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PREFACE

This eBook is designed to guide learners through the
subject in a simple, structured, and practical manner.
Each chapter introduces the basic concept, explains the
method clearly, and demonstrates the solution process
with detailed step-by-step examples.

The eBook emphasizes two main aspects:

e Clarity of Concepts - Fundamental ideas are
explained in simple and direct language, avoiding
unnecessary technical jargon.

e Step-by-Step Approach — Every method is carefully
broken down into manageable steps, supported by
worked examples that demonstrate how theoretical
knowledge is applied in practice.

It is our sincere hope that this resource not only supports
learners in achieving academic success but also inspires
curiosity, critical thinking, and problem-solving skills—
qualities that are essential in today’'s fast-evolving
technological world.

Finally, we would like to express our gratitude to
colleagues, students, and coordinators whose feedback
and encouragement have been invaluable in shaping
this work. May this eBook serve as a reliable companion
in your learning journey.

Suraya Hanim binti Abdullah
Siti Nurul Huda binti Romli
Ruzanna binti Abu Bakar
2025
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Numerical Methods play a vital role in solving
mathematical problems that are too complex for exact
analytical solutions. In particular, engineering and
scientific problems often require systematic techniques
to approximate solutions with accuracy and efficiency.
Three different approaches are presented and
compared:

¢ Gaussian Elimination Method
¢ Doolittle Method
e Crout Method

These methods not only provide efficient ways to handle
systems of equations but also highlight the differences
between elimination and factorization techniques. In
addition, this eBook discusses iterative methods for
solving nonlinear equations, focusing on two widely used
techniques:

¢ Fixed Point Iteration Method
¢ Newton Raphson Method
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Chapter 1: Gaussian Elimination Method

B INTRODUCTION

¢ Gaussian elimination is a fundamental method in
linear algebra for solving sets of linear equations. This
process, named after Carl Friedrich Gauss, transforms
the system's matrix into a simpler version by
performing a sequence of basic operations.

g Gaussian elimination is an algorithm that solves
systems of linear equations by transforming the
system’s augmented matrix into row echelon form
(REF) using elementary row operations (swapping,
scaling, and addition). This simplified form preserves
the original solution while making it straightforward to
solve for the variables.

g Gaussian elimination is more than just a math
concept. It is widely used in real-life problems in
science, engineering, and data analysis. Some
common applications include:

e Linear regression: In data science, Gaussian
elimination helps solve equations to find the best
line that fits data, allowing predictions based on
past information.

» Network analysis: In electrical circuits, engineers
use it to find unknown voltages or currents by
solving equations that come from Kirchhoff's
laws.

e Matrix inversion: This method is also used to
calculate matrix inverses, which are important in
machine learning, statistics, and many other
areas.



Chapter 1: Gaussian Elimination Method

n GAUSSIAN ELIMINATION METHOD STEP BY STEP

¢ Gaussian Elimination transforms a matrix into
upper triangular form by creating zeros below
the main diagonal using row operations. After
obtaining the triangular matrix, the solution is
found through back substitution.

1
2
4

-2

-7

1 Original matrix is 1 -2 1
—3 | converted to upper |0 5 —5
11 triangular matrix 0O 0 -2

g Gaussian Elimination Method is summarized by
the following steps :

.........

STEP

\
;

1 Write the system in matrix form AX =B )
SEP Convert to augmented matrix A | B )
________ see T Elimination - 1* order transformation’,
3  (2™rowand 3 row )
--------- stee 2™ Elimination - 2™ order transformation
4  (3%row)

Sgp Solve and find the answer




Chapter 1: Gaussian Elimination Method

) EXAMPLE 1

Solve the linear equation below by using Gaussian
Elimination Method :

x—2y+z=0
2x+y—3z=5
4x—-T7y+z=-1

Step 1: Write the system in matrix form AX = B
11 Q12 Q13 1 -2 1] 0
i 2 SRR > BB
asq ‘132 ass 4 =7 11tz -1

Step 2 : Convert to augmented matrix A | B

1 -2 17 0 1 -2 1 0
2 1 =3 [y] =] 5 2 1 -3 5
4 -7 11z -1 4 =7 1 -1

Step 3: 1% elimination - 1* order transformation (2™ row)

[all 12 13 bl] ® PpProduce zero below the first ®
" Qz1 Gz Q3 b, entry in the first column make

" [a31 asz, dadszz b3J ag = 0, Ist order transformation
for 2" row which translates into

_ Q21
M1 =

eliminating the first variable, x
1 -2 1 0 o from the second equations. ¢
2 1 -3 5

L4 -7 1 | —11



Chapter 1: Gaussian Elimination Method

@21 = a1 — Ay (Z—i) S > a'21=2-1(2)=0
- az1 - —
@2 =02 — Qg2 (a—“) ““““ > a2 =1-(=2)2)=5
@33 = dz3 — g3 (Z—i) ————— hd a3 =-3-1(2) =5

