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PREFACE 

Assalamualaikum & Peace be Upon You 

Thank to Almighty God who has given His bless to the writers for finishing this 
mathematic module entitled "Mathematics Engineering 2: Integration". 

The writers also wishes to express their deep and sincere gratitude for those who have 

guided in completing this module. This module contains parts of the Engineering 
Mathematics 2 course syllabus of polytechnic which covers the topic of Integration. 
There are some useful learning material and examples that can help the students to 

learn Integration. 

Those learning material can also be used as the guidance for those who didn't take 
additional mathematics in secondary school and as a reference for newly trained 
lecturer in this field. 

Hopefully, this module can help the students and lecturer to expand their knowledge 

about mathematics. 

Author 
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CHAPTER 3: INTEGRA T!ON 

11/fl'(){}((tTl()I/ ) 

Integration is the inverse of differentiation and also called as anti-derivative or anti differentiation. 

Exa mple: 

y= 5x 

Understand Indefinite Inte&rals 

The definition of the symbol : 

if dy = 5 
dx 

y =? 

,', y = f 5 dx 

y =5x 

f J(x) dx 

i) f J(x) dx is a collection of functions 

ii) f is an integ~al sign 

iii) f is called integrand 

iv) X variable of integration 

v) dx with respect to x 

••• 
2 

J 

C is called the constant 
of integration. 



CHAPTER 3: INTEGRATION 

Indefinite Integrals Formulas 

No Derivative Formula Indefinite Integrals Formula 

d f o dx=c 1 -(c)= 0 
\ dx 

~(x" )= nx"-1 
X11+l 

2 f x" dx =-+c, n :;t -1 
dx n + 1 

d ( 11) 11-l 
ax"+I 

3 - ax =anx f ax" dx=-+c, n :;t-1 
dx n+l 

d ( b)" ( b)"+I ( b)"+I 
-ax+ =nax+ •a f (ax+b)" dx= ax+ +c, n :;t -1 

4 dx (aXn + 1) 

( , b)"+I = an ax+ 
d d ~ f kf(x) dx = k f J(x) dx 5 -(kf(x)) = k-(f(x)) 
dx dx 

d d d f [i(x)+ g(x)] dx = f J (x) dx + f J(x) dx 
6 

-(J(x)± g(x)) = -(J(x))±-(g(x)) 
dx dx dx 

7 ~(1n lxl)=! f _!_ dx = 1n lxl + c 
dx x X 

~(eax )= ae"x 
ax 

8 f ae"x dx = !!!!__ + C = e"x + C 
dx a 

9 ~(sin x)=cos x J cos x dx = sin x + c 
dx 

10 ~(cos x)=-sinx J sin x dx = - cos x + c 
dx 

11 ~(tan x)= sec2 x J sec2 x dx = tan x + c 
dx 

12 d ( x) x I ex dx = ex +c - e =e 
dx 

••• 
3 



CHAPTER 3: INTEGRATION 

11/{)Ef"IIIITE II/Tl"~Rl1T1011 Of" l1t~EBRl1/{J f"tlll{JT10llt ) 

InteKI"ation of a constant 

fa dx=ax+c 

EJr'A!f PtE t 1 
Find the integrals: 

a) f 8 dx , b) f-5 dz 

c) f ✓3 dy 
d) ~f dx 

, 

e) IR dx 
f) f-i dm 

g) f O dk 
h) 

f db 

!OttlT/011: 

a) f 8 dx b) f-5 dz 

=8x+c =-5z+c 

c) f /fdy 

= ✓3y+c 
d) ff dx 

2 
=- x+c 

7 

e) f [ dx f) f-i dm 

=Rx +c 
6 

=--m +c 
9 
2 ... 

=--m+c 
3 

••• 
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g) f O dk 

=Ok+c 

=c 

Find the integrals: 

a) J2 X 
r L 

:- :).--.. -1-1:.. 

c) J},,·dm 

-
~ ::i--

- ""· t- c.. 't ·1· 

e) J 7l' dz 

~1r~ .\"c. 

g) Jo dn 

=-&tt'+--, 

-- C, 

i) f-✓9 dx . 

~-~'}\+-C 

" -9'.L ..\ (_ 

••• 
5 

CHAPTER 3: INTEGRATION 

h) I db 

=II db 

= lb +c 

=b+c 

b) f-9 dy 

-:.--q~ +-c 

d) J-i dx 

l"' + C. 
~ -

~ 

f) f 0.56 dn 

- 0 ·&'"" E."'- 't'- c.. -

h) f !¥ dv 

= J \~ "r C. 

C 

' s + C. 

j) I df 

-::c ·~ -\--I:.. 



CHAPTER 3: INTEGRA T!ON 

InteKJ'ation of an al&ebraic function 

The integrals of Jax dx, f x" dx and Jax" dx where a and n is a constant real number. 

i. 

ii. 

iii. 

E)(/11'/P/E 2 

fax dr. 

f x " dx 

ax".,.1 

=--+ c 
n+l ' 

x ",..1 
=--+c 

11+ I ' 

ax 11+1 

fax" dx =-- + c 
n + l ' 

J 

Find the integrals: 

a) I x 6 dx 

c) f dx 

2x 2 

e) f 4✓x dx 

n '# - 1 

n * -1 

J 

n'#-1 

b) J 9x
3 dx 

d) f-5 

2
x-

6 dx 

t) f dx 
-Jx 

••• 
6 



t{)ttffl{)I/: 

a) J x 6 ax 

c) 

x6+1 

=-+c 
6+1 
x1 

=-+c 
7 

e) J 4✓x c1x 
I 

= J 4x2 dx 

3 

4x 2 

= ½ +c 

2 ~ 
=-•4x 2 +c 

3 

=!R +c 
3 

CHAPTER 3: INTEGRATION 

II b) J 9x3 
c1x 

~ 
~ / 9x 4 

=-+c 
4 

q.. 
}'\ 

:+G-:J {)'\_ 
- 3 

'}-

~- ' --- ti ~ 
J-

I J_ o1~ d) s-25 x-6 dx 
;)..'rl,1-

sx-5 

=---+c 

I 
2(-5) 

h~71~ 
x-s 

=-+ c 
2 

ryl~ 
1 

=-+c 
2x 5 

t) 

( 
'rt):,_~ 

(T 
-ryi 3:--

1 
~ ry\~ 

••• 
7 

I 

x 2 

= ½ +c 

= 2✓x +c 



Find the integrals: 

a) I x3 dx 

) ~ I 
::: 'l\ -'> \- l 

'h 'I-
-t- <.. -1t 

c) f x-2 dx 

::-
')\_;i.l- \ 

--
-'.>--\-\ 

_, 
~ ()\ -- ---- I 

e) 
5m4 

f-7- dm 

r1v1't-"'"1 
~ -1-\-+~\) 
~ Xm 5 - t-

)\ 

g) f J_ dk 
k8 

'.::'. -'-
f' 

.::,. 
- at I 
~ -

- I(- -t-\ 

i) f ✓n dn 

I \ 
n-2-

-

' ~ \ --
')..-

-

C-

t'\\-' 

,4 I 3 [A11s :~+ c) b) 6x dx 

[Ans:- +. +c] d) f _ _I_ dx 
✓x 

;c - ~ 
'li• 
l ~ I 

:: ;:2.11,· >--- +- I:.. -_ l -t 1 \ 
1115 f) 

[Ans :- +c] 

-\vis- 7 

\- c:. ~ 
1-

[Am :--
1 

+c] h) 
7k7 

-=t-

..L 
- ':l-

"'--- - '_l__ -r c. 
~-~¥--'I 

[Ans}µ +c] 
3 

--
...... -

j) 

--

l ~ ')_ 

- 1 \j 
,. 

-~ 
J ¾nx dx 

l 1!" 1\+1 

1t 

=irn t- C 
1 

-~ , -, 
3 

••• 
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CHAPTER 3: INTEGRATION 

-

::: 

...... -

+- ('_ 

I 
,),v-
--

3,.4 
[Ans: ~ +c) 

[Am: -4£ + c] 

. 
~ 1 
~ 

').. 

4J;; +t.. 
I 

I 
[Ans: - 6 + c] 

y 

) - t-- c.... 
jL 

[A ns: ~ l!X 2 + c] 
8 



CHAPTER 3: !NTEGRA T!ON 

Inteil"ation of a function involvinK addition and subtraction 

i. Addition of integration 

f [f (x) + g(x )] dx = ff (x) dx + f g(x) d,; 

ii. Subtraction of integration 

f[f(x)- g(x)] d,; = f f(x) dx - f g(x) d,; 

J 

7 
Find the integrals: 

c) f (2m-8)(9m+5) dm 

.f()ttffl()II : 

a) f(3 x2 +4)dx 

= f 3x
2 

dx + f 4 dx 

3x3 

=-+4x+c 
3 

= x3 +4x+c 

••• 
9 

b) J( 7a 2 - 45a) da 

d) J( 6x-
2
: 3x

4
) dx 

t) s (3✓x + l) dx 

b) f ( 7 a 
2 

- :a) da 

= f 7a
2 

da- f ~a da 

7a 3 4a 2 

=-+-+c 
3 5•2 

7a3 4a 2 

=-+-+c 
3 10 



c) f (2m-8)(9m+5) dm 

J (18111 2 + 1 Om - 72111 - 40) dm 

J (18111 2 - 62111 - 40) dm 

f 18111 2 dm - f 62m dm - J 40 dm 

= 18111 3 - 62111 2 -40111 + c 
3 2 

= 6m 3 
- 31111 2 

- 40111 + C 

= J -9 dx - J x-2 dx 
- I 

= -9x _ __::__ + C 
(-1) 

1 
=-9x +-+c 

X 

Find the integrals: 

a) f (8x 2 + 2x + 6) dx [Ans , !x3 +x2 +6x+ c] 
3 

-:- ~ 81''0.'\ ~ ~'\. c:l.'1-. '\- ~ I., ~'l\ 

::- 8 l').s 
;). 't,. ... 'I- -+ C--1\ 

~ 0., 

==- ~ ~ 
-'I'\ \- 0 .,_ .\-t.rt\. + C 

?, 

CHAPTER 3: INTEGRATION 

d) f ( 6x-2 : 3x4) dx 

=f 6x-2 dx -J3x4 dx 
X X 

= f 6x-3 dx -f 3x3 dx 

6x-2 3x4 

=----+c 
-2 4 

3 3x4 

=---- + c 
x2 4 

I I 

= f 3x 2 dx + f 2x -2 dx 

3 .!. 
3x 2 2x 2 

=-+- + c ½-· ½ 
2 ~ .!. 

