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Kinematic and Dynamic Models of Hyper
-Redundant Manipulator Based on
Link Eigenvectors

Xiantong Xu *““, Haibo Xie

Abstract—Hyper-redundant manipulator has a slim ge-
ometric shape and super high degrees of freedom (DOF),
which promises high motion efficiency and flexible obsta-
cle avoidance ability in a confined space. Nevertheless,
it also challenges the more complicated motion control
strategy. In this article, the concepts of “link eigenvectors”
and “manipulator’s eigenpoints,” which apply to a widely
used geometric kinematics method, are proposed. Hence,
the kinematic and dynamic models can be constructed in-
tuitively. And since the indirect joint space and local frames
are replaced by the link eigenvectors and unified global
frame, the kinematic and dynamic problems, especially the
link’s position, velocity, and acceleration, can be solved
more directly. Further, based on the new models, mechani-
cal analysis and Newton—Euler dynamic equations are ef-
fectively simplified, so as to realize the fast and precise
dynamic resolution. Experiment results show that the kine-
matic and dynamic theoretical models are correct. And the
driving forces of motors are successfully optimized, while
the kinematic precision is improved simultaneously.

Index Terms—Dynamic model, hyper-redundant manipu-
lator, kinematic model, Newton—Euler method.

[. INTRODUCTION

INCE the mid-term of last century, robotics has been pro-
S gressively promoted, and a growing number of occasions
have realized the working mode of “robot replacing human,”
such as industrial automation, minimally invasive surgery [1],
[2], in-space inspection [3], nuclear reactor maintenance and
repairing [4], and search and rescue [5]. However, the traditional
robot, which is limited by its degrees of freedom (DOF), profile,
and size, is difficult to achieve a high-precision and dexterous
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obstacle avoidance motion in a narrow space. As a result, it is
increasingly difficult to satisfy the practical application with the
development in productivity. Thus, hyper-redundant manipula-
tor [6] with shape similar to snake [7], or elephant trunk [8], [9],
or octopus tentacle [10] has received much more attention over
the past decades. And, their motion control technology has been
developed unprecedentedly.

Traditional forward kinematics refers to solving the end effec-
tor pose in the reference frame by the known joint parameters.
And inverse kinematics refers to solving the joint parameters
by the given end effector pose. Since traditional robots have
low DOFs, and their joint space, configuration space, and local
coordinate systems are related closely, their forward and inverse
kinematics can be resolved quickly by the algebraic or numerical
method. Yet, due to the super high DOFs of hyper-redundant
manipulator, the algebraic or numerical inverse kinematics is
too complex.

Thus, the geometric method, which refers to the specific
tracking geometric curve method, is particularly widely used,
such as the methods of tracking the reference curves [11], [12],
follow-the-leader [13], FABRIK [14], and segmented geometry
[15]. These geometric methods normally generate the reference
curves that the manipulator can track in the task space, and
then force the manipulator to fit the curves. That optimizes the
inverse resolution by reducing the computation cost. By fitting
the reference curve, the method would get the positions of the
link ends directly, and then the links’ poses can be expressed by
the link ends conveniently. Thus, in the scope of this method, the
reference curve can be treated as the forward solution, while the
links® poses can be treated as the inverse solution. That means
the regular joint space and configuration space are substituted by
the links’ poses, and the local coordinate systems are not needed
anymore.

As early as the 1970s, various inverse dynamics methods
had already been studied [16], [17], [18]. Rodriguez [19] even
figured out a way to solve the inverse and forward dynamic
problems with O(NV) solutions. Since then, quantities of dy-
namic researches on cable-driven manipulators have been done
to extend the early studies, such as Euler-Lagrange formalism
[20], Cosserat rod theory [21], [22], Newton—Euler dynamics
[23], [24], [25], and principle of virtual work [26], [27]. To
improve the computation efficiency, Amouri et al. [28] proposed
a dynamic model that disregards the friction effects, which
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might cause a bit of model error. Yuan et al. [29] presented a
simpler way to analyze and verify the influence of cable friction.
Although these studies successfully achieve dynamic analyses,
they all still build dynamic models with joint parameters and
local coordinate systems. That means the traditional methods
haven’t taken full use of the geometric method.

In order to solve all the global kinematic variables through the
positions of the link ends directly and intuitively, the concepts
of manipulator’s eigenpoints and link eigenvectors are proposed
in the kinematic field of the tracking geometric curve method.
Then the kinematic and dynamic models are also reconstructed.
As the new models are defined in a global coordinate system,
some acceleration components that would be generated with the
utilization of a rotating reference frame are avoided. Therefore,
the Newton—Euler equations are simplified and the manipula-
tor’s dynamics are solved efficiently. The main contributions of
this article are following.

1) The traditional local coordinate systems are abandoned
and the simpler and more intuitive kinematic model of
the manipulator is reconstructed.

2) Based on several assumptions, the mechanics of the
cable-driven snake-like manipulator (CSM) is analyzed
accurately and globally.

3) Based on the kinematic model and mechanical analysis,
the dynamic model is constructed and the Newton—Euler
method is simplified. The dynamics method is intuitive
and can improve the static and dynamic performances of
CSM.

The rest of the article is organized as follows. Section II is the
kinematics part. It introduces the mechanical design of the CSM
and the new kinematic model. Section III is the dynamics part.
First, the forces on cables, links, etc., are analyzed in detail,
and then the inverse dynamics are studied and demonstrated.
Section IV is the experiment part. Both static and dynamic
experiments show the effectiveness of the proposed method.
Finally, Section V concludes this article.

II. KINEMATICS
A. Mechanical Design of CSM

The mechanical structure of CSM in the article is shown in
Fig. 1. It has three parts, sliding table, base box, and arm span.

The sliding table provides the translation DOF for CSM.

The base box including the frame and the driving modules
supplies the driving forces for the arm span’s motion. The driving
modules transmit the forces, i.e., transmitting the motor torques
into the cable driving forces.