R - e * =5 0=s

Step 3 : 1* elimination - 1 order transformation (3r® row)

a I [A11 Q12 Qg3 bl ] I ® Produce zero below the first ®
Mgy = a—31 ay; Oyy 03 b entry in the first column make
11 =0, It i
I (a3, az, dasg b2 ] I fa31 = 0,1 oro!er tronsformo.tlon
or 3 row) which translates into
eliminating the first variable, x
from the third equations.
(1 -2 1 0] |
2 1 -5 5
[ 14 -7 1 | -1}
r —_ 31\ ! — -
a31—a31—a11(—)—0 —————— > a'33=4-14)=0
sy
a'33 =033 — Ay (&) ______ > a3 =-7-(-2)4) =1
a1y
r_ asy r —
a'33 = a3z — a3 (‘1—11) —————— > a'z3=1-(1)4) =-3
b's =b3—b1(2—:) ______ - by=—-1-0(4) = -1

The row operations which accomplish this
are as follows :

[ o 2
@
® a1 Q12 As3 b,
® 0 a'y ay3 b,
® 0 a3, as3 b5
1 -2 1 0
0 5 -5 5
0 1 -3 -1

‘—(WW—-——,—‘



Chapter 1: Gaussian Elimination Method

Step 4:2™ elimination - 1* order transformation (3r° row)

a1 Q12 Q43 by
arzp 0 ’ ’ ’
Msy = @2 Qa3 | byl [ .
/ U ’ roduce a zero below the secon
ar 0 a a b Prod below th d
32 33 3 entry in the second column make
as3a= 0, 2" order transformation
1 —2 1 I 0 for 3 row) which translates into
1 eliminating the second variable, x
0 5 -5 5 e from the third equations. o
0o 1 -3 | -1
a's; =a'5,—ady, (Z:—Z) =0 @ —mmm_——— > a's5,=1-5 (1) =0
1
a'33=10a'33— a3 (Z:Z) —————— > a''33=-3—(-5) (g) =-2
by =b's— b, (Z—S) ------ > b’y =-1-5(3) =2

The row operations which accomplish this
are as follows :

@
g a,11 (1,12 a,13 b,
Ay Az Az | by
® a'sy a3, a’s3| b’
1 -2 1 0
0 5 =5 5
0 0o -2 -2

‘ (-—!-’q—-__—‘

>



Chapter 1: Gaussian Elimination Method

Step 5: Solve and find the answer
Find the value x, y and z using back substitution

1 -2 1 0
o s |

0 0 -2 -2

1 1
1 1
—2z=-2 : x—2y+z=0 : 5y—-5z=5
z=1 ! x—22)+1=0 ! 5y—-5(1) =5
: x=3 : y=2

Therefore,x =3,y =2andz =1



ethod

\ Let's start!

Hllh‘ m

L,
i :ﬁ;i;', SCAN TO WATCH!




Chapter 1: Gaussian Elimination Method

) EXAMPLE 2

Solve the linear equation below by using Gaussian

Elimination Method :
5x -2y—-3z=0

4y +3z+2=0
x—4y+9z—-60=0

Step 1: Write the system in matrix form AX =B

Rearrange the equation into general form of linear

equation:
5x —2y—-3z=0

4y +3z=-2
x—4y+9z =60

Step 2: Convert to augmented matrix A | B

5 -2 -3|x 0 5 -2 -3 0
0 4 3 [y] =|-2 0o 4 3 | -2
1 —4 9ltz 60 1 4 9 60

Step 3: 1% elimination - 1* order transformation (2™ row)

®|n this case, it is unnecessary to ®
perform the first-order
transformation on the second
row since a2l is already zero;
therefore, the process can
.proceed directly to the third row.




Chapter 1: Gaussian Elimination Method

_aw [[5 -2 -3 0] @m=1-5(;)=0
-

Q
S
o
=)
IN
N

a'sy =—4—-(-2) G) =-2

5

48

an=9-(-3)(3) =7
b, =60—0(§) =60
The row operations which accomplish this
are as follows :

[ 2
@
@
4 5 -2 =3] 0
e |o 4 3 |-2
18 48 60
5 5

Step 4:2™ elimination - 1 order transformation (3r° row)

Mgz, = 2:32 @32 = _% B 4(%) =0
22
5 -2 —3] 01 )
0 4 3 |-2 a"33:ﬁ_(3)<2>:£
O 18 4‘8 60 5 4 10
5 5

-2 291
b3 = 60 — (—2) <75> ==

The row operations which accomplish this
are as follows :

[ . |

®
®

O5230

0043—2

123 291

o 0 — I —

10 5

‘—(m—-—-—_,—‘

| 10



Chapter 1: Gaussian Elimination Method

Step 5: Solve and find the answer

Find the value x, y and z using back substitution

5 -2 =3 0

0 4 3 -2
123 291

0 0 — —
10 5

1 1
ﬁz_ﬂ : 5x —2y—3z=0 : 4y +3z=-2
10 5 i i 194
166 194
—2 (- _3 () = 4y +3(2) = -2
194 : 5x 2( 41) 3(41) 0 : v+ (41)
Z=Z@473 1 w0 1 166
; x=——@-122 : y=—77@—405
50 166 194

Therefore T=- Y=g 2=

| 1



Chapter 1: Gaussian Elimination Method

QUESTIONS

0 /’— ______________________ N

i Solve the linear equation below by using \
I Gaussian Elimination Method : I
I
I -3z +2x9 —x3 = —1 |
I 6x1 — 6xg + Txg = —7 I
I 3x1 — 4z + 423 = —6 |
| I
| I
\ Answer: z; =2 z,=2 z3=—1 /I
\\ _______________________ -