= - • 3x 2 + 2 • 2x 2 + c 
3 

= 2R +4✓x +c 

b) f (3x 4 +2x 2 -7) dx 3 5 2, 3 
[Am :- x + ...:.. - 1x+ c] 

5 3 

-:- ~ ",'\\\,\-,,. ,._ ~ :i.~o\"'- - ~ :i- ah 

= ) ')\ '+~l 

~,._J -\-
- 1- 7\ s--

(, 

1 
7 

J_ "/',:• 't-
..t._"" 

1 
- 4"1\ ~ c..¥-t 

1 

.. 

• • • 
10 



CHAPTER 3: INTEGRATION 

[Ans:x+ i +c] t) f x(6-x4
) dx 

X 

- 2 \.6 
[ Ans: 3x _.:_ +cl 

6 

g) f (x+I)(3x-4)dx 
, 2 

[Ans: x3 - .:...._ - 4x+c) 
2 

~ } l ~ 'r\i - I)\.. - 't) c1i" 

a ~ \ :, q,__ - ~ 1\ ol-. - ~ ~ ;,-
:::::-- ~i'. - "'{\). 

--- - - 1t, 
) l. 

:: ~ ( ~'l\ - ,,.,_r ) e,4..,._ 

. :: ~ t" o\'1\ - ~ ,,.s .i .. 

:: 
"~ 1 

,4 

- - 'Y\ 1--c., -~ 

C. 

::; lt-...'). r/1' +- C - -
b 

:: J J;;_s- - \ )-~"f\. L ~~ 
t-

••• 
11 

[A ns :iU- 2/; +c] 
5 



( ?- 1, 
1 - ). ,\ -J.. 111> .J-_ '-t }l'). 

7\':l ') ~ 
- '-t~ 't I'\ CHAPTER 3: INTEGRATION 

i) f (.8 x - 1/ dx 

:: ~ l ~ - \ JL 

'l,. 1 
k) f 6✓x + r::;- dx 

'\/3x 

m) f (x+2)(x-4x
2

) ·dx 
X 

64,3 2 
[Ans:-·-- s.r +x+c] 

3 

7x2 4.r3 
[Aus: ----+2x+c] 

2 3 

f 
() ' , 2 

j) (x - 2x-) dx 

I) f (1-x)~l +x) dx 
X 

,3 4 4,-5 
[Ans :.:_-.r + - · +c] 

3 5 

[Ans, _.!__ .r+c] 
.r 

n) f 2(x2 + 3)(x-2x3
) dx 

x 3 

••• 
12 

4x3 6 
[Ans -10.r - - + - + c] 

3 X 



CHAPTER 3: INTEGRATION 

Intei[ation of a composite function 

Integration of a composite function is also known as integrals by using Formula Method. 

Refer to the following formula, the integrals of f (ax+ b )" dx, a and 11 is a constant real 

number. 

f( b)" d (ax+b }'1+
1 

ax+ x = ~ (,--"-s)- + c, 
a 11 + I 

\ 

Find the integrals: 

a) f (3x+l) dx b) f (2x - 4)2 dx 

c) f (5 - 8k t3 
dk 

3 

d) f 9(2t + 6)4 dt 

e) I (6m ~4Y 
dm f 8 dx f) 

3✓2-7x 

! ()t(ffl()I/: 

a) f (3x+l) dx b) f (2x-4)
2 

dx 

(3x + 1)1+1 

= +c 
(2x-4)2+1 

= +c 
3•2 2•3 

(3x + 1)2 = +c 
(2x - 4)3 

= +c 
6 6 

c) f (5-8kt3 dk 3 

d) f 9(2t+6}i dt 

(5 - 8k)-3+1 
3 = +c 9(2t + 6)4+l 

- 8(- 2) = ¼ +c 
(5 - 8k)-2 2• 4 

= + c 7 16 9(2t + 6)4 
1 = ½ +c = +c 

16(5-8k)2 

= 1sv(21 + 6)7 
+c 

7 

••• 
13 



e) f ( 1 )2 dm 
6m-4 

= f ( 6m - 4 t2 dm 

_ (6m-4t1 
- 6(-1) +c 

1 = +c 
-6(6m-4) 

Find the integrals: 

a) f (x+ 3)4 
dx 

c) f6(4z -lt3dz 

[Ans: (x+J)5 +c] 
5 

[Ans: --
3
- +c] 

4(4:-1)2 

b) 

d) 

-

••• 
14 
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f) f----=8= dx 
3-h - 7x • 

= ~ • ( -% )✓ 2 - 7 X + C 

-16~ 
+c 

21 

f (7-5x)2 dx 

f -J2y+ 9 dy 

[Ans: (7-Sxf +c] 
-15 

[Ans: J(2y+ 9f +c] 
3 

4 



CHAPTER 3: INTEGRATION 

e) J 8 d 4 f) f dz 2 
3~2-7: 

6(t - 1)2 t 
[Ans :-n+c] 

3 1-1 
(2 - 72}1 

[Ans: --
1
- +c] 

I 
\ 

~ 

g) f V(s xn- 6)4 
dx [Ans:--

3
"-+c] 2~ 

5~{5x-6) h) I 3dx [Ans: 
✓I-9x 3 

+ c] 

••• 
15 



CHAPTER 3: !NTEGRA T!ON 

IIITE~Rl1TIOII Bf/ !(.(!JfffT(.(T/011 ) 

Linear Substitution 

Integration by substitution is the introduction of a new variable to convert the integrand to a 

standard form which can deal with. 

f J[g(x)]x g'(x) dx 

STEP 1 : Substituteu = g(x ) 

du ( ) du- · 
STEP 2 : Differentiate u = - = g' x dx and dx = -() 

dx g' x 

STEP 3 : Substitute g(x) = u and dx = d(u) into the original function 
g' X 

STEP 4 : Solve the integral 

STEP 5 : Substitute u = g(x ) for the final answer 

Student should be able to visualize 

the integrand as a product of a power 

i of a differentiation function g(x) and its 

derivative g'(x) 

••• 
16 



EXll!fPLE5 

Find the following integrals by using substitution method : 

a) f(4x -3)3 dx 

c) {(l-~k)6 )dk 

e) f-
2 

dx 
3(8- x)4 

!()LtfflfJII: 

a) f(4x-3)3 dx 

u = 4x -3 

du= 4 
dx 

dx = du 
4 

= f u3 du 
4 

= .!_ f u 3du 
4 

= ¾[i~4

] + C 

= (4x -3)
4 

+c 
16 

b) 

d) 

f) 

b) 

••• 
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f(sx+4Y c1x 

f 02 (0 3 -2)
4 

de 

fx) 4+x
2 

dx 

f(s x +4Y c1x 

u = 5x +4 

du =S 
dx 

dx = du 
5 

(4x - 3)4 

= -'---~'-+C 
16 



g) 

u = 1- 2k 

du= _2 
dk 

dk = - du 
2 

= \\6 (- d;t) 

= _ _!_ f (u t 6 du 
2 

= _ _!_ [~]+c 
2 -5 

1 
=---+c 

10(1- 2k )5 

2 dx 
3(8 - x)4 

u = 8 - x 

du =-l 
dx 
dx = -du 

2 
= f- - (-du) 

3(u)4 

= IJ(ut4 du 
3 

2 [ · -
3

] =- _u_ +c 
3 - 3 

2 
= 

( )
3 + C 

98 - x 

d) 

h) 

••• 
18 
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f 0 2 (0 3 -2)4 d0 

u = 0 3 -2 

du= 30 2 
d0 

d0= du 
30 2 

= f 0 2 (u)4(
3
~~) 

= ..!_ f(u)4 du 
3 

=½[i~' ]+c 

(0 3 
- 2)5 

= ~ -~+c 
15 

I 

fx)4+x 2 dx=fx(4+x 2
)2 

u = 4 +x 2 

du= 2x 
dx 

dx = du 
2x 

1 du 
= f x(u)2 -

2x 

1 .!. 
= - f u 2 du 

2 

=½["; ] +, 

3 

= (4+x
2
)2 +c 

3 .. 

dx 



CHAPTER 3: INTEGRA T!ON 
___,,,,, 
~ -· a1_. _l"A=i_l11._'!E_5 __ ] ________________ _ 

Find each of the following integrals by using a suitable substitution: 

a) f 6p (3p 2 - 2Y dp bi_d b) f ~+2x dx [Ans: ln lr2 + 4x)+ c] [Ans: +c) 
9 x- +4x 

-
' 

I 5 6 I (2x -4)4 dx [Ans: 2(2x -4)4 + c) d) I dx 3 
c) 

(4x +3)3 [Ans:--f- +c] 
5 4(4x + 3 

e) f ~m 2 -4 dm [Ans: h1(2m3 -4m -5)+c] 
f) f 3x (1 - 2x2

) dx 

2m -4m-5 La [Ans: - +c] 
8 

••• 
19 



CHAPTER 3: INTEGRATION 

du = f' (x) Substitution 

( 

du= J'(x)dx J 
Let u = J(x ) for some function f. The differential of u, denoted du. 