The arm span is composed of connecting the fixed link, six
universal joints, five normal links, and the end link in series.
And the fixed link is indexed as Linkg, the end link is Linke.
The normal links are indexed as Linky, Link,, ... Links. The
distal end of the fixed link, both ends of the normal link, and
the proximal end of the end link all have discs with holes
for cables passing through. The discs’ centers are indexed as
Oa1,01, 042, O, ... O4g, Opg from the fixed link to the end
link. The joints are indexed as Joint,Joint,, ... Jointg, and
Jointy is the fixed joint. Fig. 2(b) shows the view from the distal
end of Link;. And it sets the center of Joint; as the origin, the axis

1307

Driving module
Fixed link Joint

Disc, ; Disc, g
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Fig. 1.
span.

Structure of CSM. (a) Mechanical structure of CSM. (b) Arm

Fig. 2. Universal joint. (a) Structure of the joint. (b) Holes arrangement
on DiSC]J+1 .

of the revolute pair between Link; and Joint; | as u;,, whose
direction is radial outward, the axis of the revolute pair between
Link; and Joint; as w;,, whose direction is radial outward too, the
central axis of Link; as u;,, whose direction is from the proximal
end to the distal end. The specific U;z, sy, Ui, Will be calcu-
lated in Section II-B. The holes on discs are evenly circumferen-
tially distributed. The hole located on the proximal disc Disc; ;
of Link; and u;,, is indexed as P; 1, and the rest holes are indexed
counterclockwise as P; 5, P;3,... F; ;... P 13. Similarly, the
hole located on the distal disc Discy ;41 and w;y is indexed
as D(;y1,1), and the rest holes are indexed counterclockwise as
Di+(1,2)7 co D(Z’J’,l’j) e D(i+1,18)' DiSCLi and DiSCz)i belong

to the same Joint;. ¥, is the included angle between Ogy;D; ;
s

and Oy;D; 1 and also the included angle between Oy; P; ; and

o

OpiP; 1

W, =2(j— )7/ (3x6). ()
The cables passing through the corresponding holes are in-

dexed as C;,Cs,...C;...Cyg. As is shown in Fig. 2, each>
universal joint with two DOFs is driven by three cables, i.e.,
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Joint; is driven by C;, C;y6 Ciy12. The three cables would
pass through the two discs of Linkg, Linky, ... Link;_; and the
proximal disc of Link;. The base box can alter the lengths
of Cj, Cit6,Ciyr12 in Joint; by controlling the movement of
Ci, Cits,Cit12, s0 as to alter the distances between D; ; and
Pz’,i’ Di,i+6 and Piﬂ'_;,_(,, Di,i+12 and Pi,i—HZ- And ﬁnally, Joint;
rotates as required.

The structure puts the bulky power unit rear, making the arm
span lighter and motion more flexible.

B. Construction of Kinematic Model

Definition: Manipulator’s eigenpoints are the set of proximal
and distal end points of all links.

Since there is no torsional motion between the adjacent links,
the manipulator’s eigenpoints can fully determine the position
and attitude of the manipulator. Thus, it can be taken as the
kinematic model. In traditional kinematics, the pose information
of the manipulator is described with many local coordinate
systems. These local coordinate systems can be transformed into
each other with transformation matrices. However, the tracking
geometric curve method gets the manipulator’s eigenpoints first
but not the joint parameters, so it is indirect and troublesome
to solve the transformation matrices utilizing joint parameters.
Therefore, although the traditional kinematic model is universal,
it’s not as simple and intuitive as the reconstructed kinematic
model utilizing manipulator’s eigenpoints directly. Additionally,
the reconstructed dynamic model based on the new kinematic
model can avoid the discussion of some acceleration components
and is more efficient and intuitive.

Actually, manipulator’s eigenpoints are enough to describe
the motion state, but it is necessary to introduce the more
important concept of link eigenvectors.

Definition: Link;’s independent link eigenvector is a unit
vector pointing from the proximal end to the distal end of Link;.
Itis

Uiz = OmiOm(izr) / ‘OmiOm(i-&-l)’ (2)

U;,: Independent eigenvector.
O, Proximal end of Link;.

Link; also has two derived link eigenvectors, u;yandu;.,
which is shown in Fig. 2(b).

Let Udirz = Wiz X U(_1)y, then ugiyz is collinear with
WUiz.

Let Ugiry = Udirz X Uiz, then Ug;ry 1S collinear with wy,.

Therefore

3

Uiz = udirz/ |udirz|
Uiy = Udiry/ [Udiry]

It can improve the accuracy of u;, andu;, by determining
their directions first and then normalizing them respectively.

As is shown in Fig. 1(b), the global coordinate system can
be defined as: The view is from the distal end of Link.
Set the proximal end of Linky as the origin. Set 0,00
as xp-axis. Set yp-axis horizontally to the right. Set zp-axis
vertically upward. Then, vectors oz, Uoy, Uoz is defined to
coincide with the global coordinate system. If the manipulator’s
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eigenpoints are known, w;, (i = 1,2 - - - 6) can be calculated by
(2), Uiy, Uiz (i = 1,2---6) can be calculated by (3). Thus, all
link eigenvectors can be calculated. Conversely, manipulator’s
eigenpoints can be calculated by the recursive formula,

Omi = lii—1) U(-1)z + Ome- (i = 12---7)  (4)
li—1y : Length of Link;_y), i.e., l(;_1) = ‘Om(i,l)Omi

Itis worth noting that the link eigenvectors are highly collinear
with the link’s inertial principal axes.