©
~

\

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

]
/

i Solve the following equations by using \
| Gaussian Elimination Method : I
I

|
I 2¢ +y+4z=12 I
| 4z + 11y — 2 =33 {
I 8z —3y+22=20 |
| |
| |
\ Answer: ¢ =3 y=2 z=1 |
- _/

Solve the linear equation below by using
Gaussian Elimination Method :

3z + 10y + 62 = 17

/
|
|
|
I r+2y+z=>5
|
I 8y+ 14z =20
|
|
\

Se—o o -

| 12
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Chapter 2 : Doolittle Method

B LU DECOMPOSITION

g LU decomposition is a method of breaking down a
square matrix into the product of two triangular
matrices: a lower triangular matrix L and an upper
triangular matrix U. Multiplying these two matrices
reconstructs the original matrix

¢ This technique has many applications, particularly in
solving systems of linear equations. It also plays an
important role in tasks such as analyzing electrical
circuits, computing the inverse of a matrix, and
determining a matrix’'s determinant.

ﬂ DOOLITTLE ALGORITHM

§ Doolittle’s Algorithm provides a way to factor a matrix
A into an LU decomposition.

® Any square matrix can be decomposed into the
product of a lower triangular matrix and an upper
triangular matrix, expressed as:
A=LU

g We begin by assuming that an LU decomposition
exists for a general n x n matrix A. The forms of L and
U are written directly, and then the equations arising
from the multiplication 4 = LU are systematically
applied to determine the entries of both matrices.

| 13



Chapter 2 : Doolittle Method

& In the Doolittle Method, the lower triangular matrix L
has unit diagonal elements (Is), while U contains the
general upper triangular entries

ayr Az g3 1 0 O0Oj[u11 Uz Uz
az1 Gz Gyz| =|lpy 1 0| 0 uxp up
az; Qaz; Qss l33 13 1110 0 us;

A = L U

n DOOLITTLE METHOD STEP BY STEP

& Doolittle Method is summarized by the following
steps :

STEP

1 Write the system in matrix form AX =B

STEP  Construct the matrices A=LU and find
2 matricesLand U

°I*F  Let LY=B to solve for y using back ‘\)
3 substitution

=T Let UX=Y to solve for x using back
4 substitution

| 14



Chapter 2 : Doolittle Method

) EXAMPLE1

Solve the linear equation below by using Doolittle Method
3x+2y-z=10
7x —y+ 6z=18
3x+2z=5

Step 1: Write the system in matrix form AX = B

3 2 -=11* 10

I? -1 6 ||X2 =IB]

3 0 2 11xs 5
A x = B

Step 2 : Construct the matrices A=LU and find matrices L and U

.
Let A =LU where L is the lower
triangular matrix and U is the

upper triangular matrix assume
that the diagonal entries L is equal
tol

3 0 2 l31 l32 1 0 0 U3z
A = L U
3 2 -1 ~0 0][d e f
7 1 6 | =ta 10llo g h You may replace the
. symbols %11,%12,u13
3 0 2 b uro o i with other alphabets
A _ L U like d, e, f...
= ——————

| 15



Chapter 2 : Doolittle Method

U N
——
d e
Multiply L and U
L 0 g h
0 0 i
1 0 0 d e f
a 1 0 ad ae+g af +h
b c 1 bd | be+cg | bf +ch+i
d=3 e=2 f=-1
ad =7 aere=-l af +h=6
a3)=7 2@)+g=-1 L1+ h=6
":g g——13—7 h=23_5
bd = 3 be+cg=0 bf +ch+i=2
b(3) = 3 (@) +e(=5) =0 MED+ (G +i=2
b=1 c= & i==

Maltrix L and matrix U are written as follows :

= WIN

Sl » ©

0 O]d e f
10llo g h
c~alio o
L U
0 3 2 -1
17 25
0 v=|" -3 3
1 0o 0o
17

| 16



Chapter 2 : Doolittle Method

Step 3: Let LY=B to solve for y using back substitution

Let Ly = B, solve for y’s

1 0
7 1 o Y1 10
3 Y2|=18
1 £ 1|3 5
17
vy, =10 §y1+y2=8 }’1+%y2+}’3:5

10+ (2)(-2) =5

_7
Ys =15

(g) (10) +y, =8

46
Y2 =773

Step 4 : Let Ux=Y to solve for x using back substitution

Let Ux =Y, solve for the variable vectors X,y and z

3 2 -1 10

0 17 25 | ¥ 46
3 3 |1V = 3
o o L]tz z
17 17
_7 ! EELAV PO ! 3x+2y—z=10
wZT 1 1 3 3 3 1
1 17 25 .6 1 3x+(2)(13) -7=10
- 1 -2y+(Bom=-%
z=7 i TG 3 3x = —9
: P : x=-3
1 y:13 1

| 17



Chapter 2 : Doolittle Method

a CLICK TO WATCH!

Let's start!