Characteristic of u 

► the term under a root or raised to a power 

► the exponent of an exponential function 

► the logarithm 

► the term in the denominator 

► the term inside a trigonometry function 

Find each of the following indefinite integrals by using substitution method: 

a) f x e·'' dx b) f 2x(x 2 
-1)4 dx 

c) f 4dt 
✓4t+3 

d) f xJf-7] dx 

e) fx.Jx-3 dx 
t) I (4~r 

••• 
20 



!tJLtffltJI( : 

c) 

u == x 2 

du == 2x dx 

f xe'' dx= f(½) e'' (2x dx) 

4 dt 

I ✓4t +3 

u == 4t +3 

du== 4 dt 

f ~ == f (4 dt)I 

✓4t + 3 (4t +3}2 

(du) l _ _!_ 

== J-1 == f-1 du == f u 2du 
u2 u2 

b) 

d) 

••• 
21 

CHAPTER 3: INTEGRATION 

f 2x(x 2 -1)4 dx 

u == x 2 
- I I 

du== 2x dx \ 

f 2x(x2 -IJ dx == f{x2- l)4 
(2xdx ) 

== f u4 
du 

f x~dx 

u = I- x 2 

du =-2xdx 

f x✓(I- x 2 ) dx=-½f x (u)½ (-2xdx) 

1 _!_ 

=-2f u 2 du 



f x.Jx-3 dx e) 

u =x-3 

u+3=x 

du= l dx 

I f x.J x - 3 dx = f (u + 3 Xu )2 du 

___,,,,,. 

3 I 

= f (u )2 + 3(u )2 du 

[ 
5 l - 3 

2u 2 -
= -

5
-+2u 2 +c 

5 
2(x-3)2 3 

= --'-----''-- + 2 ( X - 3 )2 + C 
5 

~ -- ,-~'I\ EXER61.fE6 ) 

f) f 
dx 

(4x-3)2 

u = 4x -3 

du= 4 dx 

CHAPTER 3: INTEGRATION 

f dx - f·'_!_ ( l )(4 dx) 
(4x-3)2 - 4 (4x -3)2 

= _!_f-!, du= _!_f u-2du 
4 u- 4 

Find each of the following integrals by using a suitable substitution : 

a) f 3(8y - l)e4
"

2

-" dy 

[Ans:3e4Y' - _v +c] 

b) f 
3y d 

5y 2 +4 y 
[Ans :~in(s ,,Z +4)+c] 

10 • 

••• 
22 



CHAPTER 3: INTEGRATION 

f x 2 (3 -1 Ox 3 )4 dx (3- I0x3 r I 

c) [Ans : - +c] d) 
f ✓I:4x 2 dx (1 - 4x2 £ 

150 [Ans: - +c] 
4 

\ 

, 

e) f 2a
3 

+ I da .. I f) f z(4z 2 -5)4 dr [Ans: ~ (4z2 -51 +c] 
[Ans: - ~ r +c] 40 

(a 4 + 2a )
3 

4 4 + 2a 

f _l!__ dz 
2x 3 

g) (Ans: tn(: 2 +5)+ c] h) f dx 4(x + ,t ( t:1 

.Jx -1 
[Ans:--- - 4 x + I 2 +c] 

z 2 +5 3 

••• 
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___., 
~ r•f '· tXEROl!E 1 
I...!::= l 
Find each of the following integrals by using Formula Method and Substitution Method: 

a) f(6x+ 4)4 
dx (6r + 4}5 

[Ans: - ·-- +c] 
30 

FORMULA METHOD SUBSTirnTION METHOD 

-

b) f(7x- 3)2 dx [Ans: (7x - Jf + c] 
21 

FORMULA METHOD SUBSTITUTION METHOD 

,. 

••• 
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7 
[Ans: 2 111 (2x - 5) + c] c) f-- dx 

2x -5 2 

FORMULA METHOD SUBSTITUTION METHOD 

l 
\ 

6 

d) fV8x-2 dx [Ans: 5(8x - 2)5 + c] 
48 

FORMULA METHOD SUBSTITUTION METHOD 

••• 
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e) f 1[ dt [A 11s: -3{i+3t),r + c] 
(1 + 31 )2 3 1 +31 

FORMULA METHOD SUBSTITUTION METHOD 

.. 

f) f (3x 2 -2x+ I)3(6x - 2)dx (3x 2 -2x + 1f 
[AIIS : I c] 

4 

SUBSTITUTION METHOD du= f'(x)dx 

.. 

• • • 
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g) I - 9 

2(9c +5 )4 
de [Ans:--

1 
- +c] 

(9c + sf 

SUBS TITUTION METHOD du= J '(x)dx 

\ 

, 

h) J 3x(1 - 2x2) dx 3 ~ 2y [Ans: -- l - 2x +c] 
8 

SUBSTITUTION METHOD du = J '(x )dx 

••• 
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II/Tl'~Rl1TIO!t Of" REOIPROMt f"tlltOT/0/t! 

i. J ~ d, = In lxl+c, 

J I I 
.. --- dx = - ln lax+hl+c, 11

• (ax+h) a 

iii f f'(x) dx=lnlf(x)l+ c 
• f(x) 

Find the integrals: 

a) s L dx 

c) f~dy 
3y2 +6 

!OLtff/0/t : 

a) JJ_ dx 
2x 

= _I_ f _I_ dx 
2 X 

1 = - lnlxl+ c 
2 

c) f~dy 
3y2 +6 

f(y) =3y 2 +6 

J 

f'(y) = 6y (proved) 

:. f f'(y) dy 
f(y) 

= tnl/(y )l +c 

= tn[3 y 2 +6[+c 

••• 
28 
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lxl must be positive 

a and care constant 

.f'(x) is a derivative of /(x) 

b) f-1
- dz 

9z+3 

d) f-x - dx 
x2 +4 • 

b) f-1
- dz 

9z+3 

1 
= - tnl9z +3l+c 

9 

d) f-x - dx 
x 2 +4 • 

f( y ) = x 2 +4 

f '( y) = 2x 

:. _l_f ~ dx 
2 x - +4 

= ½ tnl/(y)I + C 

=½tn[x
2 

+4[+ c 
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-__,,/ 

=rJ2•~"'· EXER(JltE a. 

Find the integrals: 

a) f i dx [Ans : 6 lnlxl + c] b) f-1 dm \ [Ans: _!_ lnlml + r ] 
X 4m 4 

-

c) f 4y d [Ans _I_ lnly l + c] d) f .2_ dx ( Ans : 2- inlxl + c] 
8 y 2 y 2 2x 2 

e) f-1- dx [ Ans: - lnl7-xl + c ] f) f--2-dx [Ans : _ _!_ lnl4x - 21 + c) 
7- x 4x-2 2 

••• 
29 



CHAPTER 3: INTECRA TION 

g) f __ l_ dx 
9-x 

[A ll.\' : lnl9 - xi + l'] h) f_l_ dk 
8k -1 

[Ans: ~ ln lSk - ii + c] 
8 

i) 
f ~ dx 

sx- -1 
[ Ans : 11115./ - II + c] 

j) f~ds 
8 -2s 2 [Ans : - h,l s - 2s

2
1 + c] 

-

f ___Jk_ db [ Ans : ; h,1 3b
2 

+ 31 + c ] 
8m 2 

[Ans : f h+ - 4m
3

1 + c] f - dm k) 3b2 +3 I) 2-4m3 

4x 
[ Ans : 4 lnlx + 21 + c] f 

2p 2 d 
(Ans: 2-inlsp - 1j + c] f O dx 

m) x- +2x n) 5p·1 _7p 2 p 5 

.. 

• • • 
30 



Integration of exponent functions can be simplified as below: 

1. f e-' dx=e-' +c 

2. f ae' dx=ae' +c 

3. fear dx =_!_em·+ c 
a 

4. f eax+b dx = ..!. eaY+b + C 

a 

5. f ai-'+d d,; = i aebx+d + C 

6. J / (x) e f(x) dx = ef(x) + C 

' 

Integrate the following with respect to x function: 

a) 

c) f e2x-l dx 

b) 

d) 

f 2e 2
' dx 

- x 

f e2 dx 

CHAPTER 3: INTEGRA T/ON 

\ 

e) 
X 

f 4e2 dx f) f 5e 2
' +_i__ dx 

e.lx 

g) I I E d -e X 
✓x 

h) J3xe '
2 

dx 

.... 
31 



!tJLtffltJI( : 

a) f e-3.r dx 

= _.!_e-3-' +c 
3 

c) f e2x-i dx 

e2.r-1 

=--+c 
2 

.r 

e) f 4e2 dx 

g) 

X 

4e 2 

=-+c 
1 

2 
X 

= 8e 2 +c 

f-1
-e'r; dx 
✓x 

1 -
=2f-e X 

2✓x 

= 2e ,r; +c 

dx 

••• 
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b) f 2e2x dx 

= e 2
-' +c 

- x 

d) f e 2 dx 

f) 

h) 

-x 

e i 
=-+c 

1 

2 
-.r 

= - 2e 2 +c 

f 5e2
-' + __!_ dx 

e.lx 

= f 5e 2x + e-3x dx 

5e2-' e-3.r 

=--+-+c 
2 -3 

5e2x 1 
=----- +c 

2 3e3x 

f 3xex' dx 

3 J , = - 2xex-
2 

dx 

3 x' =-e +c 
2 
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l 
Find each of the fo llowing integrals: 

a) f eJx+I dx [Ans .!._ ,3.r+I +c] b) f 6e3- 2-'" dx [Ans : - 3e3- 2-'" + c] 
3 

{e x + e\ r dx 
d) f 2 x' dx [Ans: .!.. ,x' +c] 

c) [Ans: .!.. ,2x + 2x -.!._ ,-ix +c] 
Xe . 