Actually, link eigenvectors and O,,; can be transformed into
transformation matrix. Let 9T refers to the transformation matrix
from the global coordinate system to the local coordinate system
fixed on Link;, then,

Omi
e 5)

Uiz Uiy Uiz

0o _
L= 0 0 0

As is shown in Fig. 2(a), there is a hollow ring numbered
1 (HR;) in the universal joint. Analogously, HR; also has its
own eigenvectors, Vg, Uiy, Viz. Due to HR;’s symmetrical
structure, its eigenvectors are collinear with the inertial principal
axes and their values are

Viy = U(i-1)y
Viz = Uiz
Vig = Viy X Viz

(6)

C. Mapping From Link Eigenvectors to Cables’ Lengths

The cable C; within the range of arm span can be divided into
the part between P;_; ; and D; ;, and the part between D; ; and
P; ;, i.e., the link’s part and the joint’s part. After the cable is
tensioned, the length of the link’s part is fixed, while the length
of the joint’s part, i.e., the cable’s length of C; between the two
discs in Joint;, is approximately equal to the distance between
D; ; and P; ;. Therefore, the following will only consider the
joint’s part. The symbols are defined as follows:

d : Distance from joint’s center to one adjacent disc’s center, i.e.,
d = |Omz - Oai| = |Omz - Ob7.| .

rq : Radius of the distribution circle of the hole on the disc.

s;,;: Distance between D; ; and P; ;.

C;: Pseudototal length of Cj, calculated by the adding of related

Si,j-
Then (O,; and Oy, have been defined in Section II-A),

{ Oai = Omi - du(ifl)m

Obi = Omi +duzey  © = D27

6). @)
Let the initial values of Oypand Py jbe Op(0,0,0) and

Po,j(0,7qcos(¥;),rgsin(V;)) (j = 1,2---18), then,

D;j = Pi-1j + Oa;i — Op(i-1)
Pij =rq cos (Vj) usy (t=1---6). (8
+rgsin (V) usz + Op;
Thus,
Sij = lPi’j - Dl,]' (Z = 1727" 67] = 172 18) . (9)
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Fig. 3. Kinematic and dynamic variables’ relationships.

Let n; be the remainder of dividing j by 6, then,

k:nj,|+l

> sy (= 1,2--418).

k=1

Coy = (10)

If the cable is tensioned, C; can be taken as the real cable’s
total length. Thus, the mapping is solved.

[ll. DYNAMICS

As is shown in Fig. 3, the traditional dynamic methods [23],
[24], [25] solve problems with the local coordinate systems,
i.e., the kinematic and dynamic variables are analyzed in the
local frames or transforming the joint parameters into global
variables or some other ways. Since classical mechanics is only
effective in the inertial frame, the process of utilizing the local
frames is complicated and indirect. Actually, for the tracking
geometric curve method, all parameters can be solved in aunified
inertial global frame, so the local frames and joint space can be
abandoned. In this article, the Newton—Euler method is adopted
and the dynamic equations are simplified with some techniques.

A. Analysis of Cable Forces

Cable forces are the driving forces for the manipulator’s joints.
Due to the small mass and low speed of the cables, the paper
ignores the dynamics of the cables themselves.

As the lubrication between the cables and the holes is good and
there is no stick-slip phenomenon, the Coulomb friction model
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Fig. 4. Cable forces’ analysis on Joint;. (a) Joint;. (b) Cgs force on
Joint;. (c) Force analysis.

with continuous saturation function is adopted. The friction
coefficient is,

po= po -sat(v ) (11)

1o : Coefficient of sliding friction. Set o = 0.14.

vk If K = 1,1t is the velocity of C;j relative to D; ;. If
k = 2, it is the velocity of C; relative to F; ;. And if the
cable is moved to the distal end relative to the hole, v; ; 1 is
defined as positive.

sat(): Saturation function, which is defined below,

sign (vj &

|kyvi k] > 1

|k‘u1}i7]‘,]€‘ <1 (12)

sign(): Sign function that returns the positive or negative sign.
k,: Predefined coefficient. Set &k, = 20 000.

Fig. 4(a) shows Joint;, and (b) shows the force analysis of C; in
Joint;. There are 4 tension forces in the figure. AndT'; ; 2, T'; ;3
are equal with opposite directions, while T'; j 4, T;41 5,1 are
equal with opposite directions.

As is shown in Fig. 4(c), the force analysis of a cable passing
through the hole is simplified as the case of a cable twining
around a cylinder. Arc AB is the contact line between the cable
and D; ;, and its contact angle is 0; ; ;. The cable is subjected
to the distribution pressure IN; ; 1, friction force fi,j,l’ and
tension forces T'; j 1,T'; j 2. Then, though Link;_; is subjected

to —IN; ;1 and — f; ; 1 at D; j, the resultant force is,
Fp,; =Tij1+Tije. (13)

Similarly, the resultant force on Link;_; from C; at P;_; ; is

Fp,,,=Ti1j3+Ti1ja (14)
Therefore, the total acting force on Link;_; from Cj is
Fe,,;,=Fp,.,; +Fp,; =Tij2+Ti153 (15

The infinitesimal arc element ds is cut from Arcﬁ and its
contact angle is df. T', T" are the tension forces on both ends of
ds, dIN is the pressure force on ds from the hole, and df is the
friction force. Then,

T+T + dN +df =0. (16)
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And, dIN, df can be decomposed as follows:

{dN =n(dN)e,+7(dN)e,
df = 1(df)e; +n(df)en

e,,: Normal direction of the arc element.

e,: Tangent direction of the arc element.

n(dN): Value of normal component of dIN, setn (dN) = dNj.
7(dN): Value of tangent component of dN.

