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PREFACE

Assalamualaikum & Peace be Upon You

Thank to Almighty God who has given His bless to the writers for finishing this
mathematic module entitled “Mathematics Engineering 2: Integration”,

The writers also wishes to express their deep and sincere gratitude for those who have
guided in completing this module. This module contains parts of the Engineering
Mathematics 2 course syllabus of polytechnic which covers the topic of Integration.
There are some useful learning material and examples that can help the students to
learn Integration.

Those learning material can also be used as the guidance for those who didn’t take
additional mathematics in secondary school and as a reference for newly trained
lecturer in this field.

Hopefully, this module can help the students and lecturer to expand their knowledge
about mathematics.

Author
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CHAPTER 3: INTEGRATION

,@ wrooneTon |

Integration is the inverse of differentiation and also called as anti-derivative or anti differentiation.

Example:
dy
=5% f—=35

¥ "y
y = 9

dy ] X Cis called the constant

" E =5 = ,[5 dx of integration.
y=5x
Understand Indefinite Integrals

[ £(x) ax

The definition of the symbol:

i) J.f(x) dx is a collection of functions
ii) J. is an integ;'al sign
iii) [ is called integrand

iv) X variable of integration

V) dx with respect to x



CHAPTER 3: INTEGRATION

Indefinite Integrals Formulas

No Derivative Formula Indefinite Integrals Formula

w0 [odx=c
dx
i vl n-1 . 1 \u+]

2 | L) PR
d n)_ n-1 " n+l

3 ?d—x_(m )—anx I dx—m’l'C, n#-1
d U 0+l (ax+b)n+l
= +b = ax+b ° n . B

4 dx(ax e s ,[(ax“’b) o (@Yn+1) n#-1

=an (ax~+b)n+l

5 | ()= k- (/) () de= k] 1)
d d d N

; Zx’( 1(x)tg(x) = d_( 7))L (g(x) [Lr (o) + gl de = [ £(x) dx+ [ £(x) dx

x dx

d 1 1

7 g(lnw):; J; dx:ln‘x|+c
d . ax

8 E(em)—a ax J‘aea,\' dx:az +c:ea“'+c

9 i(sin x):cosx Icosxdx=sin x+c
dx

10 i(cos x)=—-sinx Ismxdx=—cos x+e
dx

11 i(tan x)=sec’ x Iseczx dx=tan x+c¢
dx

12 .jd_(e"l): e'Y Iex dx = e"’ +e
dx




CHAPTER 3: INTEGRATION

9 INOEFINITE INTECRATION OF ALGEBRAIC FUNCTIONS

Integration of a constant
jadx=ax+c
|
Find the integrals:
a  [8dr by [-5d
9 [Bd " J% i
3 "I-Edm
e) I Z dx f) 9
9 [0dk o Jdb
SOLATION ;
a) [8dx b [-5d
=8x+c =-5z+c
©) J'\/?dy d) J.% dx
=\/§y+c
—3x+c
6
& I %dx f) I——dm
=\/§x+c st
4 -
=—=m+c °

S



CHAPTER 3: INTEGRATION

g [0dk by | db
=0k+c . =Ildb
£ 20\ din =lb+c

} =b+c

Find the integrals:

a [2dr b) [-9dy
S 31’; C ) 2-q 4
T [-5d
c)) IZ m d) 3 X
= e
E o~
o [rd N [056 dn
=MTa ke
® [0dn b | %a’v
“nr ¢ g J\\? =~C
D [-V9 dr D[
._;’;q\ +C = % <
7




CHAPTER 3: INTEGRATION

I tion of an algebraic functi

The integrals of jax dx, Ix" dx and Iax" dx where a and n is a constant real number.

Iax dv = L +c, n#-1
i n+1
i+l
ii. J‘x”dx =n+]+c, n#-1
xn«l
1L jax" dx = +c, nz-1 _-
n+1
) oz |
Find the integrals:
a) J’x" dx b) J’9x3 dx
dx _5 -6
e d —x7 dx
) S ) I >
) [4Vx dx 5 [&
I%



CHAPTER 3: INTEGRATION

SOLUTION .
B [t £
Y6+l "(—3
=——+c )
6+1
7 ) 3
=X +e A__\
£ HD
0 [ \ "L
b3 \ 2
s \
=|—dx o
2
= )
= c | o
2g—1) / »'\/.1\ =
% \
==—+cC i
1 /
=——+c
2x
S
e) J.4x/;dx
1
=j'4x2 dx
3
2% e
%
3
=—e4x?+c
=z ¥ +c \ 174
v N
W
- \}'/}/\