3 
2 2 , 

~ 

_I_ ,r; 
ex _I_ f) f .:.._ dx [Ans :2ef; +c] 

e) f- dx [Ans : - e-' + c] ✓x 
x 2 

I 
_!_x+I h) f cos 2x e sini .,· dx [Ans : .!._ ,sin 2x + c] 

g) f e2x+I 
dx 

2 
[Ans:2e2 +c] 

••• 
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i) J(2 - e2x )2 dx [Ans: 4x -2e2x + _!_ , 4x + c] j) f e' (2- e' )3 dx bd 
4 [Ans:- +c] 

4 

,, 

2e2x - e x 
[Ans}esx _ _!_ ,4x + c] 

J 3e-2x dx 3 k) f dx I) [Ans: ~ , ·r +c] e-3x 5 4 (1+e- 2xJ 41 +,-- .\ 

-

m) J 4x 3 e'' dx [ Ans:e'
4 

+c] 
-7el-5y 

[Ans: ..!.. , J-Sy +c] n) f 21 dy 15 

3 

I 
e ' 

[A11s:2 J1 +e' +c] 
--p 

e i p) ---dx 
o) I-3- dp ~ 

2 
[Ans: - -

3
- +c] 

-p 
15e2 

... 

• • • 
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IIITEQR,111()11 ()f" 'lllQ()l/()1'f£mlO f"tfllOTlfJII! 

Integration of trigonometric functions can be simplified as below: 

\ 

1. f sinxdr=-cosx+c 

2. f cos x dx = sin x + c 

3. f sec 2 x dx = tan x + c 

4. f sec x tan xdx=secx+c 

5. f~n axdx=-_!_ cos ax+c 
Cl 

6. f cos ax dt = ~ sin ax + c 

7. f sec 2 ax dx =_!_ tan ax + c 
a 

8. f sin (ax+ b) dt = _ _!_ cos (ax+ b) + c 
a 

9. f cos (ax+b)dx=_!_ sin (ax+b)+c 
a 

10. fsec 2 (ax +bjdx= _!_ tan (ax+h)+c 
a 

f 
. -a cos (bx + d) 

I I. a sm (bx + d) dx = + c 
h 

12 f /b d) d a sin (bx + d) . a cos,, x+ :x= +c • b 

13 f 2 /b . d'1 d a tan (bx + dj . a sec I ' X + I X = + C 
b 

14 f cos2 x 

15. f sin 2 x 

dr = f _!_ (I + cos 2.\~ dx = _!_ (x + _!_ sin 2x) + c 
2 2 2 

dx f I dx I I. = -(I -cos2x) , · =-(-.: - - s111 2x) + c 
2 2 2 

.16. ftan 2 
X dx = f rsec 2 x- l}dx= tan x - x +c 

.... 
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Find each of the following indefinite trigonometric function: 

a) f sin7x dx 

c) f sec2 ~ dx 
2 

e) f cos(8-x) dx 

g) f 2sin3x dx 

i) f (I + cos 3x ) dx 

k) f(5sec 2 X-2COS X) dx 

!OL«T/011 : 

a) f sin 7x dx 

1 
=--cos7x+c 

7 

c) fsec 2
~ dx 
2 

= 2 tan~+c 
2 

e) f cos(8-x) dx 

=-sin(8-x)+c 

b) f cos(-3x) dx 

d) f sin(4x,- 3) dx 

f) Jsec
2
(x+%) dx 

h) f2sec 2 (3x+9) dx 

j) f sin X - COS X dx 

1) f(3cos;-5x 3 )dx 

b) f cos(-3x) dx 

= _!sin(-3x) +c 
3 

d) f sin(4x-3)dx 

1 
=-cos(4x - 3)+c 

4 

••• 
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g) f 2sin3x dx 

= 2f sin3x dx 

= 2(i)-cos3x) dx 

2 
= --cos3x+c 

3 

i) f (I + cos 3x ) dx 

= f I dx + f cos 3x dx 

1 . 3 = x+ -sm x+c 
3 

k) f(ssec2 x-2cos x ) dx 

= f 5 sec 2 x dx - J 2 cos xdx 

= sf sec2 
X dx- 2fcos xdx 

= 5 tan x - 2 sin x + c 

Integrate the following with respect to x: 

h) f 2sec2 (3x+9) dx 

=2fsec 2 (3x+9) dx 

= 2(i)tan(3x+9)+c 

= 3. tan(3x + 9) + c \ 
3 

j) f(sinx - cosx) dx 

= f sin x dx - f cos x dx 

=-COSX -sin x +c 

I) f (3 COS X - 5x3
) dx 

= f3cosxdx-J5x 3 dx 

= 3J cosxdx - f 5x3 dx 

. 5x4 

=3sm x --+c 
4 

a) f sin4x dx [Ans :-~cos 4x+ c] b) J 2cosllx dx 
4 

.... 
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c) f 6sec2 (4- 2x) dx [A11s: - 3tan(4- 2x)+ c) 
d) Js in(~ -2x) dx [Ans :~ co{¾- 2x)+ c] 

,, 

e) f 4cos(5x + 1) dx [Ans } sin(Sx + 1}+ c] f) f 
. 13x 

dx [Ans:-1-cos l)x +c] 5 sm -
3 13 3 

, 

g) f (5 - 4sin(1r - 3x )) dx [Ans:5x _ icos{rr -3x }+ c) h) J(1 + 2cos x )dx [Ans: x-2sin x + c] 
3 

-.. 

• • • 
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i) f(7 cos5x + 4sin3x)dx j) f secx(tanx + secx) dx: [Ans: secx + tanx + c] 

[Ans: 2 sin 5x -~cos(- 3x) + c] 
5 3 

\ 

, 

., 

( 
3x X) [Ans:3.sin Jx +2cos~+c] 

I) f(cos(x + a)-sin(7x-a)) dx: 
k) f cos 2 + sin 2 dx: 

3 2 2 

[Ans:sin(x + r,)+ .!_ cos(7x - r<)+ c] 
7 

••• 
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Ici~onometry Identity: 

To find the integrals of sin 2 x and cos 2 x , we use the following trigonometric identities 

i. Double Angle Formulae: 

/ 

ii. Basic Identities: 

sin2A = 2sinAcosA 

cos 2A = cos 2 A- sin 2 A 

= 2cos 2 A-1 

= l -2sin 2 A 

tan 2A = 2 tan A 
I - tan 2 A 

sin 2 A + cos 2 A = I 

l+tan2 A =sec 2 A 

1 + cot 2 A= cosec 2 A 

iii. Addition Formulae: 

sin(A ± B)= sin AcosB ±cosAsinB 

cos(A ± B)= cos A cosB + sinAsinB 

(A B) tan A ± tan B 
tan ± =-----

1+ tanAtanB 

Integration by using Substitution involved Trigonometric Identity: 

o For the trigonometric question that have index (power), use the trigonometric identity. 

o Step to solve: 

a. Change the functions using suitable trigonometric identity. 

b. Integrate the new function. 

• •• 
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Find each of the following indefinite trigonometric function: 

a) Jsin 2 3x dx 

c) J tan2 x dx 

ttJLtmtJII : 

a) J sin 2 3x dx 

cos2A = l-2sin 2 A 

2sin 2 (3x) = l-cos2(3x) 

sin 2 (3x)= l-cos(6x) 
2 

sin 2 (3x) = ..!_ (1 - cos 6x) 
2 

1 1 
J -(1 + cos 6x) dx = - fidx - J cos 6xdx 

2 2 

= ..!_ J ldx - J cos 6xdx 
2 

= ½( x-¼sin6x) + c 

1 1 . 
6 =-x--sm x+c 

2 12 

b) J cos 2 5x dx 

d) J sin..!_0 +cos..!.e d0 
2 2 

fsin 2 
X dx = f..!_(l-cos2x) dx =..!_ (x-..!_sin2x) +c 

2 2 2 

fsin
2 

3x dx=f½(l-cos2(3x))dx=f½(l-cos 6x)dx 

1 1 
J-(1 + cos 6x) dx = -Jldx-J cos 6xdx 

2 2 

... 
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b) f cos 2 5x dx 

cos 2A = 2 cos 2 A -1 

2 cos 2 (sx) = cos 2(5x) + 1 

, (s ) cos(I Ox)+ 1 
COS - X = ---'-------'---

2 
1 

cos 2 (5x) = -(cos lOx+ 1) 
2 

f _!__ ( cos 1 Ox+ 1) dx = _!__ f cos 1 Oxdx + f ldx 
2 2 

= _!__ f coslOxdx + f ldx 
2 

= _!__(_!_sin lOx + x) + c 
2 10 

1 . 10 1 =-sm x+-x+c 

c) 

20 2 

1 + tan 2 A = sec 2 A 

tan 2 x=sec2 x-1 

=fsec 2 xdx-fidx 

= tanx-x+c 

CHAPTER 3: !NTECRA T!ON 

J COS 2 X dx = J _!__(l + COS 2x) dx =_!__(X + _!__Sin 2x) + C 
2 2 2 

f cos 2 5x dx = f ½ (1 + cos 2(5x )) dx = f ½ (1 + cos 1 Ox ) dx 

1 1 
f-(l+coslOx) dx=-fidx+fcoslOxdx 

2 2 

d) 

••• 
4-2 

= f sin½e de + f cos½e de 

I e . I e -COS- Slll-
__ 2~+ __ 2_ + C 

1 1 

2 2 

1 e . 1 e = -2cos- + 2sm- + c 
2 2 
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Find each of the following indefinite integrals : 

a) f3s in 2 2x dx 1 1 
(Ans , .!.. (sin .r + .r}+ c] b) J-cos 2 - x dx 

2 2 4 

I ( 3 • ) [Ans: 2 3.r- 4sin 4x +c] 

-
' 

c) J cos3 x sin 2 xdx [Ans :.!. sin 3 x -.!.. sin 5 x+c] d) f COS 2 X Sin 3 X cfx 
3 5 

[Ans :-!.. cos5 x -.!.. cos3 x + c] 
5 3 

••• 
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The following is a list of integration formula for inverse trigonometric function . 

f -l du=cos-1 !!..+c ii. I 
,va2-u2 a 

f 1 d l - I u 
iii. 2 , u=-tan -+c 

a +u- a a 

f -1 I - I u 
l·v --- du=-cot -+c 

• a2 +z/ a a 

f I I -JIU\ v. ,J du=-sec - +c 
u u2 -a2 a a 

f -1 
vi. I 

U,VU
2 -a2 

... 

