ANSFORM

Comprehensive Notes . Guided Examples . Tips . Exercises

NORSUZANA BINTI ZAKARIA :
RASNA BINTI MANSUR ’
SAL SABILAH BINTI MOHAMAD TAHIR

- “Books are mirrors:You only see in them
what you already have inside you.”
- Carlos Ruiz Zafén -







|edredcfion 17

APLACE
TRANSFORM

Comprehensive Notes . Guided Examples . Tips . Exercises

NORSUZANA BINTI ZAKARIA
RASNA BINTI MANSUR
SAL SABILAH BINTI MOHAMAD TAHIR

~POLIT=I<Nil<

MALAYSIA

SULTAN IDRIS SHAH




Cetakan Pertama/First Printing 2024

Hak Cipta Politeknik Sultan Idris Shah
Copyright Politeknik Sultan Idris Shah, 2024
Politeknik Sultan Idris Shah

Hak cipta terpelihara. Tiada bahagian daripada buku ini boleh
diterbitkan semula, disimpan untuk pengeluaran atau ditukarkan ke
dalam sebarang bentuk atau dengan sebarang alat juga pun, sama
ada dengan cara elektronik, gambar serta rakaman dan sebagainya
tanpa Kkebenaran bertulis daripada Jabatan Matematik, Sains &
Komputer Politeknik Sultan Idris Shah terlebih dahulu.

All right reserved. No part of this publication may be reproduced or
transmitted in any form or by any means, electronic or mechanical
including photocopy, recording or any information storage and
retrieval system, without permission in writing from Department of
Mathematics, Science & Computer, Politeknik Sultan Idris Shah.

Diterbitkan di Malaysia oleh / Published in Malaysia by:
POLITEKNIK SULTAN IDRIS SHAH

Sungai Lang,

45100 Sungai Air Tawar,

Selangor, Malaysia

No. Tel: 03 3280 6200

No. Fax : 03 3280 6400

https://psis.mypolycc.edu.my/

Cataloguing-in-Publication Data
Perpustakaan Negara Malaysia

A catalogue record for this book is available
from the National Library of Malaysia

elSBN 978-967-2860-89-1




Introduction to Laplace Transform is specially written for
Electrical Engineering students. This book introduces and
consolidates basic principles and concept of Laplace
Transform for students needing to a broad base for further in
electrical engineering studies. It contains concise and
comprehensive notes delivered using effective worked
examples as well as meaningful diagrams and tips.

This book contains several noteworthy features, which include:

« Each subtopic begins with a brief outline of essential
theory, definitions, formulae, laws and procedures.

« Tips — extra relevant information

+ Attractive notes - highlight the most important information
of the topic in such an interactive way with graphic and
coloured text

*+ Formulae - included for convenience of reference

* Intensive examples - structured questions with full step
work answers to help and guide students to solve common
guestions tested in examination

+ Exercise questions — summative exercises at the end of
every subtopics

+ Answer - all answers given to encourage self-paced and
self-assessed learning

«  Summary - Summary of each subtopic in an interactive
and clear explaination

+ Sample of Polytechnic’s Past Final Examination questions

We are confident that with the use of this book, students will be
well on their way to success in their examinations.

Norsuzana Binti Zakaria

Rasna binti Mansur

Sal Sabilah Binti Mohamad Tahir

Mathematics, Science and Computer Department,
Politeknik Sultan Idris Shah.



In the name of Allah, the Most Gracious and the Most Merciful.
Alhamdulillah, all praises to Allah for the strengths and His
blessing in completing this book. The aim of writing this book
Is to provide a module on how to learn Laplace Transform for
polytechnic students taking mathematics. We hope that this
book will be a good reference for them throughout the
semester.

This book is not a substitute for lecturers but to complement
the lectures given. No ivory is not cracked. The authors realize
that the compilation of this book is far from perfect and may
not be able to satisfy all parties. Therefore, any positive
feedback from lecturers and students is most welcome and
appreciated.

We wish to express our gratitude to En. Hairulanuar bin
Rosman for providing his valuable guidance to make this work
possible, the Head of Department, Puan Rasidah Binti Sapri,
for her encouragement and general advice in carrying out this
book and all staff of Mathematics, Science and Computer
Department throughout this process. Finally, we would like to
express our deepest gratitude to our husband and beloved
family for their understanding and encouragement. We are
very thankful for the constant support and help.

o
Aa Author

gl Norsuzana Binti Zakaria, Rasna binti Mansur, Sal Sabilah Binti
\, = B Mohamad Tahir

e Mathematics, Science and Computer Department,

Politeknik Sultan Idris Shah.
Jun 2024.




History of Laplace Transform

LAPLACE TRANSFORM

What is Laplace Transform
2 ways of solving Laplace Transform

Definition of Laplace Transform

Example 1

Example 2
Example 3
Example 4
EXERCISE 1

Table of Laplace Transform

Example 1
Example 2
Example 3
Example 4
Example 5
Example 6
Example 7
EXERCISE 2

Properties of Laplace Transform

Linearity

Example 1
Example 2
Example 3
Example 4
EXERCISE 3

First Shift Theorem

Example 1
Example 2
Example 3
EXERCISE 4

11

21
22

28



Multiplication with t" 33

Example 1
Example 2
Example 3
EXERCISE 5

INVERSE LAPLACE TRANSFORM 38

What is inverse Laplace Transform
Example 1
Example 2
Example 3
Example 4
Example 5
Example 6
Example 7
Example 8
EXERCISE 6

Solving Laplace Transform using 4L8

Partial Fraction
Example 1
Example 2
Example 3
Example 4
Example 5
EXERCISE 7

Solving Differential Equation o/

using Laplace Transform
Example 1
Example 2
Example 3
Example 4
Example 5
EXERCISE 8

PAST EXAM COLLECTION 70 [
REFERENCE 75 €




HISTORY OF

Laplace. Clransform

= Is named after a French
mathematician & astronomer

Pierre-Simon Laplace
(1749-1827), who used a

similar transform in his work
. on probability theory. Laplace
 wrote extensively about the
. use of generating functions in
Essai Philosophique Sur
'\ Les Probabilités (1814), and
. the integral form of the
. Laplace transform evolved
: naturally as a result.