/
=2Jx+c



CHAPTER 3: INTEGRATION

k

:}2

=£ E ;Zﬁ EXERCISE 2 J

Find the integrals:
a) IXS dx [4ns:5=+c] | b) I6x3 dx [An::%ﬂ]
3 Y
N
L\
= ;’ﬁ A~ C
,+
) Ix_z dx [Ans:—l'+c] d) _i dx [Ans:—4\/;+c]
§ L e |
= y 2 It
5. =} X i
Loy L
. -\ W2 !'R +C
- _ﬁl_ < ¥ T 1 -
-\ \ - il
4 = T
e) J‘Si dm [Ans:—+c] f) J.6y dy [A”S-_y—6+5']
7 - Xﬂ‘r
v+ ’ " , Sy =~ Fa~-T*\ )
O . - X = ) = + e
- i +4) i 'jL
+\ ) e
= Lm 4=k
C B oY
FAY T ———
1 N )
g) IF dk [Ans:—%+c] h) I—3y dy [Ans:—%—+c]
_ o 7k Jqyre
=] \ ——— J
— - q s = 1N
. s
k ‘ + 1
. iTEH = il +
= \( i ——’q C B 7 \11 2 .
ree ot = =he. » ¥
— ¢+ k 2
2/3
l) J.\/; dn [AM:EJ'T+E] ]) %nx dx [Ans:%n:t2+c]
. = 53
- b
/] - /)7 “5 /\)"‘
s () e
“u N L .r
— : 1
/ —~ TN xc »
[0
o % 0

Co #



CHAPTER 3: INTEGRATION

I fonof a functon fovolvt iditi L suibitcacht
i Addition of integration

f[f(-V)+ g(x)]dbv = [ f(x) ax + fg(.v) d

ii. Subtraction of integration

[Lr(x)- gl dv = [ £(x) dx - [ g(x) e

Find the integrals:

a) [(x+4)ax b) j(7a2 —4?"] da
) [(2m-8)(om+5)dm " J-(Gx'z—-3x4j %
Bie T o (AN

SOLATION .

=[3x* dx+ [4 dx
. =J.7a2 da—I-—a da
=—+4x+c
3 _7a3 4a’
=x’+4x+c =35t
7a®  4a*
=—4+—+c¢
3 10



CHAPTER 3: INTEGRATION

) [(2m—8)©Om+5) dm

[ (8m* +10m - 72m - 40) dm

[ (18m* — 62m — 40) dm

[18m* dm —[62m dm — [40 dm

3 2
= —1 8;1 - _62m —40m +c¢

=6m® =31m> —40m +c

e) J.(—9—%]dx

=I—9 dx—J‘x‘z dx
=—9x—£l—+c

=D

=—9x+l+c
b 4

=_[6x’3 dx—j3x3 dx

6x2  3x*
= -~ +c
-2 4

=j3x% dx+_[2x_% dx

2
2

1
_3x +2x2 g
=t
/2

) 3 o
=303x2 +202x% +c

=2\/x_3+4\/;+c

/2

.
?:’EZ oewesEs |

Find the integrals:

a) [(x*+2x+6)dx (iS22 17 vl

35

3
[Ans:?.\' +2—3X- -Tx+c]