SCAN TO WATCH!

| 18



Chapter 2 : Doolittle Method

) EXAMPLE 2

Solve the linear equation below by using Doolittle

Method : x4y —z=-1

3x—-2y+z=6
4x + 2y —2z=-3

Step 1: Write the system in matrix form AX = B

1 4 -1 -1

3 -2 1 ] [y] [ 6 ]

4 2 =21z -3
A X

= B

Step 2 : Construct the matrices A=LU and find matrices L and U

.
Let A =LU where L is the lower

triangular matrix and U is the
upper triangular matrix assume
that the diagonal entries L is equal
tol
° °

1 4 -1 1 >0 OJ[41r Uiz Usg
[3 -2 1]=[121 1 0”0 Uz2 u23]

4 2 =2 31 I3 110 0 ug
A = L U
N
1 4 -1 f1~0 O0][d e f ‘f ) .

_ ou may replace the
3 -2 1|=[a-1"0]f0 9 h : symbols %11,%12,%13
4 2 -2 b c>~11¥0 0 i | with other alphabets

A = L U | like d, e, f...

\

————————

| 19



Chapter 2 : Doolittle Method

PN
——
d e
Multiply L and U
L 0 g h

0 0 i
1 0 0 d e f
a 1 0 ad ae+g af +h
b c 1 bd | be+cg | bf +ch+i

d= e=4 f=-1

ad =3 aeti-_';_: -2 af +h=1
a(1)=3 AW +g=-2 3-D+h=1
a=3 g=-14 h=4

bd = 4 be +cg =2 bf +ch+i=-2
b(1) =4 WD) +c(-14)=2 WHEDL+H+O@ +i=-2
b=4 c=1 i=-2

Maltrix L and matrix U are written as follows :

(1~0 0][d e f
la 1 0”0 g h]
b c~1lo o i
L U
10 0 1 4 -1
L=I3 1 Ol u=|0 -14 4]
4 1 1 0 0 -2

| 20



Chapter 2 : Doolittle Method

Step 3 : Let Ly=B to solve for y using back substitution

Let Ly = B, solve for y’s

1 0 0] -1
3 1 0f|Y21=1|6
4 1 113 -3

! I
! I
n=-t 3y1+y, =6 I Ay Yty =3
I 3 (D+y,=6 1 4D +9+y;=-3
! I
_ _ g
i y2=9 i Y3

Step 4 : Let UX=Y to solve for x using back substitution

Let Ux =Y, solve for the variable vectors x

b <Jbl-ly

=]

—27,=-8 i —14y+4Z=9 E x+4.y—z=—1
z=4 i ~l4y +4(4) =9 E x+4(3)—4=-1
1 —1l4y = -7
1 Y : x=1
1 _1 1
! y=3 !

| 21
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Chapter 2 : Doolittle Method

QUESTIONS

e e e e e e e e e e e e e e e et e e M e e e,

o — T ———————

Identify the matrix L and U for the equation \
below by using Doolittle Method I
s+4t—2u=3 |

3s —2t+b5u=14 I

2s +3t+u=11 I

1.0 0 1 4 =2 I

Answer: =3 1 0] y=lo -14 113} |

2 ” 1 0 0 I l

N e 4

©
~

\

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

]
/

Solve the following equations by using
Doolittle Method :

1+ 3x0+3x3 =4
2$1—33§2—2£B3:2
3r1+x9+2x3=5

o e e e e e e e e B
SN

Solve the linear equation below by using
Doolittle Method :

6x — 12y 4 10z = 12
—8y+62=4
4dx 4+ 8y — 82 =10

N

| 22






Chapter 3 : Crout Method

B CROUT METHOD

g The Crout Method is a numerical approach for
performing LU decomposition of a matrix. In this
technique, a matrix is factored into two triangular
matrices: a lower triangular matrix . and an upper
triangular matrix U,with the diagonal entries of y fixed
atl

¥ This decomposition, written as A=LU , simplifies the
process of solving a s ystem of linear equations AX=B
Instead of tackling the full system directly, it is divided
into two easier steps.

e Solve LY=B for Y
e Solve UX=Y for X

@ By systematically calculating the entries of Land U the
Crout Method provides an efficient and organized way
to find the unknowns in X,

@ n the Crout Method, the upper triangular matrix U has
unit diagonal elements (1s), while L contains the
general lower triangular entries.

a1 Q12 Qg3 by 0 O[1 wup ugs
Az1 Q2 Q3| =l L O[]0 1 1wy,
asq as; asz l31 132 133 0 0 1

A = L U

| 23



Chapter 3 : Crout Method

CROUT METHOD STEP BY STEP

g Crout Method is summarized by the following
steps:

STEP

STEP

STEP

STEP

Write the system in matrix form AX =B Y

Construct the matrices A=LU and find \‘\)
matrices L and U
Let LY=B to solve for y using back
substitution
Let UX=Y to solve for x using back
substitution

| 24



Chapter 3 : Crout Method

) EXAMPLE1

Solve the linear equation below by using Crout Method :

2x—y =73
—x+2y—z=-3
2y+5z=9

Step 1: Write the system in matrix form AX = B
x 3
z 9

Step 2 : Construct the matrices A=LU and find matrices L and U

2 -1 0
-1 2 -1
0 2 5

.
Let A =LU where L is the lower

triangular matrix and U is the
upper triangular matrix assume
that the diagonal entries U is
equaltol