7(df): Value of tangent component of df .

n(df): Value of normal component of df .

a7

The variables above satisfy the following expressions:

7 (dN) = o(dNy) (18)
7 (df) = pdNo+ o (ndNy) = pdNy + o (dNy)  (19)
n (df) = o (7 (df)) = o(dNo). (20)

o() refers to the higher order infinitesimal. Then, if (16) is
projected along the tangent and normal directions, we can get,

(T" —T) cos (0.5d6) — pdNy + o (dNy) = 0 @1
(—T" — T)sin (0.5d8) + dNo + 0 (dNg) = 0 °
T, T are the value of T', T'. And as d# is the infinitesimal
sin (0.5d0) = 0.5d6 + o (df) 22)
cos (0.5d0) = 1+ o(dh)

Substitute the above equations into (21) and ignore the higher
order infinitesimal, we can get,

T —-T—p-dNy= 0
{(—T’—T)O.Sd@—l—dNo— 0 (23)
Then, we can get,
T')T = (1+0.5u-df)/(1—0.5u-do)
=1+p-dd+o(p-db). 24)

Therefore, we can get,
Tijo/ Tiji= lim (14 p- d0)9i’j’l/d9 =etliin, (25)

’ do—0t
Similarly, let 6; ; » be the contact angle between C; and F; ;,
Tijal Tijs = ei2. (26)

According to the positions of P;_y j, D; ;, P; j, and D; 4, j,

we can further get the unit direction vectors of T'; ;5 1, ... T j 4,
Upij1 = (Pic1j — Dij )/ |Dij — Piojl
Uvij2 = (Fij — Dij)/ |Pij — Dil @7
Uyi,j,3 = —Uvpij,2
Upija = (Diyr; = Fij)/ |Div1; — Pl
Then,

0ij1 = m—cos™! (Uij1 - Uiy 2) (28)

Oijo=m—cos ' (Uvij3 Uvija)

As aresult, as long as the tension force at one end of the cable
is known, every tension force at each section of the cable can be
calculated. And then all cable forces acting on the links can be
calculated through (15).
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Fig. 5. Force analysis of HR;.

B. Analysis of Hollow Ring and Link Forces

1) Analysis of Hollow Ring Forces: HR; is the key part of
Joint;, which connects Link;_; and Link;. There are three kinds
of forces on HR;. The first are the acting forces from Link;_;
and Link;. The second is the gravity force. The third is the inertia
force.

When the bearings are distributed on two ends of a shaft,
the bending moment on the shaft could be balanced by the
supporting forces of the bearings at both ends. Therefore, the
bearing at each end of HR; would only have supporting forces on
the shaft, but no bending moment. Additionally, since the friction
force at each revolute pair is negligible with good lubrication,
the torque moments can also be ignored. Thus, the first kind
of forces at each bearing of HR; have no moment, which are
shown in Fig. 5. And the forces from Link; are F'n; 1, F N3, 2,
the forces from Linki_; are F'n;3,F ;4. Furtherly,
F i1 Fniacanbe decomposed along the HR;’s eigenvec-
tors, Fng 12, FNi 1y FNi120 FNi 22, - FNi 4z, F Niays
F i az. Since F'n; 12, F nvi 22 act on the same line, they can
be merged as one, F'n; .. Similarly, F n; 34, F'ni 4y can be
merged as F'v; 4. Then, the acting forces on HR; from adjacent
links are as follows:

4
Fpg; = Z Frnine +FNiiy + FNi2y + Fnigye
n=1
+ FNize+ FNisz + FNiaz- (29)
The gravity of HR; is
Gu =mug = —muguo, = [00 —mg]" (30)

my : Mass of HR;, and the mass of every hollow ring is equal.
g : Gravity acceleration.

HR;’s inertia force’s solving needs the kinematic variables,
which are calculated through HR;’s eigenvectors and O,,;’s
position. In this article, the discrete control is adopted. And
since the cycle time is short enough, the discrete kinematic
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variables, including velocity, acceleration, angular velocity and
angular acceleration, are approximately equal to the continuous
kinematic variables. Thus, the inertia force can be calculated
with the discrete variables.

The velocity of HR;’s centroid at current period is

(Omi — O),;) JAT.

mi

VeH,i = 3D

O = Position of HR;’s centroid at the current period, which is
also the proximal end of Link;.

O,,,; : Position of HR;’s centroid at last period.

AT : Cycle time. Set AT = 10 ms.

Then, the acceleration of HR;’s centroid at current period is

GceH,i = (VeH i — Vem,i') /AT (32)
Vg, : Velocity of HR;’s centroid at last period.
Then, the inertia force on HR; is
Frpi= —Mpy - QceH,i- (33)

In order to calculate the angular velocity w gr; and the angular
acceleration o gy;, let

’l'),,;y = (’Uiy — U'iy’) /AT
Viz = (Viz —v32) /AT

v;,: Two eigenvectors of HR; at last period.

(34)

Uiy

If ©;, X ¥ = 0, the angular velocity of HR; is
0 ifdyy =0;,=0
"Ulz| -Uiy Zf’Uzy =0 .
‘vzy‘ *Viz Zf Viz =0

If v;, % ’l'),,,y 75 0, let

WHi = (35)

wo = (’Ulz X ’Uzy) / |’Uzz X Uzy| . (36)

Then, the angular velocity of HR; is

WHi = |i7iz‘2w0/ (U'Lz : (wo X 'Uiz)) : (37)

Then, the angular acceleration of HR; is

o = (Wi —wai’) /AT (38)

wgi’ : Angular velocity of HR; at last period.

Let Iz be the inertia tensor of HR; relative to the center of
mass, which is calculated in the local coordinate system. The
local coordinate system is defined as: Set HR;’s eigenvectors as
x-, Y-, and z-axes, and O,,; as the origin. Then I g is constant
and can be solved in advance according to the mass distribution
of the hollow ring. I fy is defined as

Tom =/ (|r|2I3 - rrT) dm (39)

dm: Mass element of HR;.

7: Vector from mass element to the centroid of HR; in the local
coordinate system.

I5: Identity matrix with 3-order.