b) [(x*+2x7 -7) dx

10
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6
9 J'(ExJ —x5 +4x) dX[Ans:E.r4—-x—+2x2+c] d) J.(SX 2\/;—'—) dx [Ans x 25 54—3“]
2 8 6 X
= % = ( Enigm (a0 T (2
= %% _ n — Y-
=N N 3 € m I
2\ o A & - A
B ¢ -1
S I i - &M
2. - -
¢ ~ N Foanta -3 B4/ ms 12y
e — ™
- 6
v [Anszx+%+c] f) Ix(6_x4)dx ['4"5:3"'2‘%*'"]
= % - [ tn = )
it p\“ﬁ ..R 5 A 2 J
n’\’ m— i
) N N {\ Cn dmn =\ p],C' o M
\
=)
- \\ \ 0'\—‘1\ - :_l— 0\7\ - ( '}\: 3
r‘f\" _”:— - :I\__ Lo
C
S N : e
= I\ - 4 +c
SN - - ¥ (53
N
5. )
g) I(x+l)(3x~—4)dx [Ans: x —7—4.\'+c] h) J(x ) dx [AM;EJ:S'_25+C]
J; 5
TSK'%'Y"L'\*'T\‘\’)’“‘L\')(J\W\ T&\l _g L
a )V
_C L ,
| pnni [y
_ N X )
= -y\" ~ = 2\> N ¥
% )7 0\’\\ iq\ 0{\\ _ L‘d’r\ o ')q\
: Y
= LN \"1 L T
o e = 2. - urort
- =
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2 3 (A 5.2 2 5
i) J.(&l—l) dx [Ans: 64:‘ -8x2 +x+cl | ) J(x-—Zx') dx [Ans:—"}——.\-4 +%+C]
=C L r
j (gn-1) TJf}~‘k + YY) o
- \ ( (AN — O \ 4. - (" Q & Py
\ Y SN A\ N \ N o - (\ aand 4 A‘\\!
o :
\ 69V an = on 4 * = N Y
) e A - AN §
- ——"L,‘ — A& L”M A
- 6 5 T T S
N Wb N ) ’
— T 80\ Al Q“ A ~ -
b ) = D =N A _Uj_s n + C
s Cw g -~ 1 m ’ ’)t 5
—~ "o — 2% &

k) I6\/;+%dx

[Ans: 4[§+2—J;+c]
3

\
oW e Ly dv
) ‘7»_‘ n

) _[(1 —x))c(zl +x)

dx

[Ans: —l—.\' +c]
X

m)I(x+2)(;c—4x ) o

7x2 4x3
[Ans : =——— ——— +2x + ]
2 3

X

) J- 2(x? +3)—(3x— 2x?%) e

4 6
[Ans : =10x = —— + — + ]
3 X




CHAPTER 3: INTEGRATION

{itsgcatinn of i fiicad

Integration of a composite function is also known as integrals by using Formula Method.

Refer to the following formula, the integrals of I(ax +b)"dx, aand nis a constant real

number.
J.(a.\'+b)" dsz+c, n# -1
a(n +1)
Find the integrals:
a) [@x+1)dx b)  [(2x—4) dx
9 J(5-8k)7 dk @O [oCr+6)i di
1
e) —— dm 8
oo " g
Sourion .
a)  [(Bx+1)ax b) [(2x-4) ax
3e2 203
_GBx+) _(x-4)
6 6
o J6-8k)7 dk d  [o(r+ 6)i dt
5 _ 8k —3+1
a (_—_)— e 9(2t + 6)%*‘
8(-2) =
(5-8k)” 27,
==——4cC 7
1? _oa+6)i
16(5 - 8k)’ e /2
1842t +6) e
7

13
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1 8 .
7l I(ém_4)z o ? '[3\/2—7)«' &
3 {(Gm_;)-z dm =§ [2-7x)3 dx
6m—4)" !
e I I _§(2—7x)5 .
6(11) —3m+
T () _842-7x

= 5—(—)—— 72 +iC

=§O(—%)\/2—7x+c

—-1642-7x
= +c
21

—
=, O
S£n Y EXERCSE #
=
Find the integrals:

a) j(x+3)4 dx [Ans:(""':)sn] b) J.(7-5x)2 dx [Ans:@+c]

" d) I,/2y+9 dy [Ans: (2-";9)3 +e]

) J. 6(42 - 1)—3 dz [Ans:— o

14




CHAPTER 3: INTEGRATION

8 4 dz T
e) -[6(t—___1)2 dt [Ans : = ; +c] ﬂ J.— [Ans : 7

- (2-72)3

T : - kY4 c / .
) J.3 'r——s'x—_ 6)4 dx [Ans 53[(5-‘4—-—_76 +c] h) J‘\/% [Ans : __Z_.OBL)+C]

15



CHAPTER 3: INTEGRATION

g IWTEGRATION B¢ SYBSTITHTION |

, Substituti
[ntegration by substitution is the introduction of a new variable to convert the integrand to a

standard form which can deal with.