2 -1 0 111 0 0 il Uy Uq3
—1 2 —1 = 121 122 0 lo 1 u23
0 2 5 l37 13 Izllo0 0 14
A = L U
e
2 -1 0 a 0 O [1 g h] f
—1 2 -1l = b d 0 lo 1 i You may replace the
symbols I, o1, I
0 2 5 c e f 0 0 1J with other alphabets
like a, b, c...
A = L U

| 25



Chapter 3 : Crout Method

1 g h N
r
0 1 i |
. Multiply L and U
|_ 0 0 1
a 0 O a ag ah

b d 0 b bg+d bh+di

c e f C cg+e | ch+ei+f

1 1
1 ag= -1 1 ah =0

a=2 ] @g=-1 ! @h=0
! 9=-3 | h=0
- bg+d= - bh+di= —1

b= -1 P (D=2 DO+ (=i
; P | =73
i T2 i
______________ e e e e

: cgte=2 E ch+ei+f=5
1 1 | 2

c=0 L @(=5)+re=2 | oo+@-h+r=s
] i 19
! e=2 ! f=5
! !

a00[1gh]
b Ololi
c e f 001J
L U
2 0 0 1 -1 9
_13 2
L= : U=lp 1 -2
0 2 — 3

| 26



Chapter 3 : Crout Method

Step 3: Let Ly=B to solve for y using back substitution

Let Ly = B, solve for y’s

2 0 0
1 3 0 Y1 3
B 2 V2| =|-3
o 2 2l 9
I 3 ! 19
2y =3 1 Y1 +3y, =3 I 2y2+5y3=9
3 1 !
=2 3 3. _ 1 19
yi=3 i (-3 +3y,=-3 | D43y =9
_ 1 33
i y2=-1 ! Y3s=13

Step 4 : Let Ux=Y to solve for x using back substitution

Let Ux =Y, solve for the variable vectors x

1 3
1 —- 0 -
2 X1 2
21 1x = | —
0o 1 -—Z[[* A
3] Lx3 33
0 0 1 19
1
3
19 1 2\ (33 : 1\ (3 3
Fon-(G)(E) - T )& =3
1 _3 1 30
Lot e
! 1

| 27



Chapter 3 : Crout Method

a CLICK TO WATCH!

Crout
ethoc¢

Let's start!

.' SCAN TO WATCH!

¥

| 28



Chapter 3 : Crout Method

) EXAMPLE 2

Solve the linear equation below by using Crout Method :

dy+x—z=-1
3x—2y+z=6
4x+2y+3 =2z

Step 1: Write the system in matrix form AX = B

AEIEE

4 2 =2

Step 2 : Construct the matrices A=LU and find matrices L and U

.
Let A =LU where L is the lower

triangular matrix and U is the
upper triangular matrix assume
that the diagonal entries U is
equaltol

2 -1 0] [ln O O07f1 “uyp ups
[_1 2 —1] = [121 L, O ] lO 1 u23l
0 2 5 l37 13 Izllo0 0 14
A = L U
e
1 4 —1] (@ 0 o1 g nl :
[3 -2 1] = [b d 0] [0 1 l] You may replace the
symbols U1, lo1 a1
4 2 —2 ¢ € f 0 0 1 with other alphabets
A = L U like a, b, c...

| 29



Chapter 3 : Crout Method

1 g h PN
[
0 1 i |
Multiply L and U
L 0 0 1
a 0 0 a ag ah )
b d 0 b bg+d bh+di
c e f C cg+e | ch+ei+f
1 |
1 ag =4 | ah= -1
a=1 : (Vg = | Dh=-1
= =1
! ! ]
T T T g td=—2 | bh+di=1
1 l B)D+ (-14)i=1
! B +d=-2 ! —3-14i=1
b=3 1 I —14i =4
= 12+d=-2 : _ 2
I d=-14 I STy
————————————— ! -—-———-———-—-———-—.!-————-———-—-———-———-—-—
| cgte=2 I ch+ei+f=-2
i = i
i WWre=2 (<D + =2
c=4 I 16+e=2 I
I I —4444f=-2
; e=—14 : F=—2
] 1

Matrix L and matrix U are written as follows :

a 0 O |’1
[b : °] l
c e f 0
L
1 0 0
L=[3 —14 0]
4 —-14 -2

gh]

1

o1l

U

1 4 -1

v=lo 1 -2
7

00 1
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Chapter 3 : Crout Method

Step 3: Let Ly=B to solve for y using back substitution

Let Ly = B, solve for y’s

1 0 01 Y1 -1
3 -14 0||Y21=]| 6
4 —-14 -211ys -3
: :
yp=—1 | 3y, — 14y, =6 : 4y, — 14y, — 2y3 = =3
1 — — = !
i 3(-1) 143’92 6 E 4(-1) = 14(=2) = 2y, = -3
! Y2=—7 ! y; =4

Step 4 : Let Ux=Y to solve for x using back substitution

Let Ux =Y, solve for the variable vectors x

1 4 -1« -1
2 9

0 0 112 4

! o
7=24 I y—3z=—14 : x+4y—z=-1

1
Loy-iw =g E x+4(3)—4=-1
: =1 i x=1
I Y2 i B
! !
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Chapter 3 : Crout Method

QUESTIONS

o -\\
o/ Identify the matrix L and U for the equation
below by using Crout Method

