation in
signal processing. The main use of convolution in engineering is
in describing the output of a linear, fime-invariant (LTI) system. By
using convolution, we can construct the output of a system for
any arbitrary input signal, if we know the impulse response of a
system.

If the signal x[n] is applied to an LTI system with impulse response
h[n], then the output signal y[n] is:

Convolution is represented by the symbol *

Convolution is mathematical way of combining two signals to
form a third signal. Convolution is a formal mathematical
operation just as multiplication, addition and integration.
Addition takes two numbers and produces a third number, while
convolution takes two signals and produces a third signal.

Application of convolution can be seen in digital image
processing and real-time signal processing such as audio signal
processing, video/image processing and large capacity data
processing. Filtering is application of convolution operation to an
image to achieve blurring, sharpening, edge extraction or noise
removal effect.
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Convolution is applicable fo both continuous-time and
discrete-time linear systems.

For continuous-time signal is called Convolution Integral while for
discrete-time signal is called Convolution Sum.

CONVOLUTION INTEGRAL
I o

- The impulse response h(t) of a
continuous-time LIl system 0 g 0
(represented by T) is defined to B T b
be the response of the system
when the input is §(1), that is, h(1) d(1—7) h(t —7)
= T{8 (O}. Transformation of & (1)
is shown in Fig. 0T 0 7

()
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C
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p
=
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M
@
2
>
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The convolution of two continuous-fime signals x(t) and h(f) denoted by commonly called
the convolution integral.

The convolution integral operation involves the following four
¢ steps :

Express each functionin terms of dummy variable .

CONVQOLUTION
INTEGRAL
OPERATION

Reflect one of the functions: h(t) = h(-t)

Add4c time-offset, t, which allows h(1- ¢) to slide along the -
Qxis.4.

Start t at -o0. Wherever the two functions intersect, find the
integral of their product. Steps 1 to 3 are repeated as t varies
over -0 to o to produce the entire output y(t).
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Graphically, in order to compute the convolution integral it will decompose info a few
steps.

EXAMPLE 1

Compute the convolution y(t) = x(1) * h(t) of the following pair of

similar signals form.

h(r) x(1)

SOLUTION

h(7) xX(7)

h(T) h(—71)

h(t—r1) x(7)
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B -

h(t—7) x(7) *"-:mﬂnns im:,,“ .

e t 0 T - yn"t‘:ftflf

¥(0)=0 e outeut ye,

0<t<T

h(t—1) x(7)

1T 0 ¢ 4 T

z I " I
y()=[dr=1 SCAPI >
0 LME.—l

O B

05t-T<T —» T=t22T

x(7) h(t—1)

0 (=T T t r

y(l) = j dr=T—({-T)=2T—t

=T
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Convolution y(

= <

Ir'<t-T —> 2T <t

x(7) h(f —71)
0 7t-T
y()=0
) =x® *h®)
o (0 = x(1)*h(D)
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EXAMPLE 2

Compute the output y(t) for a continuous-time LTI system whose impulse response
h(t) and the input x(t) are shown in Figure.

x(1) (o)
14 *
> >t
-1 1 -1 3
Ir"'—"h
x(7) h(r)
ﬂ‘ A
1 1
Step
1:
Express each 1 1 —>(7) g 5 »(7)
function in terms of
dummy T
~— variable
h(r) h(=T)
A A

Step
2 —>

Reflect one of the

functions ( either 1 3 >0 3 )
h(t) or x(7) ) : h(7)
— h(-7)

|I"'—"‘

h(t—7) x(7)
Step
33

Add a fime -offset, >(7)
t, which allows -3+t 1+t -1 1

h(t-) to slide along
the -axis.




Starttat -oo.
Wherever the two
functions infersect,
find the integral of
S’rgp their product.

4: Steps 1to 3 are
repeatfed as t
varies over -0o fo
oo fo produce the
entire output y(t).