[ le@)lx g'(x) da

STEP 1 :Substituteu = g(x)

STEP 2 :Differentiate u = -dﬁ = g'(x) dx and dx = du-
dx g'(x)

STEP 3 : Substitute g(x) =yand dx = into the original function

du
g'(x)
STEP 4 : Solve the integral

STEP 5 : Substitute u = g(x) for the final answer

Student should be able to visualize
the integrand as a product of a power
of a differentiation function g(x) and its

derivative g'(x)

16



CHAPTER 3: INTEGRATION

Find the following integrals by using substitution method:

a) J(4x-3) dx

SOATION

a) J@x-3) ax

u=4x-3
du _,
dx

du

dx =—
4

_ a2

1
==[uldu
4

1| ut
=—|—|+c
4| 4

4
_ (4x—3) o
16

b) [(5x+4)" dx

d [6*(0°-2)" ao

) [x)4+x* dx

b) [(5x+4)" ax

u=5x+4
du
dx

_du

dx =
5

=5

du
=l =
4
=lIuSdu
4

1w
=—|—|+c
4| 4

4
:M.*_c
16

17



CHAPTER 3: INTEGRATION

g)

u=1-2k
du _ _,
dk
dk=—~ﬂ
2

=I——2—4(—dll)

3(11)

2 -4
= gf(u) du

20w
=Z|—|+e¢
31 -3

18

d)

h)

[0%(0>-2)" a0

u=0*-2
g2
do

do= du

367

aJara de=lafaxt) dx

u=4+x’
du

— =2x

dx

01x=ﬂ

2x

= [ ;’7

1
=lju2 du

| =
N|w|.\m|u

STw

+€

|
S
+
W
N
.



CHAPTER 3: INTEGRATION

Find each of the following integrals by using a suitable substitution:

2 2 4+2x .
a) J.6p (3p' —2)” dp [Ans :M.;d b) I S i dx [An.s:ln(.\"‘+4.\')+ c]
9 X" +4x
J L ] 2(2 4)i d 6
— ¢ e S ] ————— ns: c
) (2x 4)4 dx [Ans: === +.c] ) (4x+3)3 [Ans 4(4_‘_+3)2+ ]
2 3x (1-2x%)dx
e) '[____61’1_3__ dm [Ans:ln(2m3—4m—5)+ c] f) J . ( i )
2m* —4m -5 [ 2]7
[Anx:—:”_gx +c]

19



CHAPTER 3: INTEGRATION

Let u = f(x) for some function f. The differential of u, denoted du.

Characteristic of u

the term under a root or raised to a power
the exponent of an exponential function
the logarithm

the term in the denominator

V V V V V

the term inside a trigonometry function

OAHPIEs J

Find each of the following indefinite integrals by using substitution method:

a) .fx e* dx b) I2x(x2—-1)4 dx

4dt d 1—%2) dx
9 I ) il

% xVx-3 dx dx
) 0 | (4x-3)

20



CHAPTER 3: INTEGRATION

SoTIon

a) Ix e dx b)

u=x’
du =2x dx

d)

]
[s)
—_
Y
=
+
W
~—
|-
, W
+
9}

21

IZx(xz - 1)4 dx

u=x*-1
du =2x dx

J‘2x(x2 —1)4 dx = j(xz - 1)4 (2x dx)

= [u* du
=["'5‘l)1+c

<

e

Ix 1-x7) dx
u=1-x*
du=-2xdx

J-x 1-x? dX=—%J‘x (u)% (~2xax)

= —%Iu% du
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e) IxVx—.?dx f J‘ dx
(4x-3)2
u=x-3
u=4x-3
u+3=x e
du=1 dx S t

1 dx 1 1
Jxm dx =I(u+3)(u)5 du I(4x—3)2 =IZ ((4x—3)2 )(4 dx)

3 I
=I(u)5 +3(u)2 du =_1_.[_.IT du =—1-Iu'2du
47 y* 4
0
2u? 2 l[ll_l:|
= +2u? [+c ==|—|+c
5 4| -1
=2(x—3) +2(x-3)§+c 4 (4X—3)

|

Find each of the following integrals by using a suitable substitution:

a) _[3(8)} - 1)64'1' - dy b) j Sy:zy_{- 4 dy [Ans :%ln(ﬁv‘z + 4)+ c]

2 5
[Ans:3e™ 7Y 4 ¢]

22
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3
3 — 10x~
[An::—i—‘—)g—i-c]

c) Ix2(3 —10.\‘3)4 dx

d |

x

5
—4x* 2
[Ans:—il%[-&-c]

dx

o ‘[( : 4@“+2af

a’ +2a)3

i Vi-ax?
2a° +1 da ' P 1 4l f) jz(4z' -—5)4 dr [An::4—10(4:2-—5)§+c]