Let r¢ be the vector from mass element to the centroid of HR;
in the global coordinate system, then

(40)

ro = [Vig Viy Viz] T.
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Set R; = [vig Viy Viz], then the inertia tensor of HR; in the
global coordinate system is

Ieg:=/ (|r0|2I3 - rorg> dm
=[[(r"Tr) R;R] — R;yrr" R} |dm
—R;J (|7'|2I3 - rrT> dmRT = Ril.pRY. (41)

In the global coordinate system, the inertia moment on HR;
about the centroid is

Mipg;=—dIcaiwns:) /dt

=—I.giopm; — waidlcp i /dt. (42)
Substitute (41) into (42), we get
. . T
dlepi/dt = RI.gR} + RiI.uR,; . (43)

T . .
Let Wi = [WHi .z, WHi .y, WHi2) - then its corresponding
skew symmetric cross product matrix is

0 —WHi,z WHi,y
Sk (wai) = | Wiz 0 —WHiz (44)
—WHiy WHix 0
Then, the time derivative of the rotation matrix is
RL =wgi; X R; =Sk (sz) R;. 45)

Then, (43) can be transformed into

o ;f ? — Sk (wrri) Rilerr R + Ril o RTSKT (wps)
=Sk (wri) Ier,i — Lem iSk (WH:) - (46)
Then,
(dIcH,i ) Wi
dt
=Sk (wwi) Iem,iwrai — Iemr Sk (WHi) WH:
=wpi X (Tegiwai) — Tems (WHi X WHq)
=wai X (IeHiwHi) - (47)
Then, substitute (47) into (42), the inertia moment is
Miui= —Icui0mi —wHi X (Lemiwni).  (48)

As the hollow ring’s mass and inertia tensor are small, its
dynamics sometimes can be ignored for calculation efficiency.

2) Analysis of Link Forces: There are five kinds of forces on
Link;. The first are the cable forces. The second are the acting
forces from adjacent hollow rings. The third are the environment
forces. The fourth is the gravity force. The fifth is the inertia
force. Fig. 6 shows the first and second kind of forces on Linky.

The first kind of forces acting on Link; can be divided into
the known cable forces and the driving forces. The known cable
forces are from the cables passing through Link;, which are
fixed on Link,, (m > ). Since Link,,’s force analysis is done
before Linki’s, Ty, .3, Tm,m+6,3, T'm,m+12,3 are all known
parameters. Thus, the tension forces on every section of Cp,,
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Fig. 6.

Force analysis of Link;.

Cum+6, Cmy12 can be solved according to (25) and (26). Then,
the known cable forces can be calculated as

j=6 j=12 j=18
STl,‘i = Z FCi,j + Z FC,,'_,j + Z FCi,j
j=it1 J=i+7 j=i+13
j=6
= Y (Tirrj2+Tijs)
j=i+1
j=12
+ Y (Tis152+Tij3)
J=it7
j=18
+ Y (Tit1j2+Tija)- (49)
j=i+13

The driving forces are unknown and to be solved. They are
from the cables C;j (j =4,j =4+ 6,j =i+ 12), which are
fixed on Link;. Since T'; 41 j 2 actually is the internal force of
Link;, the resultant force from C; on Link; is only T'; ; 3. Then,
the driving forces are as follows:

St2:=Tii3+Tiire3+Tiir123. (50)

The acting forces on Link; from HR; and HR;; are
Fp;

—(FNijte + FNi2e + FN(Gi+1).32

+ Fn(it1),42 T FNi ze

+ FN(+1),32 T FNG+1),42 T FNiy + FNi2y
(51)

When ¢ = 6, Link; is the end link. Then, F(;11)32 +
Fny1),ae + FNGr1),32 T FNGr1) a2 T FN@i41),ye can
be treated as the environment forces. In addition, the middle
links are also subjected to the environment forces, which can
be from the outside and inside of the manipulator. Although the
environment influence is not analyzed here, the corresponding
forces can still be added into dynamics equations if necessary.

The gravity force on Link; not only comes from the link itself,
but also the water pipe, gas pipe, cables, etc. For the end link, the

+ FN(iJrl),yc)-
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operation tools even need to be considered. Link;’s total gravity
is

Gi = mig = —migugs = [00 —m;g]" (52)
my; : Total mass of Link;.
On the analogy of HR;, the inertia force on Link; is
Fr;= —m;j-Qccs (53)
Qcc,; : Acceleration of Link;’s centroid at current period.
Qcei = (Vei —vei') [AT (54)

v 4 Velocity of Link;’s centroid at current period.
ve,i: Velocity of Link;’s centroid at last period.

Let P.; be the position of Link;’s centroid at current period

and its value is,
Pei = Omi 4 Uiz + bjUiy + ciu; (55)

a;i, b;, c;: Position coefficients of Link;’s centroid, which are
related to the mass distribution.

Vei = (Pe — Pl;) /AT (56)
P! Position of Link;’s centroid at last period.
The inertia moment on Link; about the centroid is,
Myp;= —I.;05 —wi x (Ie;w;) (57)

I ;: Inertia tensor of Link; in the global coordinate system.
w;: Angular velocity of Link;.
a; : Angular acceleration of Link;.

The calculations of I ;,w;, a; are similar to the calculation
of Iopr s, WHi, QE.

C. Inverse Dynamics Method

The traditional Newton—Euler method includes outward and
inward iterations. Outward iteration solves the kinematic pa-
rameters, while the inward iteration solves the driving forces. In
the tracking geometric curve method, the traditional dynamics
would figure out the joint parameters and their first and second
derivatives first based on the known manipulator’s eigenpoints,
and then the kinematic parameters of the links. That not only
wastes the convenience of the geometric method to solve the
kinematic parameters in the global coordinate system but also
makes the dynamic description cumbersome and complicated.
Thus, the dynamic model in this article makes the calculation
from manipulator’s eigenpoints to kinematic parameters more
direct. As is shown in Section III-B, the inertia forces of Link;
and HR; are already calculated from the global kinematic param-
eters, so the desired solution of the outward iteration has already
been done. Additionally, compared to the joint parameters, link
eigenvectors are more intuitive and easier to be obtained. The
following text will demonstrate the inverse dynamics in detail.