Case 1 . 1+1<-I;¢<-2
— BN\ (t\right ) o=
h(f ‘F) 1 x(m) ] ) i(gfhé _r;g)d.[?) i =ff
0.0dr =0 1+t
3 1+t 1 1 >(0)
E I+t >-1;t>-2
Case 2 E I+1<1<0 S2<1<0
!
| y() =L x(Dh(t - 1)dr
h(t-1) i x(7)
>(7) =1+ -(-D]=2+t¢
=3+ 1+ 1
E : 1+t>1;t> 0
! S341< -1;1< 2 0<1<2
Case 3 ! )
: W0 = XKt - Dde
1 -1
h(t—1)1 x(7) .
=/ 11dr =[]},
-1
> =[0-(-D]=2
3410 11+ 0
E SHt>2-Lt>2-3+1<[;1<42
' <t<41y(t) = [ x (Dh(t — r)dr
Cased ' —3+t1=/1.1dr=[7]-3+1
L x(r)  h(t—71)

=3+t

A -3+ =i =[1-(-3+0)]=4—t
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I
a Case 5

S3+t>1t>4
=3+t () = [ x(D)h(t — 7)dr 1
3+t

=/  00dr =0

Output y(t) for a continuous-time LTI system whose
impulse response h(f)

0 f=-2
2+t -2 <f<0
2 0 <t<2
44—t 2 <t<d
>4

Y1) =x(t)*h(7)
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EXAMPLE 3

Consider the continuous-time signals, x(f)=u(t) and y(t) are shown in Fig.
Compute these two signals and sketch the output, z(1)

x(f)
A
2 y(®)
1;
’I 1
> —> t
1 3 0
2 I +1<0;t<1
x(t-7) y(7) y(6) = [ x(Dh(t — 1)dr
,I [ 0
0
00dr =0
> T —1+t
-3+t -1+t 0
9 d+120:1>1-3
+1<0;t<3 1 <t<3
x(t-1) y(7) —14t Y(t) = [ x(0)h(t — t)dr 0
1
14t
> 7 21dr = [2t]0'™
-3+t 0 -1+t
=[2(-1+1t)—2(0)] =-2+2t
2 34130853 140 y(t) = [-34t
x(t-7) y(@) x(Dh(t — t)dr -1+t =f 2.1 dr—3+t
1
= [27]-3+t—14=[2(-1 + 1) — 2(—
> 340)]=—2+2t+6-2t=4
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EXAMPLE 4
Compute and sketch the output y(t) using convolution integral for input signal, x(1)

and impulse response h(t).

b3 086
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CONVOLUTION SUM
| ImpukeResponse:  °
8] hin]

e The impulse response h[n] of a impulse input at t=0 discrete impulse response
continuous-fime LTI system
(represented by T) is defined to
be the response of the system
when the input is § [n], that is,
h[n] = T{5 [n]}. Transformation of 000000000

§ [n] is shown in Fig. 01 2T?m:[§; 678 01 2T3im:[:] 678

WNS NOILNTOANOD

The convolution of two discrete-fime signals x[n] and h[n] denoted by commonly called
the convolution sum.

e

yln] = x[n] « h[n] = 3 x[k]h[n — k]

k=—oc0

; The convolution integral
.~ * 8 operation involves the following
four steps :

The impulse response h[k] is fime-reversed (that is,
reflected about the origin) fo obtain h[-k] and then
shifted by n to form h[n -k] = h[-(k -n)], which is a

function of k with parametern.

Two sequences x[k] and h[n -k] are multiplied together for
all values of k with n fixed at some value.

~'CONVO

~OPEF

The product x [k] h [n -k] is summed over all k to
produce a single output sample y[n].

Steps 1to 3 are repeated as n varies over -to + to
produce the entire output y[n].
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EXAMPLE 5

The input x[n] and the impulse response h[n] of a discrete-time LTI system are
given by figure below. Find the y[n] graphically

h[n] 2

Step 1: 1, impulse response h[k] is time-reversed

(that is, reflected about the origin) to obtain
h[-k] and then shifted by n to form h[n - k] =
h[-(k - n)], which is a function of k with
parameter n.

x[k]
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Step 2-4: Two sequences x[k] and h[n -k] are multiplied together for
all values of k with n fixed at some value.

The product x [k] h [n -k] is summed over all k to
produce a single output sample y[n].