Laplace’s use of generating functions was similar to what is
now known as the z-transform, and he gave little attention to
the continuous variable case which was discussed by Niels
Henrik Abel. The theory was further developed in the 19th and
early 20th centuries by Mathias Lerch, Oliver Heaviside, and
Thomas Bromwich.

Sources from https;//fen.wikipedia.org/wiki/Laplace transform

e
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In Mathematics, Laplace
Transform is an integral
transform that converts
a function of a real
variable, t to a function
of a complex variable, s.

The transform has
many applications in
science and engineering
because it is a tool for
solving differential
equation.
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LAPLACE TRANSFORM
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SOLVING LAPLACE TRANSFORM

——--

0 DEFINITION OF
* LAPLACE TRANSFORM

USING THE TABLE OF 02
LAPLACE TRANSFORM f

"‘ STit]

||IIIlllll‘lllllllll‘llllllm;,‘f' i




SOLVING LAPLACE TRANSFORM

- Definition
¢ Laplace Transform

Note to students:

Symbol o€ Laglace Trans<oem

yad

F(s) =LAf(£)}

00

Val

F(s) = [ et £(¢) dt

J
0
- —-

N

Use this €ovwula !




1. Constant
eg. f(t) =2, f(t) =m

2. Exponential Function
eg. f(8) = 7%, f (1) = e

3.Polynomial
eg. f(t) = 2¢t, f(t) = t*



Notes:

Write down the
deCinition o€ the
Laglace Tvans€oem

Substitute the
valve o€ €(H

F( S) — PevCorm the

in+23va+10n Qrocess

F(s) =




EXAMPLE 2

Calculate the Laplace Transform of f(t) = 2k
using the definition of the Laplace Transform.

U Notes:

0.0)

Fs) = [ e f(O) de o it down 41

de€inition o€ the

Ooo Laglace Trvans{orm

F(s) = J e (2k) dt Substitute the

o valve o€ €
—Zke_St] *°

2ke ‘S(oo)] [2ke‘5(0)]
_S -

—S




EXAMPLE 35
Calculate the Laplace Transform of f(t) = e*
using the definition of the Laplace Transform.

U Notes:

F(s) = f e St f(t) dt Write down the
de€nition o€ the
0 Laglace Tvans€orm

F(s) = j e” Substitute +he
i valve o€ €1

(00}

— —st+2t Make the €unction in
F(S) B f < dt Qina\?. wndex €oem

0

(00)

F(s) = j e t(s=2) gt Factovize the index

0
- _t(s=2) 10
e t(s—2)

F(s) = -2 ;

(o —(s=2)] e~ 0(s—2)

-(-2)] |-(s-2)

1
F(S) =0 —1 <—(S — 2)>
F(s) =

F(s) =

(s —2)




O =
F(s) = Je‘“f(t) dt
0

E(s) = j et (5¢) dt

Notes:

Write down the
de<inition o€ the
Laglace Tvans€orm

Substitute the valve
o€ €1

7| Pev€orm the intearation

0
-Ste‘St 5e~St |
F(s) = — —j — dt
I 10
'St —st 5 —St7100
B(s) = [F—— - 25 ]
) S 0
5(00)e~5(®)  §o—s(o)
F(S) = ( )e — € > ] —
_ —s S
5(0)e~5(0)  5=s(0)
—g - g2 ]
_ 5
F(s) = _O—O]—[O——2
S
F(s) ==

2

erocess by Usin
ntegration by part

F(S)=uv—jvdu
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EXERCISE 1

il s
o gt jrstrbit o))
Jaaripranmuil

'4”,5!"‘.":?}

et N Vl&fﬁmy w&m% Kowo’cr/ujé o&n%fw 'ww%,,;
6% ’by/l/h/g/.
QUESTION ANSWER

Calculate the Laplace Transform of each
of the following using the definition of the
Laplace Transform.

1. f(t) =10 F(s) = %

2. f(t) = g F(s) = 2%

3. f(t) = —a F(s) =—
4. f(t) = e~ F(s) = - i -
5. f(t) =e™ F(s) =S_1m
6. f(t) =3t F(s) :Siz

7. f@© = F(s) = =

8. f(t) =t? F(s) =—
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SOLVING LAPLACE TRANSFORM

Table
Laplace Transform

f(®)

a
a sinh wt ’
: —w
a h
e cosh wt
2 il wz
o 2ws
sSin w
Sn+1 (5% + w?)?
t cos wt _—
s—a (s + wz)z

e~ % sin wt
- - (5+a)2+‘“2
s +a
—at —at
tn at

sin wt at sinh wt

at cosh wt



Let f(t)=xt

1 Find €1 in the table that w\a+ch‘m3 €
e n the quesStion

£(t) S
ma+chin3 Yo f(t)=2t wheve a=2

2. F(5) 6 detenmined by sUbStituting a=2.

Theve€ove, F(s)= S%
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By using the Table of
Laplace Transform, find
the Laplace Transform

of f(t) = —4.

SOLUTION

f(r) =4

Re€er to the table of Laglace Trans€orm  f(t)

a

Fo)=L{-4) — .
C el Which 6 a = —4

F(S) =T
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By using the Table of
Laplace Transform, find
the Laplace Transform

of f(t) = mj.