1) Method for Setting the Optimal Driving Forces: The driv-
ing forces of the CSM is from the cables. Since each universal
joint with 2 DOFs is driven by three cables, it belongs to the
redundant actuation. The ¢th recursive Newton—Euler equations
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have 12 independent equations involving HR; and Link;.
And the unknown vectors in the equations include 3 driving
forces, T'; ;.3,T; i+6,3, T's,i+12,3, J interaction forces between
HR; and Link;, F'ni 1z, F Ni22s N ze, F'Ni 1y F'Ni 2y
and 5 interaction forces between Link; ; and HR;,
Fpnize, FNiaz, FNi 32, FNiaz, FNiye.  Since  the
directions of these vectors are known, the 12 independent
equations have 13 unknown variables, which also means the
actuation is redundant. Thus, for a better dynamic effect, it is
meaningful to set the optimal driving forces. The goals are as
follows.

1) Driving forces are greater than the pretensioning force
Tpre, which promises the accuracy and stiffness of the
CSM.

2) The cable forces, not only the maximum cable force but
every cable force, should be as small as possible.

Although the optimal driving forces can be obtained by the
setting and solving of the optimal objective function, it only
needs to set the minimum of Joint;’s 3 driving forces equal to
T)yre. The proof is as follows.

Let Sarr1,: be the resultant moment of the known cable
forces on Link; about O,,;, Snarr2,: be the resultant moment
of the driving forces on Link; about O,,;, Mg, be the mo-
ment of G; about Oy,;, and M f, ; be the moment of F'r;
about O,,;, M py, ., (k=1,2,3,4) be the moment of F n;
about Opi, Mgy .,/ (k=1,2,3,4) be the moment of
F n(i41),, about O When Link; is the end link, MFN(i+1),k:’
means the moment of environment force about O,,,;. Then, let
Ml,z = MFNi,l +MFN11,2’ M3,4 = MFNi,s + MFNi,4’
M;y) = Mryi, s+ MFPya,,., > the moment equations

about O,,,; of Link;, HR; are as follows:
Snr2i— Mi2= M3y — M1, — Syrii
—-Mg, — Mp,,t
Mo+ Mzs=—-—Mip;

(58)

The left side of (58) includes the unknown variables, while
the right side is with the known variables. Except for M ;
and M g ; whose expressions are already known, the other
variables in (58) are expressed as follows:

Sy

Jj=6 Jj=6

= E dit1; X Tit152+ E Pij xTijs
Jj=t+1 J=i+1

j=12 j=12

+ Y dij1jxTipija+ Y pij*xTijs
j=it7 j=i47

J=18 j=18

+ E ditv1j X Tit152+ § PijxTijs
j=i+13 j=i+13

(59)

dit1 4 Vector from Oy, to Diqy 5.
D, ;: Vector from O, to P; 5.

The values of d; 1 ; and p; ; are as follows:

{di+1,j =Dit1; — O

60
Pij=PFij —Om; (60)
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Snrr2 contains 3 unknown variables, T; ;3,75 i163, and
T} i+12,3. It can be expressed as follows:

Snmr2:

=P;i XTiis+ D06 X Tiives
+Diir12 X Tiit123

=Ti3 Pii X Uvii3+ Tiit63 Diite X Uviit6,3
+ Tii412,3 - Piit12 X Woii+12,3. (61)

The expression of Mg, , needs to be transformed for
reducing the number of unknown variables of (58). Let Ry, be
the vector from O,,,; to the acting point of F'p; k., then,

Ry X FNi1e + B2 X Fnj2: = R X Fnj e
— Ry X FNi2a
=R X (FNite — FNi2z) = (FNijw — Fnios)
Rqi X vy, (62)
Similarly,
Ry X Fni1y + Ra X Fng oy
= (Fniiy — Fnioy) Ri X 4y (63)
R3 X Fn; 32 + Ry X Fnjag
= (Fnijge — FNigz) R3 X Vig (64)
R3 X Fnis,+ Ry X Fniaz
= (Fnij3: — Fniaz) R3 X V4. (65)
Let,

i1 = Fnijie — Fipa

Tip = Fniiy — Fnioy
i3 = Fnize — FNisa
Tia = Fniz: — FNiaz

(66)

Then,
Mi2=Ri X (FNniiz+ FnNity+ Fniiz) + R2
X (FNiz2e + FNi2y + FNi2z)
=Ry X (FNit1z + FnNiiy) + Rz
X (FNi2e + FNi2y)
=41 - By X Vg + 240 - R1 X 0iy. 67)
Similarly,
M3zs =123 R3 X Vip + x4 Rz X v;, (68)
And the value of MFN(i+1),k/ is
MFEy . =B’ X PNtk (69)
Ry’: Vector from O,,; to the acting point of F' N(i4+1),k-
The value of M g, is
Mg; = Pecomi X Gi (70

Peomsi: Vector from O,,; to Link;’s centroid.
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The value of M, , is (Note the difference between M F, ,
and M I,i~)

(71)

Finally, T; ; 3, T} i+6,3, T4,i+12,3, Ti 1, Ti 2, Ti 3, Ti 4 are the 7
unknown variables of (58). Let X, =T 3 - P; p X Unin 3
then SMT2,i: Xi+Xi+6+Xi+12. Let MOmi = Ml314 —
Mi;—Smrii—Me, — M F, , and move X ;, one term of
S nrr2,: in the first equation of (58), to the right side, (58) can
be transformed to

MF;; = Pcomi X Fri-

Xite + Xiy12 —Mi12=Mom: — X; (72)
Mis+Mzs=—-Mrip;

The right part of the equations can be expressed as
B=-T;3 [Pij X U0i,,3000]" + [Momi (—Mryz)]"
(73)

And let D be the coefficient matrix of (72), then
Tiives =|D1 |/ |D] = (Tii3|Dx |+ Dy|)/ |D|

=k Ti;3+c (74)

D, : Matrix obtained by replacing the first column of D with B.

Dx: Matrix obtained by replacing the first column of D with
~[Pij X Uui3,3000]".