Steps 1to 3 are repeated as n varies over -to + to
produce the entire output y[n].

y[-1]1= Y x[k Ja[n — k] k=—co
= [0][1] + [—1][-1] + [1][2] +

0][2] +

y[1] = Y x[k]h[n — k] k=

—00 0

= [-1][0] + [1][1] + [0][-1]
+[2][2]

|

o
—

=5
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y[n] graphically vl

. Jou

w

Y[n] = {3; 01_5}

EXAMPLE 4

The input x[n] and the impulse response h[n] of a discrete-time LTI system are

given by figure below. Find y[n] by suitable method.

hin] = {12-1} x[n] = {4.12

5}
h[n] | 2 -1
x[n] X 4 1 2 5
4 8 -4
| 2 -1
2 4 -2
* 5 10 -5
y[n] 4 9 0 8 8 -5
: - outRut
¢ 8 8
yln] e &
T Y[n] = {41 91_01 81 81 _5}
Af o] 12 3 4 > T
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PROPERTIES OF CONVOLUTION INTEGRAL

THE COMMUTATIVE PROPERTY

TVEOILINI ANOD 40 S311d3d0dd

x(t) = h(t) = h(t) = x(t)

mo*mo=fx2ma-ﬂm

—0o0

xX(t) # h(t) = x(t = y)h(y)dydr

= h(t) * x(t)

THE DISTRIBUTIVE PROPERTY

[x(&) « h1(t)] * h2(t) =x(t) * [h1(t) * h2(t)]

THE ASSOCIATIVE PROPERTY

x()x[h1(t)+h2(t)] = x(t) * h1(t)+ x(t) * h2(t)

THE TIME-SHIFT PROPERTY

If y(t) = x(t) = h(t) then x(t —to) =« h(t) = y(t —to)
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EXAMPLE 6

The system shown in figure is formed by connecting two systems in cascade. The
impulse responses of the systems are given by hi(t) and ha(t) respectively. Find the
impulse response h(t) of the overall system.

w(t)

v

x() ——— ) ho() ——— y()

Let w(f) be the output of the first system.
w(t) = x(1) * ha(t)
Then we have

y(1) = w(t) * ha(t) = [x(1) * h(t)] * ha(t)

But by the associativity property of convolution, it can be rewritten as

y(1) =x() *[hi(t)*ha()]
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PROPERTIES OF CONVOLUTION SUM

THE COMMUTATIVE PROPERTY

x[n] * h|n] = h[n] * x[n]

THE DISTRIBUTIVE PROPERTY

x[n] x {hi[n] + h2[n]} = x[n] * hi[n] + x[n] * h2[n]

THE ASSOCIATIVE PROPERTY

{x[n] *x hi[n]} « h2[n] =x[n] «{h1[n] * h2[n]}

5
v
O
T
[Tl
0
—
[Tl
w
O
Tl
O
O
pr
<
w
C
<

THE TIME-SHIFT PROPERTY

If y[n] = x[n] % h[n] then x[n — k] % h[n] = y[n — k]
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EXAMPLE 7

Express the input-output relationshipfor a block diagram of LTI system shown in
figure below

h [n]

X [n] ————p hiln] ¥

hs [n]

yiln] = x[n] * hi(f)
y[n] = yi[n] hz[n] + yi[n] h3[n]
= x[n] hi[n] hz2[n] + x[n] h1[n] h3[n]

= x[n] hi[n] (hz[n] + ha[n]

25
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CONVOLUTION MATLAB

| A mathematical way of combining two signals to form a|
1 new signal is known as Convolution |

| In Matlab for convolution ‘conv’ statement is used |

| The convolution of two vectors, p, and g given as “a =]
| conv( p,q )" which represents that the area of overlap|
| under the points as p slides across g -

CQonvolution is the most important technique in Digital
| Signal Processing. The direct calculation of the |
| convolution can be difficult so to calculate it easily |
|Fourier transforms and multiplication methods are used

=
_|
e
O
)
-
@
-
O
b
O
=
O
O
p
<
O
=
C
—
O
p
>
_|
—
>
w

HOW TO DO CONVOLUTION MATLAB

- Step 1: Take an input signal and also define its length

- Step 2: Take an impulse response signal and defined its length

- Step 3: Perform a convolution using a conv function on Matlab

- Step 4: If we want to plot three signals we use a subplot and stem
functions.
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LINEAR CONVOLUTION

Jred f‘ E“T. LBy . A Ay
W I

h i3 . .
ke : : % A\ A KA = Ve

““ d . |"'I-“' e . & i ' \ ' "
. ,.;'! py i a [ \ y PR

s
If the input and‘impulse response of a sysf is x[n]

wnd hin] W&vcly, the convo”ﬁoq’ given bﬁ

*
-
-
3
i
“.
- 'Q-
>
-
~

the expression,

E
p
UL
>
0
0O
O
=
<
O
—
C
-
O
pz

x‘['n] * hin] = Yx[K] h[n—k]l

Where k ranges between -co and oo

In this equation, x(k), h(n-k) and y(n) represent the input to and
output from the system at time n. One of the inputs is shifted in
time by a value every time. It is multiplied by the other input
signal.