• • • 
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E)'A,lf PtE 12 

Find the integrals: 

I -dx 

a) ✓16-x2 

t()t(ffl()I/ : 

a) 
f -dx. -

✓16- ~2 

a2 = 16 

a=4 U= X 

du= I 
dx 

du=dx 

CHAPTER 3: INTEGRATION 

f dx 
b) -J 4 

x4x - 49 

f -dx 

.. -J42 -x2 

f 
-1 

a=4, u=x and du=dx ➔ r:;---:; du 
va- -u-

-1 u = cos - +c 
a 

-1 X = cos -+c 
4 

••• 
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dx 

b) J x✓4x 4 -49 

a2 = 49 

a=7 

u2 = 4x4 

u = 2x2 

du= 4x 
dx 

du =dx 
4x 

du J 1 du a = 7, u = 2x2 and dx = - ➔ . • -
4x x-Ju2 - a2 4x 

••• 
% 
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__,,,,.,. 
p:::.- _.., !XtR(Jl!E 12 1 

Find the integrals: 

a) f h dx 

••• 
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[A11s:2sin -1.::. +c] 
2 



b) f -z dz 

✓49-3z4 

• • • 
4-8 
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I fi- ' 
[A11s:~cos_, _ _ +c] 

2v3 7 

... 



c) f~=e3=x= dx 
✓7-e6x 

••• 
4-9 
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I . -1 eJ' 
[Am: - sm r.: +c] 

3 v7 
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d) 

••• 
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IIITE~Rl177()11 Bf/ Pl1RT 

Integration by parts is a rule that transforms the integral of products of functions into other 
I 

(ideally simpler) integrals. The rule can be derived in one line by simply integrating the product 

rule of differentiation. 

If u = f (x ), v = g(x) and the differentials du = f' (x) dx and dv = g' (x) dx, then 

integration by parts states that f J(x)g'(x) dx = f(x) g(x)- f f'(x)g(x) dx 

fu dv=uv-fvdu 

When we using the integration by parts, we use a rule proposed by Herbert Kasube of 

Bradley University advises that whichever function comes first in the following list should 

be u. 

a) Logarithmic functions: In x, logb x, etc 

b) Inverse trigonometric functions: arctan x, arcsec x, etc 

c) Algebraic functions: x2
, 5x 17

, etc 

d) Trigonometric functions: sin x, tan x, etc 

e) Exponential functions: e-', etc 

And the function which is to be dv is whichever comes last in the list 

EXAMPLE 

FUNCTIONS FROM THE RULE 

f X COS X dx U=X 

dv = cos X dx 

J x2 e 2x dx u=x 2.1 

dv = e 2
·•· dx 

J x 2 In 2x dx u = In 2x 

dv = x 2 dx 

fx tan·1 x dx U = tan-I X 

dv = x dx 

••• 
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tXA!fPLEtJ 

Find the following indefinite integrals by using integration by parts: 

a) J x ex dx b) J x cos x dx 

d) J x 2 sin 2x dx c) fx lnxdx 

ttJttmtJII : 

a) 

b) 

f xe' dx 

u=x 

du= l 
dx 
du= dx 

fu dv= u v- f v du 

= x(e' )- f e' dx 

= x{e-' )-e' +c 

J X COS X 

u=x 

du = 1 
dx 
du= dx 

dx 

Ju dv=uv-fvdu 

dv = e' dx 

v = f e' dx 

= e' 

dv = cosx dx 

v = f cosx dx 

=sinx 

= x(sinx)- f (sinx) dx 

= x(sinx)-(-cosx)+c 

= x(sinx)+cosx+c 

• • • 
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c) f xlnxdx 

u = In X dv=xdx 
du 

= f x dx l V 
dx X \ 

dx 
? x-

du=- = -
X 2 

f u dv = u v - f v du 

x2 x 2 

=-In x--+c 
2 4 

••• 
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d) J x 2 sin 2x dx 

u = x 2 

du= 2x 
dx 
du= 2x dx 

f u dv = u v - f v du 

dv = sin 2x dx 

v = f s in 2x dx 

1 
= --cos2x 

2 

= x
2
(-½cos 2x )-f (-½cos 2x) 2x dx 

= x2(-½cos 2x )+ f x cos 2x dx 

U=X 

du= I 
dx 
du= dx 

• cos 2x x- 2 X • 2 =--cos x+ -sm x+---+ c 
2 , 2 4 

••• 
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dv = cos2x 

v= f cos2x dx 

1 . 
=-sm 2x 

2 

CHAPTER 3: INTEGRA T/ON 



___,/ 

~ · fXER(JltE tJ } 

Solve the integrals by using integration by parts: 

a) f x sin 2x dx 

b) fln(2+3x)dx 

. ". 
55 
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!Ans:-~+ sin 2.r +c] 
2 4 

[Ans : xln{2 + 3x)- x + ~ ln(2 + 3.r)+ c] 
3 
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c) J 2x e' dx 

d) f3x sinx dx [Ans :-3x cosx + 3sin x + c] 

... 

• • • 
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e) Jx 2 e2x dx 

••• 
57 



g) I x3e-'' dx 

h) J e-' cos xdx 

••• 
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[Ans: .!. ,-' (cosx + sin x) + c] 
2 
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IIITl"QRlf 17tJII 8(( MR171ft fl'II017tJII 

In algebra, the partial fraction decomposition or partial fraction expansion is a p'rocedure used to 

reduce the degree of either the numerator or the denominator of a rational function (also known as 

a rational algebraic fraction). 

In symbols, one can use partial fraction expansion to change a rational function in the form 

J(x) n numerator 
g(x) = d = denominator l 

The numerator and denominator are 

called the terms of the algebraic 

fr;ic:tion J 
a) If the degree of numerator is less than denominator in a rational algebraic function, 

J(--c) < g(x), It is called PROPER FRACTION 

b) If the degree of numerator is greater than denominator in a rational algebraic function, 

J(x) > g(x), It is called IMPROPER FRACTION 

Technique of partial fractions ;~; j , which can be written as the sum of partial fractions as follows 

J(x) -( .) = F; + F2 + F3 + ... , where 
gx 

a) 

b) 

A1 B1x+C1 
Each F has the form ( ) or ( y , m,n:2:: 1. 

ax+b 
II 

ax 2 +bx+c/ 

g(x) is usually expressed as the product of linear factors (ax +b )or quadratic factors 

(ax 2 +bx+c) 

c) If the degree of J(x) > degree of g(x), use long division to get the proper form of 

f (x) = h(x) + z(x) 
g(x) g(x) 
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Table of Partial Fraction Decomposition 

Algebraic fraction can be expressed as partial fraction as following: 

J(x) Term in Partial Fraction Partial Fraction 

g(x) Decomposition Decomposition 

2x A B Proper fraction with --+--
(x+lXx-3) (x+l) (x-3) 

Linear Factor 

3- x A B Proper fraction with --+---
(x + I )2 (x+l) (x+l)2 

Repeated Linear Factor 

x 2 +l A Bx+C Proper fraction with 

(1-xXx2 +3) (l - x) + (x2 + 3) 
Quadratic Factor t 

quadratic -

Integration by partia l fra ctions has two stages: 

i) Get the form of partial fractions to be integrated 

ii) Each partial fraction was integrated separately 

••• 
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Find each of the following indefinite integrals by using integration by partial fraction: 

a) 

c) 

.f(Jttffl(JI/ : 

a) 

I 2x dx 
(x +lXx -3) 

b) f 3x+ 2, dx 
(4x-3)-

f xi + 1 dx 
(x2 +3Xl-x) 

d) I 
x3 -2 

(x+lXx-2) 
dx 

f 
2x • dx 

(x +lXx -3) 

2x A B 
-:-----c-,--,- - -- + --

(x + l Xx - 3) - (x +l) (x - 3) 

2x==A(x -3)+B(x +l) 

when x == -1 when x == 3 

2(-l)==A(-1-3) 

-2 == -4A 

1 
A ==-

2 

f 2x f A f B 
(x +lXx-3) dx == (x +l) dx+ (x -3) dx 

I 3 
- -

==f-2 - dx +f-2- dx 
(x + 1) (x -3) 

== ..!. ln(x + 1)+ i ln(x -3 )+ c 
2 2 

.... 
61 

2(3)==B(3 + 1) 

6 == 4B 

3 
B==-

2 

I 



b) f 3x+2 dx 
(4x-3)2 

3x+2 A B 

(4x-3)2 = (4x-3) + (4x-3)2 

3x+2=A(4x -3)+B 

exp and 

3x+2 = 4Ax-3A+B 

3 
when x =-

4 

coejficien ts x 0 

2=-3A+B 

3(¾)+2 = B 2=-3A+(1:) 

B = !_2 
4 A=i 

4 

f 3x+2 dx= f-A- dx+ f B dx 
(4x-3)2 (4x-3) (4x-3)2 

3 17 
- -

= f ~ dx + f 4 dx 
(4x-3) (4x-3)2 

=-2-ln(4x-3)-
17 

+c 
16 16(4x-3) 

••• 
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c) 

x2 + 1 A Bx+C 
(1-x){x2 +3) (1-x)-j {x2 +3) 

x2 +1 = A(x 2 +3)+(Bx+CX1-x) 

exp and 

x2 + 1 = Ax 2 + 3A + Bx -Bx 2 + C-Cx 

when x=l 

(1)2+l=A((1)2_-o) 

A=_!. 
2 

coejficien ts x2 

l= A -B 

1 =(½)-s 
B = _ _!. 