Dy-: Matrix obtained by replacing the first column of D with
[Momi(—Mrm.i)]"

Coefficients kp, ¢; are defined for convenient description

ki =|Dx |/ |D|
. 75
{clzwy /1D] )
Similarly, k,, ¢, can also be defined. Thus,
Tiiv123 = ko T 53 + co. (76)

Next, we will prove k; is positive in any reasonable case.
Set P;, as the projection of u;, in the plane determined by
U(;—1)y and w(;_1).. Let o be the included angle between
Py and w(;_1),, v be the included angle between u;, and
U(;—1)z- Actually, 7 reflects the bending degree of the CSM and
v < 0.27. P;; is the hole on Disc; ;, which is passed through

by the cable C;. Let ¥ be the included angle between Oy, P; ;

and Oy; P; 1. When ¥ traverses from O to 27, ¢ traverses from
0 to 27 and ~y traverses from O to 0.27, the value of k| has
been calculated for all cases. Fig. 7(a) shows the relation among
v,y and k; when ¥ = 27. Fig. 7(b) shows the relation among
©,v and ky when ¥ = 0.57. The result shows k; is always
greater than 0, i.e., Tj ; 3, T} ;16,3 are positively correlated. And
since T ; 3,7} i+6,3, 1i,i+12,3 are rotationally symmetric, they
are all positively correlated, which means all increase when one
increases, and all decrease when one decreases.

As a result, when the minimum of
jji,i,3a Ti,i+6,3» n,i+12,3 (’L = ]72 s 6) is equal to Tpres the
two goals of setting the optimal driving forces can be satisfied.
Furthermore, since the variation of the cable force is continuous,
the cable force, which is minimum at the last period can be preset
as T}y, during the Newton—Euler equations’ solution, which can
improve the efficiency of the iteration. After calculation, if the
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Fig. 7. Relation among ki, k2, ¢, and ~. (a) Relation among ¢, ~, and

k1. (b) Relation among ¢, v, and k;.

cable force, which is minimum at the last period is not minimum
this time, the minimum cable force at this time should be set as
Tpre and then the solution that meets the requirements can be
figured out by again solving the Newton—Euler equations.

It has been verified that when the manipulator is in the
reachable space, the coefficient matrix of (72) is nonsingular.
Therefore, (72) must have a unique solution, i.e., theoretically
proving that the moment equilibrium of Link; and HR; can be
achieved by setting the driving forces. In fact, if the values
of T; ;3,7 i+63,13,it+123 can be positive and negative, the
moment equilibrium of Link; and HR; could be achieved by 2
driving forces, and the 2 driving forces are unique. However,
the driving force is the cable’s tension force, i.e., the value
is always positive, so 3 driving forces should drive the joint
together to drive the Link; successfully and scheme the driving
forces uniformly.

It is also worth noting that if ~ closes to the joint limit, the
values of k| and k, would increase significantly or close to 0,
which would lead to too large value difference among the driving
forces and the balance would be hard to maintain.

2) Newton—Euler Equations: After one of the 3 driving
forces on Link; is set as T, the ith Newton-Euler equa-
tions have 12 linear equations and 12 unknown variables.
Equation (72) shows a way how to solve the Euler equa-
tions and Newton equations separately, which would reduce
the calculation cost. Let F'y 2 = 2FN; 2,Vix + 2F N 2y Viy +
FNizcViz, F1,2 = Ti)| Vig + TipViy, Fi34 = 2FNi42Viz +
2FN; 42Viz + FNiyeViy, F34 =123 Vip — T;40;z, then
Fio+ Fi2=Fpni1+Fni2 Fza+ F3zq4=Fn;i3+
FN,,;’4. Let Fg’4 = FN(i+1),3 + FN(i+1),4, then Newton
equations are as follows:

{—FLz =F12 +F;,—S11— S —G; — Fr;

Fi2+F34=—-F12—-F34—Frg;—Gg

(77)

Then, all related forces including the driving forces on Link;
and HR; can be solved by (72) and (77) with much less
calculation. And then all related forces of the manipulator can
be solved through the inward iteration. Afterward, the driving
torques of all motors can be solved. Finally, the inverse dynamics
is completed.
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TABLE |
PARAMETERS OF THE CSM

Item Value Unit
Manipulator size
9120 x 2009 mm
(Without base box)
Arm span 2.09 m
Total mass 10.5 kg
Degree of freedom 13 DOF
Num of motors 19 /
Cantilever load capability 5 kg
Accuracy 2 mm

Fig. 8. Sensors’ configuration. (a) Way of how the cable force trans-
ducer is assembled. (b) Way of how the joint angle sensors are assem-
bled.

IV. EXPERIMENT

The experiments have been presented on a CSM physical pro-
totype to verify the effectiveness of the kinematic and dynamic
models. There are two types of experiments. The first is about
the static tests, which study the cable forces when the manip-
ulator stays in the homing position. The second experiment is
about the dynamic tests, which study the cable forces when the
manipulator stays in motion. Parameters of the CSM have been
listed in Table I.

There are two special sensors on the manipulator. First, a force
transducer is set on the driving module’s end for each cable,
which is for the cable force’s monitoring. Second, two joint
angle sensors are set on each joint, which are for monitoring
the joint parameters and then deriving the end-effector pose.
Fig. 8 shows how the cable force transducers and the joint angle
sensors are assembled.

A. Static Experiment

Experiment purpose: Verify the accuracy of the driving force
predicted by the models, when the CSM is static.
Experiment procedures:
1) Loosen all cables and let the manipulator naturally lie on
the sliding table.
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Fig.9. Cable forces’ recordings in static state. (a) Cable forces’ record-

ing in one experiment. (b) Cable forces’ recording with the new averaged
data.

2) Tension all cables and let the manipulator in an uncertain
posture.

3) Drive the motors, and let the manipulator return to and
remain in the homing position from the uncertain posture.
Keep the error of each universal joint angle less than
0.01°.

4) Read the feedback value of each force transducer every
second. Read a total of 100 times and average the feedback
values. The average data are recorded as 0 4.

5) Repeat the above steps for 15 times.