SOLUTION

fQt) =mj

f(®

a

Refer to the table o€ Laglace Trans€orm

~~~~~
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By using the Table of
Laplace Transform, find
the Laplace Transform

of f(t) = e™ .

SOLUTION

fl©) =e™*

F(s)

1
s+a

Re€er to the table of Laglace Trans€orm  f(t)

e—at

F(s)=L{e™*} p
“ e Which 16 a =4

F(S)=s+4
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By using the Table of
Laplace Transform, find
the Laplace Transform

of f(t) = 2¢3.

SOLUTION

f(t) = 2t3

Re€er to the table o€ Laglace Trans€oem  f(1)

tn

F(s) = L {2t3}

-----
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By using the Table of
Laplace Transform, find
the Laplace Transform

of f(t) = sin 2t.

SOLUTION

f(t) = sin 2t

|

Re€er to the table of Laglace [ (t)  F(s)

Trans€orm : w
sinwt | g

F(s) = L {sin 2t} -~ )
7 Which 16 @ = 2

F(s) =

s + 22

F(s) =
(s) s2 4+ 4
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Y

'.'T .%‘

] By using the Table of
N Laplace Transform, find

~ the Laplace Transform

"'. : off(t) = 2 cosh 5t.

v

i’

SOLUTION

f(t) = 2cosh 5t

l
Re€er to the table of Laglace f(@) , F(s)
Trans€orm I .

cosh wt :

20

F(s) = L {2 cosh 5t}
F(s) = 2 L{cosh5t} _

F(S)-Z[

~~~~~

tI,,L Which 6 w =5

s2 + 52]
2s
s2 4+ 25

F(s) =
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By using the Table of
Laplace Transform, find
the Laplace Transform
of f(t) = et cos 2t.

SOLUTION

f(t) =etcos2t

Re€evr to the table of f(t) : F(s)
Laglace Trans€orm I S+ a
e “cosh wt ! > >
I (s+a)+w

F(s)=L{e ‘cos2t} -

g
s+ 1 B
F(s) = Which ia=1,w =2




“ﬁuy owwg %MZ . éﬁfﬁm' Z%mf f& ﬁby &

QUESTION ANSWER
By using the table of Laplace Transform,
find the Laplace Transform for each of
the following.
120
1. f(t) =¢t° F(s) =—
2. f(t) =cos4t F(s) = >
) =216
2
— p— 31 F —
3. f(t) =e °"'sinh2t ©) G132—4
4. f(t) = tsin4t F(s) = 8s
(s% + 16)2
2
5. f(t) =t%e™>t F(s) =
f( ) e (S) (S + 5)3
2
2
6. f(t) =— _
f == F) = o
7. £) = sin 5t P »
[0 =" () = (s+6)2 +25
2t 6
8. f(t) =e* sm? F(s) =

I(s—4)* +4




ST
?u,‘;zj’.}}’}t&ﬂ‘

S PROPERTIES o/ ||
LAPLACE TRANSFORM _Ii§

w7

Ol Linearity  _|
L{af(t) £ Bf2(8)} = aF, + BF,

First Shift Theorem Q2.
L{e®f(t)} = F(s—a)

—
3 .

03. Multiplication with ¢t

dn
L{t"f(0)} = (-D)" 5 [F(s)]




! \ ‘
N |
\ \\ \ §
U

PROPERTIES /

- LAPLACE TRANSFORM

Ol. Linearity %

To find the Laplace Transform of

2 or more functions added
together, we simply find the transform

of each individual function and then
add together these transform.

eeceel) gormele o Limcorly propeddiy
L{iaf(t) £ Bf,(t)} = aF, + BF,
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Properties of Laplace Transform

# Linearity properties

EXAMPLE 1 w

QUESTION: Notes:

Find L {3 — t% + 5t}

SOLUTION: Break the €unction

L{3—t>+5t} =L{3}—L{t*}+ L{5¢t}

3 2! 5
=T G T3

S S S
=E_£+i Reer to the

s 3 g2 table o€ Laglace
Tvans{orm
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Properties of Laplace Transform

# Linearity properties

EXAMPLE 2 w

QUESTION: Notes:

Find L {2e~* + 3 sinh 2t}

SOLUTION: Break the €Cunction

L{2e7t + 3sinh 2t} = L {2e~t} 4+ L{3 sinh 2t}

=2L {e7t} + 3L{sinh 2t}

1
2|+ 3]
Re€er to the ls+1] T s2—22
table o€ Laglace 2 6
Teans€orm -

s+1  s?2-4
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Properties of Laplace Transform

# Linearity properties

EXAMPLE $ w

QUESTION: Notes:

Find L {cosh 4t + sin 2t}

SOLUTION: Break the €Cunction

L {cosh 4t + sin 2t} = L {cosh 4t} + L{sin 2t}

S 2
il BT + 2192
Re€ev to the Sc—4 S°+2
table o€ Laglace S 2
TransCorm

T s2-16 @ s2+4




26

Properties of Laplace Transform

# Linearity properties

EXAMPLE 4 w

QUESTION: Notes:

Find L {e?![t3 — sint]}

SOLUTION: E‘&?and the {Uncf'\On

L {e?t[t3 —sint]} =L {e%t3 —e?'sint}

Break the €unction

=L{e?*'t3} — L{e*t sin t}

3l n 1
Re€ev to the (s—2)2 = (s—2)2+12
table of Laglace 6 1
TransCorm —

" s2 ' s2_4¢45




N Cyf y&w nevev ﬁy y&w m% nevev érww, i

QUESTION ANSWER
Find the Laplace Transform for
each of the following.
1. f(t)=2t3-5 F(s) S0
' st s
2. f(D) = —4t2 + 5t — 2 F(s) =_§3+E2+§
s3 s s
3. f(t) =4e %t + 3e?t F(s) = + .
s+2 s—2
4. f(t) = 2tet — 3t%et F(s) = e
(s—1D? (s+1)3
5. fO=1+t—3e* F(s) =}+i—i
' s s s+2
6. f(t) = t?et — 4t F(s) = 2 —i
(s+1)3 52
7. f(t) = 2sin5t + cosht F(s) = 10 + >
s2+25 s2-—-1
8. f(t) = e>tcos 2t + 3t* F(s) = : +72




- ,,l. -
Wiy
. .