2 

coejficien ts x 

O=B-C 

o=(-½)-c 
C = _ _!. 

2 

f x2 + 1 dx - f A dx + f Bx + C dx 
(1-xXx2 +3) - (1-x) {x2 +3) 

1 1 1 
- - x+-

=f-2- dx-f 2 2 dx 
(1-x) (x 2 +3) 

= _ _!.ln(l- x)- .!.f~dx 
2 2 x2 + 3 

= _ _!.ln(l- x)- .!.[f,!-dx+f-
1
-dx] 

2 2 x- + 3 x2 +3 

=--ln 1-x --ln x +3 --tan - +c 1 ( ) 1 ( 2 ) 1 -I ( X ) 
2 4 2✓3 ✓3 

••• 
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\ 



d) 

X + 1 
x 2 - x- 2) x3 - 2 

(-)x 3 
- x2 

- 2x 

x 2 + 2x- 2 
3x 

= (x+ 1)+-,---
x2 - x _,._ 2 

(-)x2 
- X -2 

3x 

f 3x dx=-A-+_B_ 
(x+ lXx - 2) (x+ l) (x - 2) 

3x = A(x - 2)+B(x + 1) 

when x = 2 

3(2)=B(2 + 1) 

6 =3B 

B=2 

when x =-1 

3(- 1) = A(-1- 2) 

-3 =-3A 

A =1 

J 3- x f A f B 
-( ) 2 dx = -( -) dx + -( )2 dx x+ l . x +l x+l 

CHAPTER 3: INTEGRA TION 

f ~ ~3x~ dx =f(x+ l) dx+ f-A- dx +f-B- dx 
(x+ lXx-2) (x +l) (x -2) 

=(~
2 

+x J +!n(x +1)+21n(x -2) 

,.. 

••• 
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___.,,, 
tX&(Jl!E11 

Find each of the following integrals by using integration by partial fraction: 

a) 

b) J 
6 

----dx 
x2 + 2x -8 ( 

(, - 2)) 
[Ans : ln {u

4
) +c] 

••• 
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c) 

d) 

J 6x -1 dx 
x 2 -4x3 

••• 
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[Ans : 2 ln x + .!_ -2 ln(I -4x) + c] 
X 

I ((r -3)) [Ans: -ln -(·) +c] 
6 x+3 



e) 

f) 

Jx2 
+3x -I0 dx 

x2 -2x-3 

J3x3 - x2 -13x-13 
dx 

x 2 - x -6 

••• 
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[Ans: x+31n(x+ 1)+2 1n(x - 3)+c) 

[Ans: l x2 + 2.r + 3~1(.r + 2) + 41n(x-3)+ c] 
2 



g) 

h) 

f 2x -3 dx 
x(x 2 +1) • 

CHAPTER 3: INTECRA TION 

••• 
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e) 

t) 

Jx 2 
+3x- I0 dx 

x 2 -2x -3 

J
3x 3 - x 2 -13x-13 

dx 
x 2 - x -6 

••• 
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[Ans: x+31n(x+ 1}+21n(x - 3)+c) 

[Ans: lx2 + 2x + 3~1(x+ 2)+ 4 ln(x -3)+ c] 
2 



g) 

h) 

J 2x-3 dx 
x(x 2 + 1) 

••• 
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[Ans: ln x- .!.1i,{1 + x2 )+c) 
2 



CHAPTER 3: INTEGRA T!ON 

Definite integral is integrals with the limits of integration. Refer to the following equation, a is a lower 

b \ 

limit of integration and bis an upper limit of integration. f J(x ) dx is read as 'the integral from a to 
a 

b off (x) with respect to x'. 

,, 
f f(x) dx 
l/ 

State the Fundamental Theorem of Calculus 

If a function /{x) is con~tinuous on the interval [ a, b ], then 

,, 
f f(x) dx=F(b)-F(a) 
a 

State the Properties of Definite Intei[als 

No Properties of Definite Integrals 
a 

1 f f(x) dx = 0 
a 

a b 

2 f J(x ) dx =-f J(x) dx 
b a 

b b 

3 f kf(x) dx = k f J (x) dx, where k is a constant 
a a 

b b b 

4 f [r(x) + g(x )] dx = f f( x ) dx+ f g(x ) dx 
a a a 

C b C 

s f J(x ) dx = f J(x) dx + f g(x) dx, where a< b < c 
a a b 

••• 
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Evaluate definite integral by using properties of definite integral: 

f
s 3x2 

b) ~== dx 
o ✓x3 + 2 

2,r 

c) f sinx cos x dx 
0 

21T 

d) f sin20 dx 

f) 

g) 

h) 

1T 

2 

3n 

2 

f 
1T 

4 

f 
0 

2 

.Jsinx +l 

e' i"-'cos x dx 

e-' dx 

I~2x ½ - e 

cosx dx 

.. 

• • • 
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.f {)tt(T/()lf. 

-

2

( 1 ) a) L x2 + x 3 dx 

= f (x 2 +x-' )dx 

2rr 

-4 

1783 

96 

c) f sin x cosx dx 
0 

u = sinx 

du -=cosx 
dx 

du 
dx=-­

cosx 

2

• ( d ) = f u (cosx) _u 
O cosx 

=0 

••• 
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5 3x2 5 J 

b) f~= dx = f3 x 2 (x3 +2r 2 dx 
o -Jx3 +2 

u = x3 + 2 

du= 3x2 
dx 

du 
dx=-

3x2 

5 I d - f3 2( )- - u - .,\: U 2 - ? 

0 
3x-

5 I 

= f u -2 du 
(I 

[
LI½ ]5 

= ½ () 

=[2✓x3 + 2] ~ 
= [2✓5 3 +2 -2✓03 +2] 

=19.7105 

2rr 

d) f sin 20 dB 

" 
2 

[ 
1 ]

2

" = - 2 cos20 .':. 
2 

=[-½cos2(2n)-(-½cos2(%))] 

= [-½-(½)] 

=-1 



u=5/ 

du= lOy 
dy 

du 
dy=~ 

lOy 

= _!_[1641.58-6.41] 
10 

=163.517 

••• 
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3rr 

f) f ,Js in x + l cosx dx 

3n 

2 I f (sin x+ 1)2 cos x dx 

" 
u =s in x+ l 

du 
-=COSX 
dx 

du 
dx=­

COSX 

3n 

2 1 du _ f (u)2 COSX -~ 
- COSX 

" 
3n 

2 I . 

= f (u}2· du 

" 

3n 

=¾[(smx+ 1)¾r 

~ ¾[ ( ,n{3; Hl -(sin(,)+ 1)l l 
= 3. [o- 1] 

3 

2 
- 3 



4 

g) I e sinx cos X dx 

U = Sin X 

du 
-= cosx 
dx 

dx = -33!_ 
COSX 

4 

( du ) = f e" cos x -- . • 
0 COS X ~ 

4 

= f e" du 
0 

= [e" 1 
= [esinx t 

= [1.0722 -1] 

= 0.0722 

CHAPTER 3: INTEGRATION 

1 e-'·dx 

h) i~ 
a2 = 9 

a=3 

••• 
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du .­
-=e· 
dx 

= 64.971 ° - 33.338° 

=31.63°@0.552rad 
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,...__,,,.,,. ------=-'1:! EXERt l!E ts 

Find the integrals: 

I J6(i+/) dy f (x2 -2x)dx ? b) [Ans :4] a) [Ans: -fJ 

0 

-

f2 2(m 2 +2)~m2 -1) dm 
:1 

c) [A ns: ~] d) f 8~2x dx 
[Ans: 0.549] 

2m- 3 I -2 

-

. .. 

• • • 
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e) 
f -dx 

w,ls -4x2 

t) 
2 f _3

_t - dt (Substitution) 
I ( 2 +4 

[Ans:0.705] g) 

••• 
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I 2y f - -- dy (Substitution) 
0 ✓4- y 2 

[Am: -1 8.435 °] 

[Ans: 0.536] 
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!:. !:. 
6 3 3sin X 

h) I s in 2 0 cos 3 0 d0 (Substitution) i) I dx (Substitution) 
(4 + 2cosx)2 0 0 

.. 

[Ans: 0.0354] [A11s: 0.05] 

I 2 

j) f (x+2)e' dx [Ans : 5.572] k) I e2x-3 dx [A11s: 1.334] 

-2 0 

-

• 
. 

• • • 
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Solve the integrals by using integration by parts: 

2 

a) f Zn 2x dx [Ans: 1.0794) 

I 

\ 

, 

I . 
b) f X eJx dx [Ans: 23.786) 

(I 

I 

c) f (x+2) e-' dx 
-2 

[Ans: 5.572) 

••• 
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Find each of the following integrals by using integration by partial fraction: 

a) f 2x dx 
1 (x+1Xx+2) 

[Ans: 0.34] 

b) 
I 12 
f~~~dx 
0 (3 - 2x X3 + 2x) 

[Ans: 1.6094] 

••• 
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3 4 5 
Given that f f(x) dx = 3, f f(x) dx = - . Find the following integrals. 