3m1—|—m2+m3:4
T, + 229+ 223 =3

3
Answer: |- [1

\
|
|
|
|
|
201 +x9 +3x3 =4 I
|
}
4
/

o — T ———————

©
~

\

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

]
/

Solve the following equations by using
Crout Method :

\
|
I
2¢ +y+4z=12 |
8x —3y+2z=20 I
4z + 11y, — 2 =33 |
|

|

|

/

o — i ————————

Answer: z =3, y=2, 2z2z=1

I/ Solve the linear equation below by using \
I Crout Method : I
I
I 3s +2t+Tu=14 |
| 25 +3t+u=>5 |
| 3s+dt+u=7 |
I 7 9 1|
\ Answer: =g, t=3, u=-—%2 /l
\h _______________________ -
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Chapter 4 : Fixed Point Iteration Method

B FIXED POINT ITERATION METHOD

The fixed-point iteration method is an algorithm in
numerical analysis for finding the roots of an equation by
transforming the equation into the form z = g(z) and then
repeatedly applying the function g starting from an initial
guess.The sequence of values, zy z, = g(zy), z2 = g(z1)and
so on, is generated, and if the sequence converges, it will
do so to a fixed point such that p = g(p) , which is also a
root of the original equation.

e Given an equation of one variable, we use fixed
point iteration as follows steps :

Y
\
kY

STE® Convert the equation of f(z) =0 into
T e=y@

’
’

’
’
/

*°"  Substituting the initial guess g, into

2 =g

ster  |g'(z)| < 1 iterative sequence converges to
3 the root \

lg'(z)| > 1 iterative method fails

stee | Calculating the root — the root willbe
4 obtained when the value of x are keep
repeating
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Chapter 4 : Fixed Point Iteration Method

) EXAMPLE1

Solve 2x3 - 3x = 1 using Fixed Point Iteration method.
Given gz, = 1.5 . Give your answer in 3 decimal places.

Step 1: Convert the equation of f(z) = 0 into g(x)

Make x as asubject: 2x3-3x-1=0

x(2x2-3)=1

,means g(x) =

1
2x2-3 2x2-3

Step 2 : Substituting the initial guess g into|g’ (z)|

Substituting the initial guess zinto |¢’ (z)|

' _ —4x
g (x) - (2)62—3)2

' _ _—4@a5)  _
S0, 18"(15)] = rggp = 267

l¢'(x)| <1 iterative sequence converges to the root

Step 3:
P I’ (z)| > 1 iterative method fails

Check the value of |¢'(z)] .

e If |g/(z)] <1 , the iterative sequence converge to the
root, we can proceed with the chosen iterative function.

e If |¢/(z)| >1 , the iterative method fails. In this case, a
new iterative function must be formulated by repeating
the earlier step.

e Since we obtained |¢'(x)| =2.67 which is |¢/ (z)| > 1, we
must find an alternative iterative function
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Chapter 4 : Fixed Point Iteration Method

Repeat Step 1

Make x as a subject: 92,3 _ 3, —1 =0

3z+1.1
;U:( 2 )3

3 1 of 3z + 1
means, g(x) = ( :1:2+ )% @ 4 x;

Repeat Step 2

Substituting the initial guess xinto |¢’ (z)|

1 3xz+1,_ 2
J (@ - 23
, 1, 3(15)+1. »
So, |g (l5)|:§(%) 3 = (0.255

Repeat Step 3

Check the value of |¢/'(z)]

e If|¢'(z)| < 1, the iterative sequence converge to the
root, we can proceed with the chosen iterative
function.

e If |[¢'(z)| >1, the iterative method fails. In this case,
a new iterative function must be formulated by
repeating the earlier step.

e Since we obtained |g'(z)|=0.255 which|g'(z)| < 1is
this rearrangement is a valid iterative function.
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Chapter 4 : Fixed Point Iteration Method

Step 4 : Calculating the root

The root is obtained when the values of z begin

to stabilize and repeat.

Using the iteration function g(z)

initial guess gy = 1.5

f/ % with the

_3f3xe1
x s N iteration
v = 3’3(1.5)+1
3 [3x0+1 1T 2
Xg = 1.5 X1 = x;
=1.401
L, = ?[ason+
_ 3 [3x,4+1 2= 2
x, = 1.401 x, = [
=1.375
o = P [30379H
s =
Xy = 1375 X3 = 3 3x22+1 2
= 1.368
) R
=
x; = 1.368 x, =2 :
= 1.367
_ 3[3@367)+1
x, = 1.367 xg =2 2
= 1.366
. = P[pasent
_ 3 [3x,+1 6 2
x5 = 1.367 xe =2
= 1.366

| 36



Chapter 4 : Fixed Point Iteration Method

) EXAMPLE 2

Determine the root for equation 22 — 6z — 4 =0 by

using Fix Point Iteration method. Give answer correct
to 3 decimal places.

Step 1: Convert the equation of f(z) =0 into z = g(x)

Solution:
Lets’ find g(x) — 3 =-gr-4
X = ?VGX + 4

g(x) = Véx + 4@ (6x + 413

Step 2 : Substituting the initial guess zq into |¢ (z)|

Since z, was not given. Let’s find by using false
position method. From the given equation let
y = z® — 6z — 4. Choose any value of z; and z;

i =0-6(0)- 4 2= (1)%-6(1) - 4
yi=-4 y2= -9

. X1 M
Insert z,,x and g, into x, = —.
1’ 2’y1 y2 0 .‘727y1|x2 y2|

Then -_t ,0 -4
Y= Syl ol
1
x0= —(4)
= -08@3dp)
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Chapter 4 : Fixed Point Iteration Method

Substituting the initial guess x, into |g'(x)].