—

PROPERTIES

LAPLACE TRANSFORM

02. First Shift Theorem

The first shifting theorem provides a
convenient way of calculating the
Laplace Transform of functions that

are of the form g(t) = e f(t)
where @ is a constant and
f(t)isagiven function.

el goromele of grof Syl Theovea

g(t) = e®f(¢)
L{e"f(t)} = F(s —a)
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Properties of Laplace Transform
First Shift Theorem

EXAMPLE 1 w

QUESTION: Notes:

Compute Laplace Transform of
L {e?! sin 3t} by using the First Shift

Theorem.
SOLUTION:
- . DeCine €(1). €1 Should be €unction
f (t) = sin 3t other than exgonential Lunction.
3 3
F(s) = —
() 52+3% 5249
3
2t o _ _
L{e* sin3t}=F(s —a) = G259
_ 3
{ (s —2)2+49
Use the €ivst ohi€t 3
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Properties of Laplace Transform
First Shift Theorem

EXAMPLE 2 w

QUESTION: Notes:

Compute Laplace Transform of
L {t?e3'} by using the First Shift

Theorem.
SOLUTION:
- e DeCine €. €1 should be €unction
f (t) =t other than exgonential Lunction.
2! 2
F(s) = 2+1 o3
L{t?e*} =F(s —a) = -
(s —a)3
B 2
~ (s—3)3

Use the €ivot ohi€t
theovew with a = 3
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Properties of Laplace Transform
First Shift Theorem

EXAMPLE $ !

QUESTION: Notes:

Compute Laplace Transform of
L {e~t cos 2t} by using the First
Shift Theorem.

SOLUTION:
: _ Deine (1. €(1) Should be €unction
f (t) = cos 2t other than exgonential Lunction.
S
F(s) = =
(s) s2 422 244
s—a
L{e tcos2t}=F(s—a) =
{ ) ( ) (s—a)?+4
_ s+ 1
{ C(s+1)2+4
Use the €icst ohi€t s+1

theovew with a = -1 = s2 1+ 2545




32

EXERCISE 4

o COML’ é-pgeo’wowe %e ﬂ,&mz_ cymomeowe fﬂe r%%&mf_”

QUESTION ANSWER
Compute Laplace Transform for
each of the following by using
the First Shift Theorem.
1. f(t) =e?*tcos2t F(s) = 2
' - 2 —45+8
2
2. f(t) =t%e? F(s) =
f(©® (s) G_2)°
3s+8
3. f(t) = (2t +3)e 2t F(s) =
f@)=( ) (s) G122
1
4. f(t) =tet F(s) =
F® 6=y
2
5. f(t) = sinh 2t e3t F(s) =
f(&) () s2—6s+5




LAPLACE TRANSFORM

03. Multiplication with t" %

el premale o Wﬁ(/“fm b [~
L{t"f(t)} = (— 1)" [F(S)]

This proposition describes the
relationship between the

derivative of the Laplace Transform
of a function and the Laplace
Transform of the function itself.
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Properties of Laplace Transform

-‘ Multiplication with t"

EXAMPLE 1 !

QUESTION: Notes:

Compute Laplace Transform of
L {te3'} by using the Multiplication

by t"
SOLUTION:
- 3t Deine €(H). €+ should be Cunction
fl)=e other than exponential {unction.
1
F(s) = ——
(s) —
3t d"
— n ]
L{te>"} = (-1 Ton [F(s).
1
= (- o [
dsl Ls — 3]

_ 1
(s —3)2
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Properties of Laplace Transform

-‘ Multiplication with t"

EXAMPLE 2 !

QUESTION: Notes:

Compute Laplace Transform of
L {t sin 2t} by using the
Multiplication by t"

SOLUTION:

Deine €. € Shoud e Cunction
other than exgonential Lunction.

2 2
CSs2422 244

n

L{tsin2t} = (- 1)" d — [F(s)]

st [SZ +4]

f(t) = sin2t

S @
4s
 (s2 + 4)2
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Properties of Laplace Transform

-‘ Multiplication with t"

EXAMPLE $ !

QUESTION: Notes:

Compute Laplace Transform of
L {t*e 3t} by using the
Multiplication by t"

SOLUTION:
- 3t Deine €(H). (1) hould be Cunction
f (t) =€ other than exgonential Cunction.
1
F(s) =——
(s) s+ 3

L{t2e™) = (-7 S [F(s)

2

s* L+3]

~ ds [_ (s + 3)2]
2
" (s +3)3

—<1>2d
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QUESTION ANSWER
Compute Laplace Transform for
each of the following by using
the First Shift Theorem.
—4s
1. t) = tsin 2t F(s) =———=
f(@©) 6=y
2. f(t) =tet F(s) =
f(@©) (s) GT D2
3. f(t) = 2te~2t F(s) = ——
4. f(t) =t*et F(s) =
f® () =13
2 _ Ao —
5. f(t) = t2sinht F(s) = Ae s

(s = 1)°
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66

In Mathematics, the
Inverse Laplace Transform
of a function F(s) is the
piecewise-continuous and
exponentially-restricted
real function f(t).

Or in simple word we call
it as a reverse process of
Laplace Transform.