2 3 
2 

3 

a) f 20/(x) dx 
2 

4 

c) f f(x) dx 

!()Ltffl()!I: 

3 

a) f 20/(x) dx 

3 

= 20J f(x) dx 
2 

=20• 3 

=60 

4 

c) f f(x) dx 
2 

3 4 

= f f(x) dx + f f( x ) dx 
2 3 

5 
=3+-

2 
11 

=-
2 

2 

b) f (-3/(x) - 2) dx 

4 

d) f (3 x - 6f(x)) dx 
3 

2 

b) f (- 3/(x)- 2) dx 

3 

= -f (-3/(x)-2) dx 
2 

3 3 

= 3 f f(x) dx + f 2 dx 
2 2 

= bX3)+[2x]; ] 

= [9 + [2(3) - 2(2)] 

=II 

4 

d) f(3 x-6f(x))dx 

••• 
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4 4 

= f 3x dx-6f f(x) dx 
3 3 

=[3;

2

J: -6(%) 
= [ 3(~)2 - 3(~)2 ]- l 5 

=~-15 
2 
9 =--
2 
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__,.,,,, 
='"' _ ~ ~ .., EXERO!tE t6 
~ ··- - . l 

5 

1. Given that f g(x) dx = -8, find: 
I 

5 5 

a) f -2g(x) dx [A11s : 16) b) f (5g(x)-6)dx [Ans :-64) 

2 8 4 10 
2. If f f(x) dx = - and f f(x) dx = -, find the following: 

- 2 3 2 7 
2 4 2 

a) f 9 f(x)dx +ff (x)dx b) - f f(x) dx 
- 2 2 -2 .. 

178 
[An.s: -!] [Ans: - ] 

7 3 

- 2 2 2 2 

c) f(J(x)+3) cix -2f f (x) dx d) -5 f f(x ) cix+f f(x ) dx 
2 4 -2 4 

248 310 
[ Ans: --] [An.s: --] 

21 21 

.. 

• • • 
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6 2 1 

3. Find the value of following if f f( x ) dx = 9, f g (x ) dx = 3, and f h(x ) dx = 7 
0 ~ 

6 1 {J g(x) dx - l h(x) dx ) a) f 4f(x ) dx + f (- 2h(x) + 5) dx b) l 3 - 1 

[AIIS: 32] [A11s: - 24] 

3 0 1 2 

( 3) 3 c) f f( x ) dx +8f g(x ) dx-f h(x) dx d) f g(x)+- dx+f(-2J(x))dx 
6 2 -1 0 2 6 

[A11s : -40) [Ans: 24] 

••• 
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If PPtf/ TIIE TW/11/IQ.(,(Et IJf' lil1c~R,1T71Jil l 
Calculate area of the iuaph by usin& inte&ration alon& x-axis and y axis 

Area of the Graph (x-~ 

Area of Shaded Region 

(Below x-axis) 
y 

a b 

Formula: 
h 

A = -f .f(x) dr: 
a 

I 

Area of Shaded Region 

(Above x-axis) 
y 

a 
Formula: 

h 

A= f f(x) dx 
(I 

b 

A= f y dx 
0 

If the area of shaded region is below x-axis, than the value is negative. Therefore the formula 

of area is written as A = II f (x) dxl since the area is always positive. While the value is 

positive if the area of shaded region is above x-axis . 

• • • 
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Area of Shaded Region 

(Left side y-axis) 
y 

Formula: 
h 

A = - ff( y )dy 

CHAPTER 3: INTEGRA T!ON 

Area of the Graph (y-axis) 

Area of Shaded Region 

(Right side y-axis) 
y 

Formula: 
I> 

A= ff( y) dy 

h 

A= fxdy 

If the area of shaded region is left side y-axis, than the value is negative. Therefore the 

formula of area is written as A = II x dy l. While the value is positive if the area of shaded 

region is right side y-axis. 

. ... 
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Find the area of the region bounded by the curve y = 2 - x 2
, x-axis with the limit given x = I and 

x =-1 

t()ttm()lf. 

/, 

A= f y dx 
u 

=[2(1)-(~' ]-[2(-l)-<-?] 

=[2-½]-[-2+½] 

=¾-(-%) 
10 . 2 

=-umt 
3 

y 

y = 2- x2 

\ 
__ ..___+X 

- 1 

••• 
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Find the area of the region bounded by the curve y = x + I, x-axis with the limit given x = --4 and 

X =-1. 

.f()ttffl()lt. 

A =If y dxl 

A=II(x+l)dxl 

= [x; +xI:~-
l[ (-1)2 J [(-4)2 JI = -2-+(-l) - -2-+(-4) 

= I[½- 1 J- [ 8 _ 4 ~ 

=l-½- 41 

=1-~I 
9 . , = -unzt -
2 

••• 
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EYA!f PLE ta l 

Find the area of the region bounded by the curve y = x 2, y-axis with the limit given y = 1 and 
y= O. 

ttJt(ffltJI/'. 

y = x 2 

.-. x=y ½ 

h 

A= f X dy 

I ½ 
A= f y 2 dy 

II 

[ 
½
1 ]I y 2 

= ½I) 

=[2f ]-[ 2f] 
= 3._o 

3 
2 . ? = - wut-
3 

••• 
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Find the area of the region bounded by the curve y = - x ' , y-axis with the limit given y = 2 a 

y= 4. 

!()Ltffl()lt. 

y= - x , 

,, 
A= f xdy 

a 

4 ½ 
A= f (-y) , dy 

2 

= 4.762 -1.89 

= 2.872lunit 2 

y 

y = - x' 

••• 
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tXERtltE11 

Find the area of the region bounded by the curve of the following figures . 

a) 

y 

b) 

-1 

y = x(6- x) 

X 

6 

[Ans: 36 uni/'] 

/y = x3 

/ 
I 

,-,,/ 
wf------'-, X 

I 2 
[Ans: - 11ni1 ] 

4 

••• 
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c) 

d) 

y 

y 

X 

y=(x+4)(x -2) 

y = x(x -2 )1 

[ Ans: 36 unit ' ] 

X 

9 , 
[ Ans - u11i1 · ] 

4 

••• 
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e) 

y 

f) 

y 

[Ans:31111i1
2

) 

[Ans: 
253 

1111i1 2) 
12 

••• 
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g) 

y 

,/ y =x \ 
, X 

/ 

[Ans: I01mit 2
] 

h) 

y 

x+ y = y2 

X 

..... 
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Area bounded by a two function 

Area Between Curves 

About x-axis 

y 

y = g(x) 

a 
Formula: 

" 

b 

A= f[ICx)- g(x) ] dr 

OR b h 

A= f f(x)dx- f g(x) d>: 
" a 

t)l'Atlf PLE t9 

X 

a) Find the area between the curve x = VY and y = ✓x. 

y 

••• 
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About y-axis 
y 

a 

b 

Formula: 
h 

A= f Cr Cy) - g(y) ] dy 

OR 
{I 

n h 

A= f f(y)dy - f g(y) dy 

x =ifi 

X 



!(}Ltffl(}/t. 

x=1Y 

Y = x ' 

y=x' ➔ y = x½ 

x ' = x½ 

x ' - x ½ = 0 

x ½(x ½ -l)=o 
:. x1 = 0 x2 = 1 

I ½ 
A = J x 2 

- x ' dx 
II 

5 . ' =-umr 
12 

OR 

CHAPTER 3: INTEGRATION 

}' x=w 

/ ___ V =✓X 
~-•· V 

I I 

A = J x ½ dx - f x ' dx 

••• 
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(I fl 

=[½J-[:·1 
ff _z~H~<] 
=[i-o]-[¼-o] 
=[i-¼] 

5 . 2 
=-umt 

12 



CHAPTER 3: !NTEGRA T!ON 

The diagram shows the area bounded by the curve y = x (6-x) and the line 2x- y = O about 

the x-axis. 

Find: 

i) the coordinates of points A and 8 

ii) the area of the shaded region 

iii) the volume of revolution when the shaded region is rotated through 360° about the 

x-axis. 

y = x(6 - x) ➔ I 

y = 2x ➔ 2 

x(6-x) = 2x 

6x-x2 = 2x 

x2 -6x+ 2x = 0 

x 2 -4x = 0 

x(x -4)= 0 

:. A=(4,Q) 

y = 0 ➔ y = x( 6 - X) 

0 = x{6-x) 

:. 8=(6,0) 

)" 

)' 

y= x(6 - x ) // 
,,.,. y = 2x 

6 

••• 
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4 

A1 = f y dx 
0 

4 

= f 2x dx 
0 

= [ 2;

2 I 
= [(4)2 -(0)2 ] 

= 16unit 2 

:. Area of shaded region = A1 + A2 

= 16+ 28 
3 

76 . , 
=~umr 

3 

6 

A2 = f y dx 
4 

6 

CHAPTER 3: INTEGRATION 

= f (6x - x 2) dx 
4 

= 36- 80 
3 

28 . , = -un.tt-
3 

Find the area of the region bounded by the two functions of the following figures. 

a) 

y 

I 
I 

4 2 
[Ans: 3 unit ] 

••• 
95 



CHAPTER 3: INTEGRA T!ON 

b) 

y 

J y = 2x
1 

+ 1 

------+-------+x 
"-n 

7 2 
[Ans: 3 unir ] 

c) 

y 

X 

9 ' --[Ans zunit ] 

••• 
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Calculate volume of object .:enerated when the bounded reiion is revolved alon.: x-axis and y-axis 

Volume of Shaded Region 

(About x-axis) 

y 

Formula: 
b 

V=n f y 2 dx 

y 

Volume of the Graph 

Volume of Shaded Region 

(About y-axis) 

b 

Formula: 

The shaded region when 
rotated through 360 ' about 
x-axis 

The shaded region when 
rotated through 360 • about 
y-axis 

••• 
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a) Find the volume generated when the shaded region rotated 360° about the x-axis. 

ttJLtmfJlt. 

y =0 ➔ y =2- x 2 

0 = 2- x2 

x 2 = 2 

x = ✓2 

y 

" ---..J -------- X 
V = 1rf y 2 dx 

II 

= 1r f (2 - x
2 J dx 

- 1.4 1 

II 

=1r f(2- x 2 X2- x 2 )dx 
- 1.4 1 

II 

= 1r f 4 - 2x 2 
- 2x2 + x 4 dx 

-1.4 1 

II 

= 1r f 4 - 4x 2 + x 4 dx 
-1 .4 1 

[ 
4x 3 

XS ] II 

=1r 4x --3-+5 - 1.4 1 

=rr[o-(4(-1.41)- 4(-~41)1 + (-1;i)sJ] 

= rr[0-(-5.64 + 3.738 -1.115)] 

= 3.0171runit 3 
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CHAPTER 3: INTEGRA T!ON 

b) Find the volume generated when the shaded region rotated 360° about the y-axis . 