1 -2
g'(x) = 5(6x+ 4)73(6)

, 2
gx)=——
(6x + 4)3
1g'(1.333)] = ———= 2321
[6(-0.8)+4]3

l¢'(z)| < 1 iterative sequence converges to the root

Step 3:
P |g’ (z)| > 1 iterative method was failed

Since we got |¢’ (z)| = 2.321, whichis |¢’ (z)| > 1 we
need to find another iterative function.

Let’s get back to earlier step like before — find another
g (z) from the given equation.

x3—-4=6x

x3-4
6

x:
_ x3-4
g(x) = ——

, _ 3x? x2
§'(x)=— @5

1g'(-08)| = 032 < 1 (valid iteration function)
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Chapter 4 : Fixed Point Iteration Method

Step 4 : Calculating the root

The root will be obtained when the value of x are keep
repeating.

3_
By using Iteration fuction of x,.,; = XT4 with initial
guessof ;=1

x Xya1 = X°674 iteration
-0.8)3-4
x 13-4 1= ( 6)
xo=-08 xlz% — 0750
_ (-0.752)%-4
x23—4 *2 = 6
X1 = -0.752 Xy = ——
6 = -0.738
= (-0.738)3-4
3_ 37
x, = —0.738 PR °
6 =-0.734
) = (-0.734)3-4
3_ 4~
x3= —0.734 xg= °
6 =-0.732
- 3_
e = (-0.732)3-4
_ xs3-4 6
x4 = —0.732 X5 = —
6 =-0.732

Since the value of x is repeated (refer z, and zj)
then therootis £ = —0.732
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Chapter 4 : Fixed Point Iteration Method

a CLICK TO WATCH!

"B SCAN TO WATCH!
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Chapter 4 : Fixed Point Iteration Method

) EXAMPLE 3

How about if initial guess or first approximate ()
is not given?
In this case, we can use False Position Method,

Step 1: Get the value of z1,x2,y1 and y2

Consider the same equation, but z, was not given.
Let’s find by using false position method.

From the given equation let, g = 22% — 3z — 1.Choose
any value of z; and z,

y1=2(0)°-3(0) - 1 y2 = 2(1)° - 3(1) - 1
y1=1 y2 = —2

Insert zi,z2,y1 and y»

= 1 |X1 y1|
07 yomyi' X2 Y2

1 0 1
Then xO_Ell _2|
1
Xo = 3(0‘ 1)
= 0.333 (3d.p)
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Chapter 4 : Fixed Point Iteration Method

Step 2 : Use iteration formula to calculate the root

The iteration formula that we have find in example

before is

. L Tngl =\
By using initial glies$ of
zo = 0.333
X Xp+1 = 1/3)(;1 iteration
Y = 3\/3(0.333)+1
3,3x0+1 1 2
xo = 0333 X = V==
= 0.991
% = 31/3(0.991)”
3,3x1+1 2
x; = 0991 xp= VL
=1.257
i Xy = 1/3(1‘257»1
x; = 1.257 X3 = \/3'*22”
= 1.336
= 1/3(1,336)+1
3,3x3+1 4 2
x5 = 1.336 x,=V 32
=1.358
e = 1/3(14358)+1
3,3x4+1 5 2
x, = 1.358 x5 =V ;
= 1.364
i g = 1/3(1‘3;34»1
x5 = 1.364 xp = VI
= 1.365
i Xy = §/3(143;35)+1
x¢ = 1.365 xp = VAL
= 1.366
o = 3/3(14366)+1
3,3x4+1 8 2
x; = 1.366 xg = V=
= 1.366

Since the value of x is repeated (refer to z; and g )

then the root is z — 1.366 (3 d.p)
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Chapter 4 : Fixed Point Iteration Method

) EXAMPLE 4

Iteration formula was already given

In other case, Iteration formula was already given.
For example, consider the following question. Obtain
the root forf(m) —z2 524+ 1.

24
Given that the iterative functionis x,.; = XUS :
the initial guess of z, =1. Give answer in 3 d.p.

with

2
x Xpeq1 = ”’5” iteration
_ (1
_ 2 X1 =
— xp°+1 5
X0 = 1 X1 [l
5 =04
_ (04)%+1
x12+1 *2 = 5
X, = 04 Xy = _5 - 0232
_ (0.232)2+1
: 3T 5
X, = 0232 xy= 2L
5 =0.211
_(0211)2+1
x32+1 *a = 5
x3 = 0.211 xg = 22—
5 = 0.209
_ (0.209)%+1
x42+1 *s = 5
x4 = 0.209 X5 = 24—
5 = 0.209

Since the value of x is repeated (refer to z4 and z; )
then the root is z = 0.209 (3 d.p)
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Chapter 4 : Fixed Point Iteration Method

QUESTIONS

e et e e e e e e e e e e e e S e e e e e -
Identify the root for equation z® — 52 — 16 = 0
where z,=3.5 by using Fix Point Iteration
method. Give answer correct to 4 decimal
places.