If L{f(t)} = F(s), then
LHF(s)} = f()

- -,

INVERSE LAPLACE TRANSFORM

N
(_J



Example 1

Find the invevse Laglace Tvans€orm o€

4
F(s) =-
S
Solution
4
F(s) =-
> . Read the table in vevevse
IT|p5 wa than beore which 1%
vow\ the \ﬂah‘\' to the let.
Refer to the table o {(t) F(s)

Laglace Trans€orm o~
a ;

wartching to Flo)=1

f()=L"1 g} wheve a=4
f(t) =4



Example 2

Find the invevse Laglace Tvans€orm o€

Solution
F(s) =
s+3 .,
V- Read the table in vevevse
IT|p5 wa than beore which 1%
vow\ the \ﬂah‘\' to the \e€t.
Refer to the table of f(t) F(s)
Laglace Tvans€oom g
’ 1
1 watching to F(s)—
f(t) = L1 { } wheve o 33 e
s+ 3

f&) = e3¢



Example 3

Find the invevse Laglace Tvans€orm o€

12

F (S ) i S4
Solution

12
F(s) =—

S

2 Read the table in vevevse
lTip’s way than before which 5
Lrom the v13h+ to the let.

Re€er to the table o {(t) F(S)

Laglace TvanS€orm
tV\/

_ 1 watching to F(SS=1—5
f(t) = 1217 {5_4} wheve wzz <

12 3!
fO =51 )
f(t) = 2t3



Example 4

Find the invevse Laglace Tvans€orm o€

Solution
F(s) =
s? . Read the table in vevevse
IT|p5 wa than beore which 1%
vow\ the \ﬂah‘\' to the \e€t.
Refer to the table of f(t) F(s)

Laglace Trans€orm aamiian .
sin ot |

(5 wmatching to F(s)=
f@)=L" <2 1 25} wheve w35
\

(5§
_ -1
FO =17 o 52}

f(t) = sin 5t

2+52




Example 5

Find the inverse Laglace Tvans€ovm o€

4 2 3
FO) =G5t
Solution
4 2 3
F(s) =—— +

0= {3 i )

- Teans€orm 'md'\\l'\dua\\\'

FO) = 21 {2} 2t {1t {(52)

-------- Refer to the table o Laglace Trans€orm

f(t) = 2t> — 2e7>t +sinh 3t



Example 6

Find the invevse Laglace Tvans€orm o€

Solution
s+ 1
F —
(s) s2+1

........ Break the €raction

fo =1 {525+1} +L7 {521+1}

fO = 17 )+ 1 )

Refer to the table o Laglace Trans{orm
f(t) =cost+sint



Example 7/

Find the invevse Laglace Tvans€orm o€
+3
F(s) =5

s24+6s+13

Solution

\\»\\\my

s+ 3

SZ+6S+13
s+ 3

(S +3)2+4 Use completing the
sauave wmethod to veform

the quadvatic {unction

_ s+3
FG)_(y+$2+ﬁ

o S+3
f0 =17 {( +3)2+22}

........ Refevr to the table
o< Laglace TeansCoem



Example 8

Find the invevse Laglace Tvans€orm o€

Solution
s+ 3
F —
(s) s2—4s+9
s+ 3
F(s) = .
N2 L B . Use completing the
(S 2) +5 Sauave vne.‘::avo\z\ ‘o ?'Q{owm
( ) the quadvatic {unction
s—2)+5
Fls) = (s—2)2++/5
fO = =2l
L (5—2)2+\/§2 Tl {(5—2)2+\/§2}
fO = 1ty 2 (2
‘ (s—2)2+V5" * \/EL {(5—2)2+\/§2}

-------- Refevr to the table o€ Laglace Tvans€orm

f(t) = e*tcos V5t + V5 e?'sin V5t
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EXERCISE 6

X :

“CSwooew 127 wo/@bawwg éy fﬂ&ae wﬁ/& ﬁby/

obrwg éa%/z ﬁbywpf 4
QUESTION ANSWER
Find the inverse Laplace
Transform for each of the
following.
2 5 t3 5t?
L F(s)=5—5 f@®) =5~
1 2 t* 2t
2 )= s5 552 f(t)_4_8_?
3. F(S) o SRS f(t) = cos 5t + sin 5¢
s2+425
4 2 =
4. F(s) =-+— f(t) =4+ 2e
S S5
5. F(s) = sk f(t) = cosh 2t +§sinh 2t
; s2—4 2
S+2
6. F — t) = e %t cos 3t
(s) (s+2)%2+9 f©
S+7 5
7. F(s) = t) =—e ?'sin3t + e 2%t cos 3t
( ) s2+4s+13 aQ 3
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SOLVING

INVERSE LAPLACE TRANSFORM

PARTIAL
FRACTION

we use Partial Fraction method j
‘ wz/yv@/qua/ Inverse Laplace Transform '
G

The function can't directly being
transformed by using the Table of
Laplace Transform.

Partial Fraction method could
split up a complicated fraction
into forms that are in the Table

of Laplace Transform.




\;\/.“ Partial Fraction is a technique for
“o expressing an algebraic fraction as a sum

of simpler fractions.