.f()L((Tl()lf. 

y = 2x 2 

l. = x 2 

2 

h 

V = nf x 2 dy 

= n[(6f _ (2)2 ]
6 

4 4 2 

= n-[9 -1] 
= 8nunit ' 

l 

y 

6 
I , 

y = 2x" 

2 

.. " 
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CHAPTER 3: INTECRA TION 

Find the volume of the region bounded when rotated through 360° of the following questions. 

a) Find the volume of the solid of revolution when the region bounded by the curve y -1 = x 2
, 

and the lines x = 3, x = I is rotated through 360° about x-axis. [A ns : 67.7 ;r w,it ' ] 

b) Find the volume of the solid of revolution when the region bounded by the curve y = ✓x, 
and the lines x = 4, x = I is rotated through 360° about x-axis. 

••• 
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CHAPTER 3: INTEGRATION 

c) Find the volume of the solid of revolut ion when the region bounded by the curve y = x½ and 

the lines y = 2, y = -2 is rotated through 360° about y-axis. 16 , 
[AIIS :3 ir1111i1 • J 

\ 

d) Find the volume of revolution when the area bounded by the curve (y- 2)2 = x , the lines y = 2 

and y = 0 is rotated through 360° about y-axis . 

• • • 
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CHAPTER 3: INTEGRATION 

Volume between a curve and a straight line 

Volume of Revolution Between Two Curve _J 

Volume of Shaded Region 

(About x-axis) 

l o) 

" 

Formula: 
b 

V = 1r f [J(x)2 - g(x)"] dx 
,, 

V = Jl"[I f (x)2 dr - J g(x)2 dx] 

••• 
102 

Volume of Shaded Region 

(About y-axis) 

)' 

IM 

(1 

Formula: 
h 

V = 1l" f [f( y)2 - g(y) 2
] dy 

" 

V = Jl"[I f (y)2 d-r - I g(y)2 dy] 



CHAPTER 3: INTEGRA T/ON 

1 
Find the volume generated when the shaded region rotated 360° about the y-axis. 

\ 

!(Jttffl(Jlf. 

a) 
x = 0 ➔ y + 2x = l 0 

y + 2(0) = 10 

y = lO 

X = 0 ➔ y = 9-x 2 

y =9-(0) 2 

y = 9 

y + 2x = lO 

lO- y 
x =--

2 

y = 9-x 2 

x 2 = 9-y 

10' 

9 y + lx =IO 

X 

I 

••• 
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CHAPTER 3: INTECRA TION 

V = 1.[f x 2 
dy - f x 2 

dy ] 
0 II 

= t. f _-_ dy - f 9 - y dy 
[

111( 10 yJ
2 

9 l 
11 2 11 

= 1.[f (10- y)2 dy- I 9- y dy] 
0 4 u 

[ 
(l 0 _ y y ] I II [ y 2 

] 9 

=J. 4(-1)(3) II -fr 9y-2 II 

= 1.[(10-10)' _ (10-0) ' ]-1.[(9(9)-~)-(9(0)-~)] 
-12 (-12) 2 2 

= 1.[ 0 + 1 ~~o ]- 1r[ ( 81 _ 8
2
1 )- 0] 

1000 81 
=--t.--1' 

12 2 
257 . 3 = -t.unzt · 

6 

a) Find the volume of the solid of revolution when the region bounded by the curve y = ✓x, 

y =.:::. , x = 0 and x = 4 is rotated through 360° about x-axis. 
4 
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CHAPTER 3: INTEGRA T!ON 

b) Find the volume of the solid of revolution when the region bounded by the curve y + I = x, 

y = 4- x and the x-axis revolves 360° about x-axis. 

y 

y+ I = x 

[Ans : ~JT1111/J 
4 

c) Find the volume of the solid of revolution when the region is rotated through 360° about x-axis. 

42 1 
[Am: -JT1111i(] 

5 

y = x+2 

••• 
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CHAPTER 3: INTEGRATION 

mmR1r1a 

1. By using a suitable method, find the following integrals : 

a) f-f dz [Ans: - ~= +c] b) f dk [A11s:k+c] 
3 

3 6 

c) f (x + 3){x -5) dx 
X 2 d) f 6 dz [Ans: - - x -15x +c] [A11s:6] 

3 

4 8 , 

e) f✓x3 __ I_dx [A11s: 10.4 12) f) fs s-4-2 ds [ Ans: 3.7096) 
2.x2 2 I S 

g) f 
3m2 d 
--- m 
m3 -7 

[Ans: lnlm
3 

- 71 + c] h) f .....!!_ dn 
n-5 

[Ans: ,7 lnl n - si + c ] 

f 
3z d 

[A11s: ~ 1nl2/ - sl + c] 
dx · 

[A11s:- h1 l10- xi+ c] i) 
2z2 -8 z 

j) f 10- x 4 

x 2 dx I .3 1) f dy I - 1 ( ) 
k) 

f ✓36-4x9 [An.s: - sin - 1 ~ + c] [Ans:- tan y+3 +c] 
6 3 3y 2 + 18y +30 3 

2. By using a suitable method, find the following integrals: 

a) f(I+cos7x) dx [A11s:x + sin 7x + c] b) f(3e x +4sin x) dx [A11s:3e' -4cosx + c] 
7 

c) f ex - sin X dx [Ans:e·' · + cosx + c] e" 
d) J dx 

-J1 + e' 

[Ans:2J 1 + e" + c] 

e) f e " (1 + e' )3 dx hd f) J 
SID X 

dx [Ans: ln(I - cosx)+ c] [Ans: + c] 
4 1 + COSX 

~ " -
6 , 

g) f x sec2 2x dx [Ans:0.28) h) J(1-cosx) dx [Ans:0.547] 

0 " 
6 

... 

• • • 
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CHAPTER 3: INTEGRATION 

3. By using integration by composite function, find the following integrals: 

a) f 
3 dx 

- ✓6x -8 
IAns: - J6x - 8 +c] b) f (2-t3) dt b1 [Ans: - 2 +c] 

91 

c) f ,r dx 
(3x+6)2 

[Ans:- --" - +c] 
3(3x+6) 

d) 
f 

dz I 

( 4 - z)3 
[Ans: ---2 +c] 

2(4- z) 

e) J (1 -cos 2x)
2 

dx [Ans: (1 - cos2x/ + c] f) f (2 + e2x )dx b=1 [Ans: 2 . +c] 
6sin 2x 4e X 

4. By using integration by substitution method, find the fo llowing integrals: 

a) f sin 5 x dx 

c) J-1-dx 
X ln x 

e) J l d0 
(11-30)9 

2 ' I , 
[Ans: ...... cos3 x - cosx --cos· x+c] 

3~ 5 

[Ans: ln(h1 x}+c] 

[Ans: ( \8 + c] 
24 11 -301 

b) J~ dx 
.Jx-2 

d) f2zJ1 + z 2 dz 

f) f ( 1r: ) 2 dz 
5 +3z 

2 3 
[Ans: - (x - 2}2 + 2~ +c] 

3 

[Ans:-~ +c] 
3\5 + 3:1 

5. Find the following integrals by using integration by part: 

a) f 3 r1 +I Xe · dx 
x2ex2+ 1 exi + I 

[Ans:-
2
---

2
-+c] 

2rf' 

c) f x3 cos x2 dx [Ans.0.797] 

I 2° 

6. Integrate each of the following with respect to x: 

a) 

c) 

f-3
- dx 

x 2 -4 

2 - x 
\ )' dx 5+ x-

[A11s.- i1n(x - 2) - i 1n(x+ 2)+ c] 
4 4 

[Ans: - ln(5+ x)- - 1- + c] 
5+x 

b) f cos x ln(sin X) dx [Ans:ls in x ln(sin x)-sin.r+c] 

In 2 

d) f 3x e3x dx 
0 

x2 
b) f--

2 
dx 

16 - x 

[Ans:3.21] 

[Ans:-x - 2h,(4 - x)+ 2 111(4 +x}+c] 

J x+2O dx 21 17 
• [Ans:-ln(x - 7)--1n{x+3)+c] 

d) x2 -4x-21 io io 

7. Find the area of the region bounded by the curve y = - x 2 - 2x + 8 about the x-axis. 

[Ans:361111i1 2] 

••• 
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8. Find the area of the region bounded by the curve x = (y- 1)2 about the y-axis and the limit 

given y = 2 and y = 4 . 

9. Find the area of the region bounded by the curve x = 25- y 2 and x = y 2 + 17. 

26 2 
[Am:-unit ] 

3 

64 2 
[Ans: -1111it ] 

3 

10. Find the volume of the solid revolution when the region bounded by the curve -Jy = x and 

the limit given x = 0 and x = 1 is rotated through 360' about the x-axis. [Ans: .!._ tr llllil 3 J 
s 

11. Find the volume of the solid revolution when the region bounded by the curve x = -)9 - y 2 

and the limit given y = 1, y = 2 is rotated through 360' about the y-axis. 

12. Find the volume of the solid revolution when the region bounded by the curve y = 3(x2 + 1) 

and the limit given x = 1, x = 3 is rotated through 360' ab.out the x-axis. 

[Ans: 609.597,r uni, 
3 J 
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