N\

e

Answer: z = 3.1698

o — T ———————

\
I
I
I
I
I
I
I
I
I
I
/

——_—————————— e ——— -~
(2 I/ Given z3 + 322 — 1 =0 has an approximate
root gz, = 1.By using Fix Point Iteration Method,
determine the root of the equation correct to 3
d.p. Given that the Iteration function,

N\

1

\
|

|

|

|

|

|
Xo+3 |
|

|

|
/

Xn+1 ~— \/

I

I

I

I

I

I

I

I
I\ Answer: z = (0.532
N

e S S W —

. . N\

e ,/ Determine the real root of 5 — x = 7. Give \
| the answer correct to 4 decimal places. I
I |
| |
I |
| |
| |
| |
I\ Answer: ¢z = 1.5355 |
—e e _/
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Chapter 5 : Newton Raphson

n NEWTON RAPHSON METHOD

The Newton-Raphson method is another numerical
method in solving equations of the formf(z) =0 and
satisfies the consistency condition as below.

S (%)

Lo+l = Ln — 7~
Where:
Ln — value of the root at iteration n
Tn+l — arevised value of the root at iteration nn 4+ 1
f(zn) — value of the function at iteration n

f'(zn) — derivative of f(x)

n NEWTON RAPHSON STEP BY STEP

stee  Compute f’(n) and apply Newton
1 fa) )

Tyl = Ty —
Raphson formula ®nt1 = %r = "gre, 3

STEP Starting with x , perform the iterative
2 step calculation to find the root. Repeat

’
’

the calculation until get the root.
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Chapter 5 : Newton Raphson

) EXAMPLE 1

Find the root for the equation z3 — 6z +4 = 0 with
initial guess zy = 2 by using Newton - Raphson
Method.

Step 1: Compute an approximate value of f’ (zn)

f(z) =2® 6z +4
() =3z>—6

Step 2 : Use Newton-Raphson formula

LTiy1 =& f(a:Z)
i+1 — Lg —
I ()
3 —6x+4
3z —6
rog = 0.5
0.5)° — 6 (0.5) +4
z1=05— (0-5) ,Z( )+
3(0.5)* — 6
1.125
=0.5—
—-5.25
=0.71429
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Chapter 5 : Newton Raphson

(0.71429)* — 6 (0.71429) + 4

Ty = 0.71429 — .
3(.71429) — 6
0.078698
=0.71429 - ——————
@2 = 0.71429 — — =037
= 0.73190
0.73190)% — 6 (0.73190) + 4
z3 = 0.73190 — ( ) ( . )+
3(0.73190)> — 6
6.62443 x 10~*
=0.73190 - —=2~
0.73190 —4.39297
=0.73205
0.73205)% — 6 (0.73205) + 4
x4 = 0.73205 — ( ) ( - )+
3(0.73205)* — 6
3.54709 x 10~°
=0.73205 — ——
0.73205 —4.39231
= 0.73205

Since the value of T3 and T4 is the same,
therefore the rootis =z = 0.73205
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Chapter 5 : Newton Raphson Method

a CLICK TO WATCH!

SCAN TO WATCH!
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) EXAMPLE 2

Find the root for the equation f(z) = 2z — 3z — 6 using
the Newton Raphson and give the correct answer in

Chapter 5 : Newton Raphson Method

three decimal places.

Step 1: Compute an approximate value of f'(z,)

f(x)=2z>—32 -6
f(z) =6z —3

Step 2 : Use Newton-Raphson formula

f(SUz)

LTit1 = Tj — 7 (:c)
(3

_ 223 — 3z — 6

=x;
6x2 — 3
o — 1.5
2(1.5)® —3(1.5) -6
o — 15 (1.5) 2( )
6(1.5)> — 3
—-3.75
—1.5—
10.5
—1.8571
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Chapter 5 : Newton Raphson Method

2(1.8571)° — 3(1.8571) — 6

Ty = 1.8571 — -
6(1.8571)% — 3
1.2383
= 1.8571 — —————
8571 = 37 6029
= 1.7871
2(1.7871)% — 3(1.7871) — 6
z3 = 1.7871 — >
6(1.7871)* — 3
0.05372
—1.7871 — —— =
871~ 61624
= 1.7838
2(1.7838)% — 3(1.7838) — 6
T4 = 1.7838 — 5
6(1.7838)> — 3
4.9785 x 1074
—1.7838 - ———
16.0917
= 1.7838

Since the value of 3 and T4 is the same,
therefore the rootis x = 1.7838
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Chapter 5 : Newton Raphson Method

QUESTIONS

0 /’— ______________________ N

By using Newton Raphson Method,
determine the rootfor 2% — 223 —x+1=0

\
! |
| |
| |
I Give the answer correct to three decimal I
I places. Assume the first approximation as 1.5 |
| |
| |
| |
\ |

Answer: ¢ = 0.641

Approximate the real root correct to 4
decimal places of 2%+ —3=0 by using
Newton Raphson

Answer: r =1.2134

Solve the equation z3 + 322 — 2 =0 by using \I
Newton Raphson Method. Give the answer |
correct to three decimal places with an initial I
guessof o =1 |

I

I

I

I

|

|
I
I
I
I
I
I
I
I
I\ Answer: z = 0.732
N
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