__‘f It is also can be used as an intermediate
”\ step to solve the Inverse Laplace

Transform.
PARTIAL FRACTION

S

- .

o o = .\

',', f

LINEAR FACTOR P(s) __4 B
(as+b)(cs+d) (as+b) (cs+d)

REPEATED LINEAR P(s) A N B
FACTOR (as+b)2  (as+b) (as+ b)?
QUADRATIC P(s) _ (4s+B)

FACTOR (as2+bs+c) (as?+ bs+c¢)
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EXAMPLE 1

By using partial fraction, find the inverse
3s+1

(s+1)(s-1)

Laplace Transform of F(s) =

s {(s +3i;(r51_ 1)}

3s+1 _ A N B .. Use pavtial 'Grac‘\"\-ov\ Yo
G+DG-1) (G+1) (=1 break the €raction

3s+1 =A(s—1)+B(s+1)

When 6= -\, 3(-1)+1=A4(-1-1)+B(-1+1)

A=1

When 6 =1, 3()+1=41-1)+B(1+1)

B =2

3s+1 1 2 Substitute vawe
— _I_ ........ .G A a d %
(s+1(s—-1) (+1) (s—-1) o "

o {(s +35)J(rsl— 1)} =5 {(s Jlr 1_)} S {(s : 1)}

i { 3s+1 } Reevr to the table of

(S + 1)(5 _ 1) — e_t + Zet . LQ?\GCQ TY‘OV\C)'GOTVV\




o1
EXAMPLE 2

By using partial fraction, find the inverse
1

s2—g

Laplace Transform of F(s) =

1 . A B . Use partial $raction to
m ~ < + (s—1) break the €raction

1 =A(s—1) + B(s)

When 6 =0, 1=A4(0—-1) + B(0)

A=-1

When 6=\, 1=A(1-1)+B()

B=1

1 —1

S + Substitute vawe o€ A and ©
s(s—1) s (s—1) ‘ o5 fian

T

» . Reevr to the table o
v L {S G5 — 1)} =—-1+e Laglace Trans€oem
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EXAMPLE 3

By using partial fraction, find the inverse
s +6s+1
s(s+1)2

Laplace Transform of F(s) =

_(s?+65+1) A B C
1 = 4 +
s(s 4+ 1)2 s (s+1) (s+1)2

i Use eavtial raction to break
the €vaction

s?+65s+1=A(G+1D?*+B6S)(s+1)+C(s)

When 6 = 0,

02+6(00+1=A4>0+1)%2+B>0)(0+1)+C(0)

A=1

When 6 = -\,

—D?+6(-1D)+1=A4A(-1+1)*+B(-1D(-1+ 1) +C(-1)

CONTINUE »»
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“Expand the equation

s?+6s+1=A(G+1D?>+B(s)(s+ 1)+ C(s)

s2+65s+1=A(s*+2s+ 1)+ B(s?+5s)+ C(s)

Eaqualize coe{<icient o€ o, B =0

Substitute vale o€ A, ¢ and C

52+6s+1_1+ 0 ) 4
ss+1)2 s (s+1) (s+1)2

- s B

Reer to the table of Laglace Trans€orm |

=1+ 4te !
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EXAMPLE 4

By using partial fraction, find the inverse
4s*-55+6
(s+1)(s2+4)

Laplace Transform of F(s) =

e 452 — 55+ 6 A Bs + C
{(s N 4)} “GrD) TG D

e 45 —55+6 =A(s*+4) + (Bs +CO)(s + 1)

E\Nhen9=—\,

4(-1)2=-5(-1D+6=A(-D?*+4)+ B+ O(-1+ 1)

A=3

Exgand the equation

45> — 55+ 6 = A(s*+4) + B(s* +s)+C(s + 1)

Eaualize coe€Cicient o€ 67, B =1

Eaualize coeicient 065, C =-6

CONTINUE »»
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Substitute valve o€ A,  and C

45> — 55+ 6 3 N s—6
(s+1D(s24+4) (s+1) (s2+4)

(-1 4s® — 55 + 6
{(s + 1)(s?% + 4)}

=5 {(s i 1)} v {(552164)}

_ 3§L_1 {(S -|1— 1)} HL {(52 -T— 22)} ~ gL_l {(52 i 22)}

Refevr to the table o Laglace Trans€orm

= 3e ! + cos 2t — 3 sin 2t
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o )”Uf{l[u ae /)7(/ l//l(ll/ 7(»“, ave f“zymg 4

QUESTION ANSWER
Find the inverse Laplace Transform
for each of the following by using
partial fraction method.
55+4 3
. F — —94_"
1 (s) S2+2s o 2+S+2
S+7 2
2. F(s) = S —
( ) S2+4s+3 f(O) =3e s+ 3
3. F(s) = 3572545 f(t) =2sint + 3et
' ~ (s+1) (s241)
25%2-3s+1
4. F — t) = e3! + cost
(s) (s—3) (s2+1) f®
85—2
5. F = — —t _ o2t
(s) o225 f)=1+2e 3e

2
6. F(S) __ S§°+3s+2

f(t)=1+e tsint




SOLVING

DIFFERENTIAL EQUATION
ool Aﬁ'I'HE LAPLACE TRANSFORM

c
STEPS :

\. Re-write the equation n tevms o
Laglace Tvans€ovm.

1. Tnsevt the 3Nen witial conditions.

%. Reavvanae the equation a\ae\om\ca\\
%o 3\\12. the +van9'€own o€ the Go\U‘\‘\ov\

4. Detevmine the invevse tvans€orm to
obtain the pavrticular Solution.

W
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THEOREM:

Transform :{ Derivatives
/.

If L{y(t)} = Y(s), then
L{y' (t)} = sY(s) — y(0)

L{y" ()} = s?Y(s) — sy(0) — ¥'(0)



Wlﬂ

T

By using the Laplace Transform, solve the
equation % — 2y =4, giventhataty =1
and x = 0.

Solution:

dy
— -2y =4
dx Y

y' —2y=4
L{y'} — 2L{y} = L{4} STEP | . Re-write the

eavation n tevwms o

4 Laglace Tvans€ovm.
sY(s) —y(0) — 2Y(s) = .

Given y(0) =1,

STEP 1 - Twnoert the
3'N?.n witial conditions

4
sY(s) —1—-2Y(s) = .