LINEAR CONVOLUTION

is quite often used as a method of implementing filters of
various types.

In mathematics and in particular functional analysis:
CONVOLUTION \;‘

is similar to cross-correlation that has applications that
include probability, statistics, computer vision; natural
language processing, image and s:gna/ processmg,

englne_er/ng, and differential % :ﬁ w
)
& 3“
n | Y d _' .

Sa
,
xr/'
'-’"
v
4
&
v
: ?’&
“'\ -
. 'i.}"'
E
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M
<
>

EXAMPLE 5

\ U
Ml
; — E— O
Linear convolution integrals M
()
n = -10:10; @)
x1 = [1 2 3 4]; % the data value =
subplot(4,2,1); % This the first subplot <
stem(x1l); % stem plot of the x1 data without performing O
convolution operation to it. E
BEIS] [ TEs== x1(n)----"'); —
k1 = [1,2,3]; %This is the second data value. 6
=
subplot(4,2,3);
stem(hl); %stem plot of the second data value without Z
performing convolution operation to it. j_>|
el | Fiet s e hi(n)----'"); —
( >
%%%%%1linear convolution%%%%%% W
11 = conv(xl,hl) % %conv gives the convolution of x1 and
hl vectors. 11 stores these values.
subplot(4,2,5);
stem(l1l); %gives the stem plot of the 11 data values.
title('----- linear convolution-1--');
====x1(N)----
4 T T |( ) T T 9
0
- Q =t
o)
0 | 1 |
1 1:5 7 25 3 3.5 4
----- h1(n)----
3 T T T T I( } T T T T "j
O O] I .
= 2
" 1 i
0 1 | | 1 | | | |
1 1 1.4 1.6 18 2 22 24 26 2.8 3
~---linear convolution-1--
20 T T T T T T T T T
o 0]
10 ® -




QuestionT :

Express the input-output relationship for
a block diagram of LTI system shown in
Figure.

y(®) = x(1*hs(t) + [x(1)*(H)*h2(t)]
i (1) il = XD *ha(t)] + ha(H)

SNOILSINO MIIATY

o Y(t) = x(t) * h(t) = [ x(7)h(t — 7)dz 0 Question 2 :

Define mathematically the convolution of
two contfinuous signals x() and h(t).

. Express each function in terms of dummy
variable 7.

. Reflect one of the functions : h(z) — h(-7)

. Add a time-offset, 1, which allows h(t- 7) to
slide along the r-axis.

. Start t at -co. Wherever the two functions
intersect, find the integral of their product.
Steps 1to 3 are repeated as t varies over -co
to oo to produce the entire output y(1).

Question 3 :

Describe the steps involved in graphical
convolution of x(t) and h(1).

Question 4 :

Consider an LTI system with an impulse,
h[n] and the input signal, x[n] as follows;

x[n] = 8[n] - 28[n-1] + &[n-2]
h{n] = 8[n] + &[n-3]

i. Interpret the input, x[n] and impulse,
h[n] in graphical term.
ii. Calculate the output of the system,
y[n] using convolution sum.
iii. Draw the output of the system, y[n].
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Question 5 :

Determine y[n] = x[n]*h[n] for 0 <n<3

when x[n] and h[n] are shown in Fig.
x[n]

ylnl ={1,23, 3,27}

1 y[n]
lsle” * l
ORI O

8

Sl g
)
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t <1
y(t) =0

1<t<2y(t)=f1l.e-wudr=1—¢
—(t-1)1

t>2
2y(t) = [ 1. e—xd7 = e-(t-2) — e—(t-1)1

4+ y(t)

Question 7 :

Express the convolution in the time
range from 0O to 1if h(t) = e-atu(t) and
x(t) = u(t).