Fig. 9(a) shows all feedback cable forces in one experiment.
Every single figure shows 3 driving forces that drive the same
joint. Every single cable force in the figures fluctuates with
errors. There are 2 main reasons for that. One is the random errors
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Motion trajectory

—— A

Fig. 10.

Manipulator's motion in dynamic state.

caused by complex coupling effects among the cable forces. For
instance, when the manipulator remains in the homing position,
if the cable forces of Cg, Cis, C;g increase, the cable forces of
Cs, Cy1, C17 would decrease. The other is the systematic errors
caused by the force transducers, such as zero-drift and linearity
errors. Furthermore, the inadequate accuracy of the mass and
geometric dimension would also lead to some small errors.

The above experiment has been repeated to reduce the random
errors. The 15 groups’ data (() 4) of each experiment are averaged
again, which are recorded as (). As is shown in Fig. 9(b), the
slightly fluctuating polylines refer to the new averaged data
()5, and the straight lines refer to the theoretically calculated
cable forces. It can be found that the fluctuations of the cable
forces have been significantly reduced and the errors are within
a reasonable range.

Experiment results: The static test results show that the
measured cable forces fluctuate each time, indicating that the
dynamic system of the manipulator is complex and the coupling
effect among the cables cannot be ignored. However, if multiple
groups of the data are averaged, the random errors would be
sharply reduced and the theoretical driving forces are basically
the same as the feedback values. That verifies the accuracy and
reliability of the proposed models when dealing with the static
problems of the manipulator.

B. Dynamic Experiment

Experiment purpose: Verify the accuracy of the driving force
predicted by the models, when the CSM is dynamic.

Experiment procedures:

1) Let the manipulator in the homing position state.

2) Set the driving torques of the motors the same as the
calculation result of the dynamic method, when the ma-
nipulator does the tip-following motion. Fig. 10 illustrates
how the manipulator moves.

3) Read the feedback value of each force transducer every
0.1 seconds and record the data.

Fig. 11 shows the variation of the cable forces,
andC,,C,,---Cyg refer to the theoretical values, while
Cy; Cay, - - - Cygy refer to the feedback values. Fig. 12(a) is
the variation of joint parameters, and oy, as, o refer to the
theoretical values, while a4y, a(s), (e refer to the feedback
values. It shows that when the joint angle is relatively large,
insufficient rotation may occur. That is because the shortest
cable on the joint would bend more severely, which results in
a bending resistance effect. Fig. 12(b) shows the errors of the
manipulator’s end, including three-axis errors. The experiment
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Fig. 12.  Errors’ analysis. (a) Variation of joint angles. (b) Variation of
end effector errors.

proves that the theoretical driving forces are basically consistent
with the real values during the motion, and simultaneously the
dynamic accuracy is good.

Experiment results: The experiment data show that the cou-
pling effect of the cable forces seems to be weakened in the
dynamic tests, and the cable forces and the joint angles both are
close to the theoretical values. Additionally, the algorithm of the
kinematic and dynamic models works efficiently and reliably,
which means it is applicable to real-time control. Therefore, the
proposed method is practical.

C. Comparison Experiment

The comparison experiment with the conventional methods
has been conducted to verify the advantages of the proposed
method. Compared to traditional Newton—Euler methods [23],
[24], [25], the paper constructs more direct and intuitive models
skipping the intermediate joint parameters. Thus, according to
the experiment, the computation efficiency of the kinematic
parameters is improved by 23.9%. The result of the comparison
experiment is shown in Table II.

In addition, since the traditional methods omit the analysis
of hollow ring force, the modeling error is inevitable. “The-
oretical driving force error” in Table II refers to the relative
driving force difference between the traditional method and
this article’s method. Despite the tiny experiment difference, it
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TABLE Il
RESULT OF COMPARISON EXPERIMENT

Item 1) 2)
om) o)

Joint space &

Computational complexity

Expression of pose information Link Eigen vectors

configuration space

Reference frame With local frame In global frame

Driving force Solving the optimal  Presetting strategy

optimization method objective function of driving forces
0.21 ms 0.17 ms

1.9% /

Average computing time/per step

Theoretical driving force error

1) Conventional Newton—Euler method. 2) New Newton—Euler method in this article.

would increase with the increasing speed of CSM. And although
CSM’s motion is still slow at present, it will be faster with the
development of technology. And when CSM’s end acceleration
is more than 10m/ s? in some cases, the theoretical driving force
error could be more than 10%.

Moreover, to confirm the reliability and efficiency of the
method, we have tested various trajectories on the CSM.

V. CONCLUSION

While the sufficient DOFs of hyper-redundant manipulator
bring extremely flexible motion performance, it also challenges
the more complex kinematic and dynamic algorithms. The ex-
cellent motion control should be not only efficient and stable,
but also draw out the super dexterity of the hyper-redundant
manipulator. Based on the widely used tracking geometric curve
method, the paper reconstructs the kinematic and dynamic mod-
els in the global coordinate system with the link eigenvectors.
And based on the new models, the manipulator’s mechanics and
the Newton—Euler equations are optimized and simplified. Thus,
the dynamic solution can be obtained precisely and quickly
with a reliable solving process. The experiments prove that the
cable driving forces are optimized and the motion accuracy and
smoothness are also improved. And the comparison with the
traditional methods shows the improvements in efficiency and
accuracy.

However, as the research went by, we also found a series
of issues that have not been resolved but are worthy of further
study. When the universal joint angle is close to the limit, the
relations among the driving forces may change significantly,
and some cables may even have severe bending effect. That
would affect the driving of the joint. Later, we will study the
ways of how to weaken these effects, such as setting T,
dynamically, optimizing the mechanical structure. In addition,
the complex coupling effects of the cables would cause random
errors. Next, we will research and try to grasp the coupling laws.
And that could not only furtherly verify the correctness of the
dynamic model, but also is conducive to achieving the more
precise dynamic close-loop control. Furtherly, we will also study
the forward dynamics of the CSM according to the proposed
method, so as to facilitate the dynamics optimization and the
simulation of the manipulator.
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