STEP % . Reavvcanae the
eauation algebovaically Yo
we the tvans€orm o€

he SoWtion.

CONTINUE »»




STEP 4 - Detevwmine the invevse tvans$oem.

Use the gavtial €vaction wmethod.
4+s A B

s6-2 5 G-2)
4+s=A(s—2)+Bs
Whens =0, A=-2
Whens =2, B =3

4+s _—2+ 3
ss—2) s  (s—=2)

y() = L7H{Y(s)}
B 4+ s
=L {S(s _ 2)}

=L {_Tz} L {(s - 2)}

Refer o the table
o€ Laglace Tvans€orm




WZﬂ

T

By using the Laplace Transform, solve the
equation % + y = 2e3t, given that at y(0) = 2.

Solution:

STEP | - Re-write the
eavation n tevwms o

2 Laglace TvanS€orm.
sY(s) —y(0) —Y(s) = S_3

Given y(0) = 2,

STEP 1 - Twnoert the

2
sY(s)—=2-Y(s) =——; ajven initial conditions

2
11 = —— STEP % . Reavvange the
V(s)ls -1l s—3 +2 eauation algebovaically Yo

_ we the tvans€orm o€
Y(s)[s—1] = ‘ +SZ(_S 3 3) he Solution.

2s — 4
(s=3)(s—-1)

Y(s) =

CONTINUE »»




STEP 4 - Detevmine the invevse tvrans<orm.
25 — 4
(s—3)(s—1)

Y(s) =

Use the gavtial €vaction wmethod.

2s — 4 A B
G-3G-1D -3 G-D
2s —4=A(s—1)+ B(s—3)
Whens =3, A=1

Whens =1, B=1

2s — 4 B 1 1
G-3DG-D (-3 G-D

y(t) = L7H{Y (s)}

=L {(s —2;)254— 1)}

=17 {(s - 3)} L {(s - 1)}

Reev to the table
o€ Laglace Trans€orm




W:’)ﬂ

T

By using the Laplace Transform, solve the
equation y' + y = sint, given that at y(0) = 1.

Solution:

y'+ y =sint

; _ - STEP | - Re-write the
L{y } + L{y} L{Sm t} eavation n tevwms o
1 Laglace TvansKorm.

sY(s) —y(0) +Y(s) = 711

Given y(0) =1,

1 STEP 1 - Twoert the
sY(s)—1+Y(s) = gjven initial conditions

+1 STEP % - Reavvange the
s2+1 eauation algebvaically to

2 we the tvans€orm o€
1+ 1(5 + 1) he SoWtion.
s2+1

s?+2
(s2+1)(s+1)

Y($)[s+1] =

Y(s)[s+ 1] =

Y(s) =

CONTINUE »»




STEP 4 - Detevwmine the invevse tvans$oem.
s 42

YO =G+ D6+ D

Use the pavtial €vaction wethod.

s?+2 As + B C
G +DG+D 241 G+
s?2+2=As+B)(s+1)+C(s?+1)

When s = —1, C=%

Exgand the equation
s?+2=A(s*>+s)+B(s+1)+C(s*+1)

Equalize coefficient of s2, A = —§

Equalize coefficientof s, B = %

1 1 3
s*+2 ~2°%2. 2

GZrDG+D G2+ G+D

y(t) = L7H{Y (s)}

_ s?+2
B (s2+1D(s+1)

- ) L {ﬁ} +

= Zcost+asint+oe
= 2(,'OS 2Sln ze

2(s+ 1)

3




W‘fﬂ

T

By using the Laplace Transform, solve the
differential equation of y" + 4y = 5e~¢,
given that at y(0) = 2 and y'(0) = 3.

Solution:

y"+ 4y = 5e7t

" _ STEP | . Re-wvite the
L{y }+ 4L{y} = L{5e t} equation n *‘Q:“W\Q o€

Laglace Tvans€oem.

5
s2Y(s) — sy(0) —y'(0) + 4Y(s) = 11

Given y(0) =2 and y'(0) = 3,

5 ----STEP 1 - Twnsevrt
S2Y(s) —2s =3+ 4Y(s) = 11 the aiven -m'-I+-.J\

conditionS

5
Y(s)[s?+4]=——+25+3 STEP % .
s+1 Reavvange the
54+ (2s+3)(s+1) eauation
T+ 1 a\3e\o~ra'\ca\\\.|

25>+ 55+ 8
(s + 1)(s%2+4)

Y(s)[s? + 4] =

Y(s) =

CONTINUE »»




STEP 4 - Detevwmine the invevse tvans$oem.

25> +5s5+8

Y& =G D6z

Use the pavtial €raction wmethod.

2s>+5s+8 A Bs+C
G+DG+4) G+ (Z+4)
252 +55+8=A(s>+4)+(Bs+C)(s+1)
Whens=-1, A=1

Exgpand the equation
252 +55+8=A(s*+4)+B(s?+s)+C(s+1)

Equalize coefficient of s?, B =1

Equalize coefficientofs, C =4

25> 4+ 55+ 8 1 N s+ 4
(s+1D(s2+4) (s+1) (s2+4)

y(t) = L7H{Y (s)}

_ 1 s+4
=1L 1{(s+1)+(52+4)}

=L {(s Jlr 1)} L {(52 i 4)} o {(521 4)}

A
B (s+1) (s2+22)) 2 (s? + 22)
=e '+ cos2t+ 2sin2t




W5ﬂ

T

By using the Laplace Transform, solve the
differential equation of y" — 3y’ + 2y =et
given that at y(0) = 1 and y'(0) = 1.