A

Question 6:

An input signal, f(t) and impulse response,
g(t) are shown in Fig. Convolve these two
signals and sketch the output, g(t)

x(t) h(t)

o
-
[\S]
~
o
—~

Y(8) = x(2) * h(t)
o= [ x(0)h(t — 7)dt

x
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Question 8: _ Display the

t=-5:0.001:5;
x=heaviside(t)-heaviside(t-1);
y(t) = x(t) * h(t) subplot(3,1,1);

plot (t,x);

title('Input x(t)')
legend('u(t)-u(t-1)"');

output of

using convolution integral where x(t) and
h(t) are shown below. Execute the correct
command arrays.

SW31d0dd

h=heaviside(t)- heaviside(t-4);
subplot(3,1,2);

plot (t,h);

1 1 title('Input h(t)')
legend('u(t)-u(t-4)"');

*(E h(t)

L @VILVW ONISN

m=conv(x,h).*0.001;

subplot(3,1,3);
plot (m);
title('Output m(t)"')
legend('x(t)conv h(t)');
Input x(t)
'1 T T
uftlult-1})
0.5
D 1 1 1 1 1 1 1 1
-b -4 -3 =2 -1 0 1 2 3 4 5
Input z(t)
1 T T T T T
uftpu(t-4)
0.5 T
D 1 i i i | i i i
-5 -4 -3 -2 1 0 1 2 3 4 5
Output m(t)
1 — —
®(teonv 2(t)
0.5 7
D i i A i
0 0.5 1 15 2 25
10*




Question 9:
Sketch graph of
x(t) =3u(t) — 3u(t—1)

and

h(t) =2u(t) — 2u(t — 4)

in subplot (3,1,row). Execute the
command using Matlab.

t=-5:0.001:5;
x=3*heaviside(t)-3*heaviside(t-1);
subplot(3,1,1);

plot (t,x);

title('Input x(t)')
legend('3u(t)-3u(t-1)"');

axis([-5 5 -1 4]);

h=2*heaviside(t)-2*heaviside(t-4);
subplot(3,1,2);

plot (t,h);

title('Impulse Response h(t)')
legend('2u(t)-2u(t-4)"');

axis([-5 5 -1 4]);

m=conv(x,h).*0.001;
subplot(3,1,3);

plot (m);

title('Impulse Response h(t)')
legend('x(t) conv h(t)');

title('Convolution Integral
y(t)=x(t)*h(t)")

4

Input x(t)
4 . : . .
. ‘ | au(t)y-au(t-1)] |
D - —
-5 -4 -3 -2 -1 0 1 2 3 4 5
Impulse Response hit)
4 r r ' T '
B | 2mwjm4ﬂ_
D - -
-5 -4 -3 -2 -1 0 1 2 3 4 5
Convolution Integral y(t)=x(t)*h(t)
10 - - T -
| x(t) conv h(t}
5 - -
D i B L 1
0 0.5 1 1) 2 25

< 10
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Question 10 :

Determine and sketch the convolution

sumofx(n)=[-201-13]and h(n)=[120

-1] in subplot (3,1, row). Put an appropriate

title for every axis.

x[n]

x=[ -201 -1 3]; % x( n)
h=1[120 -1]; % h( n)
y = conv (x,h); % convolution

subplot (311)
stem(x), title ('x[n]")
subplot (312)
stem(h), title ('h[n]")
subplot (313)
stem(y), title ('y[n]"')

1.5 2 2.5 3

3.5 4 4.5 5

h[n]

3

N s

,‘ ‘;- *"'r"mwnmw 5‘1“'“ '

l'"""l.‘"\"l"'l““ “ﬂl‘\\“
‘\ﬁ.\h

\M\\

A"
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Question 11:

Determine and sketch the convolution
sumofx(n)={123}andh(n)={2435
} using the MATLAB script with following
line style and colour for :

x(n) : green, dashed line style

x = [1 ,2 ,3]; % x( n)
n3x_="=1.>%

subplot (311)
stem(nx,x,'g',"'--");
title ('x[n]')

h(n) : magenta, dotted line style

h =1[2 ,4 ,3 ,5]; % h(n )
nh = -2:1;

subplot (312)

stem(nh,h, 'm',":");

title ('h[n]")

y = conv (x,h); % convolution
subplot (313) stem(y)

title ('y[n]')

X[n
; z |
|
2 Bl
|
| |
0 1 1 1 1 1 1 1 1
-1 -0.8 -06 -04 -0.2 0 0.2 0.4 0.6 0.8 1
h[n
s U
O 1 1 1 1 1
-2 =1.5 -1 -0.5 0 0.5 1
n
40 yin]
p® ‘
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