2

Solution:

y'—3y' +2y=et

L{y"} — 3L{y'} + 2L{y} = L{e"t} STEP \. Re-write the
eauation in tevwms o€
Laglace Tvans€oem.

s?Y(s) —sy(0) —y'(0) — 3[sY(s) — y(0)] + 2Y(s) = L

s+1
Giveny(0) =1 and y'(0) =1,
1 STEP 1 -
S2Y(s) —s—1—=3sY(s) + 3+ 2Y(s) =—— Tucevt the
s+1 i S
wen initial
ConditionS

1
Y(s)[s?—3s+2]=——+s5—-2 STEP 9 .
s+1 Reavva
e
the equation
1+(—-2)+1) a\ae\ovaica\\\l

Y(s)[s?—3s+2] = 1

s?2—s—1
(s+1)(s?2—-3s+2)

Y(s) =

CONTINUE »»




STEP 4 - Detevwmine the invevse tvans$oem.

s2—s—1 s2—s—1

M) S e D -35+2 G DG-DG-D

Use the pavtial €raction wmethod.
s?—s—1 A N B N C
+DG—-2)(-1) (+1) (s=2) (s—1)

s2—5s—1=A4G6-2)(s—=1D)+B(s+D(—-1D+C(s—D(s+1)

When s = —1, A=%

When s = 2, B=%

When s = 1, C=—%

s2—s—1 B 1 1 1
GIDG-2G-1 6G+1D 3G6-2 26-1

y(®) = L7HY(s)}

1 s*—s—1
=1L {(s+1)(s—2)(5_1)}
=1 {6(sl+ 1)} L {3(31— 2)} a {2(51‘ 1)}

B %L_l {(s -|1— 1)} " %L_l {(s i 2)} _%L_l {(S i 1)}

1 1 1
_ -t 2t
=—e +33 5 €

t




EXERCISE 8

N a,[wa,y,& pge[wa’b mee %wm e&%paat«wg ”

QUESTION ANSWER

By using the Laplace Transform
solve each of the following
differential equation:

1. % e Zy — 23t : y(()) — )/(t) = 2e3t
dy _ —3t _ 1 _ 1 _
2.E+5y—26 ,y(O)—E y(t) = e 3t_Ee 5t
2
3.%—y=2,y(0)=y’(0)=0 y(t)=et+et—2

4. v'—y'+y=t, y(0)=9y(0)=1|y({t) =1+t

5. y'—y' +2y > cos 3t —17sin 3, | y,() = 2sin 3t — cos 3t
y(0) =-1,y'(0) =6
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Polytechnic Malaysia
Session: 2:2023/2024

Question \

Calculate f(t) = e~* by using the

definition of Laplace Transform,
F(s) = [, e Stf(t)dt.

Question 1

Calculate the following Laplace
Transforms by using the stated
method:
i. L{cos4t —2t3 + 4e~?t};
Table of Laplace Transform
ii. L{e3sinh 2t}
First Shift Theorem
iii. L£{t%e®};
Multiplication by t™ Theorem

Question

Solve the Inverse Laplace
Transform by using the stated

method:
8 :

i. F(s) =3 ,
s<+36
Table of Laplace Transforms.
i, F(s) = —0—>
(s—1)(s+5)

Partial Fraction Method

/1

Final Examination

Answer
F(s) = —

)

Py = S 12 4
R R T LA TY,
i. F(s) = ——

VT (s—3)%—4

F(s) = —

111 S (—6)3
, 4
l. f(t) = = sin6t
3
5 1
1 _ 2 ot = -5t
ii. f(t) z € +6e



Polytechnic Malaysia
Session: 1:2023/2024

Question 4

Use the definition of Laplace
Transform, F(s) = foooe‘“ f(t)dt to
construct the Laplace Transform for
f(&) = [ m e3¢ where mis any

constant.

Question 5

Apply the stated theorem to find the
Laplace Transforms for the

following functions:

i. f(t) =t°+ cosh2t;
Linearity Theorem

ii. g(t) = e3sinét ;
First Shift Theorem

iii. k(t) = tet;

Multiplication by t™ Theorem

Final Examination

AnSwer

Fs) = sT-Ir—l3

120
L F() =~ —
y 6
" EG) = T 30

1

il. F(s) = o352

712



Polytechnic Malaysia
Session: 1:2023/2024

Question b

Solve each of the following using

the specified method:
8 3s

. -1 .

L {(5—1)2—4 sZ+16}’
use the Table of Laplace
Transforms.

. 1 2 _
L {(s+1)(s+3)}’
use the Partial Fraction Method.

Question 1

Solve each of the following using
the specified method:

use the Table of Laplace
Transforms.

. -1 8 .
i L {(5—3)(s+2)}'
use the Partial Fraction Method.

/3

Final Examination

Answer

i. f(t) = 4etsinh2t + 3cos4t

ii. f(¢) = et — e3¢

i. f(t) = 8e ?tsinh3t + 6t2



Polytechnic Malaysia
Session: June 2018

Question ¥

Find the Laplace Transform for the
following by using the Laplace
Transform Table:

i f() = (t—3)?

ii. f(t) =7cos3t — 3sin2t
iii. f(t)=—-t3+7t2 -1
iv. f(t) =t3(t+ 3)2

5t
——2t+7
3

v. f(O)=

Question 9

Transform the functions below by
using First Shift Theorem:

i. f(t) =e?(cosh3t+ sinht)

ii. f(t) = e?t?

iii. f(t) = e ?'sinh3t

/4

Final Examination

Answer
269
LEO =G mE S
i R(s) = 7s
" (S)_S2+9_52+4
6 14 1
III.F(S)=—S—4+S—3—E
. 120 144 54
V. F(S):S_6+S_5 8—4

F(s) = 1 2 +7
v 5_3(5—5) s2 s

1

) 5

L FS) =Gy 9t G- -1
IIF(S) = (S+ 2)3

3

iii. F(s) =

(s+2)?%2-9
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