2z

g) I_“

2245 [Ans:ln(:2+5)+c]

3
" 1
[Ar:s:-&;—ll;——4(.\‘+l)'2‘ +c]

23
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/ »,
¥ EXEROISE 7

l’”)”

PXs
%

Find each of the following integrals by using Formula Method and Substitution Method:

a) I(ﬁ,\' + 4)4 dx [A:IS:M +¢)

FORMULA METHOD SUBSTITUTION METHOD

b) [(7x-3) dx

[Ans:—(—h——})B+c]
21

FORMULA METHOD SUBSTITUTION METHOD
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7
&) | —ar dx [Ans;%m(zx—s)u]
x—
FORMULA METHOD SUBSTITUTION METHOD
6
d) _"51l8x-2 dx [Ans: 5(8.\‘——2)5 ]
FORMULA METHOD SUBSTITUTION METHOD
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————7[ T
9 ey st
FORMULA METHOD SUBSTITUTION METHOD
) 3 2 _
) [(Bx?-2x+1) (6x-2)ax s, 2 jxﬂ) -
SUBSTITUTION METHOD du= fv (x)dx

LN

26
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— 9 :
=l Ans:—
i J.2(9c+5)4 ‘ ey
SUBSTITUTION METHOD i f' (X) dx
h) I3x(1 —2x2) dx [Ans:-:;.(,_zxzf”]
SUBSTITUTION METHOD du=['(x)dx

27
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§5§;=MWﬁmﬁZWaaaamwn«/%Mﬁ%w@ ]

B

i j-i— dx = In|x|+c,

|x] must be positive

1 1
s I dx=—In|ax+b|+c, aandcare constant

(ax + b)

i, | L 4 In|f (x)|+¢

f(x)

S'(x) is a derivative of f(x)

Find the integrals:
1
a — dx
) J.2x
6y
c d
) I3 7467

SOLUTION
2 | % i

1¢1
=3l3

= lln|x|+c
2

e et
3y°+6

f()=3y*+6
f'(y)=6y (proved)
If(y)
S
=In|f ()| +¢
= ln\By2 +6|+c

b) J.‘)z+3

3 -[xzi4 b

1
b) J“92«0—3

=—1—ln|9z+3|+c
9

D Ix2)14 o

fO)=x"+4
f'(y)=2x

1l 2x
' 2fx2+4

=%mVow+c

=lln‘x2 +4|+c
2

28
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™
=R
28V owrosEs
= J
Find the integrals:
a) IE)- dx [Ans : 6 In|x| + c] b) L dm [Ans : -]‘In m| +c)
X 4dm 4
4y l 5 :
C) I > d [Ans : —In|y| + c] d) — dx [Ans : —Inlx| +c]
8y~ 2 2x 2
1 2 1
e ns : —=In|7 = x|+ ¢ - ns : ——In|dx - 2| + ¢
) '[7—x dx Lns = tnf7 o ] | ) I 4x—2dx (4 2,|4 I+l
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I_ 1 dx [Ans : ln|9-.\' +¢] h) -1— dk [A4ns : llnlsk =1 +c]
g2 9—y 8k —1 8
g _[ l?x Lans < nfsx® = 1| +c] |, I s = ds Lans : = njs - 25+ c]
i) 5x° -1 ) 8-2s’

3b | 5 8m? 2 3

: {ns : —1n|362 + 3| + ] - dm [Ans : —In[2 = 4m’| + c]
k) I317- +3 2 D) J 2-4m’ ’

J-74—_de s 4ln!.\'+ 2‘ 6] I ?p_ . [Ans : E‘||||5p - 7| +c]

m) Jx®42x n) J5p*-7p° ’




CHAPTER 3: INTEGRATION

)g' 5.5 WTEGRATION OF EXPONENT FUNCTIONS |

Integration of exponent functions can be simplified as below:

r

J.e" dy=¢e"+c
2 fae‘ dx=ae +c

1
e“dx=—e" +c

3
a
4 J.e‘“’b dx-—-—l-e‘m'b +c
a
5 j ae™ dx=l ae®™ +¢
b
6. J‘f‘(x)ef"") dx=e"" 4

Integrate the following with respect to x function:

a) [e™ dx b) [2¢* dx
2x-1 _ =X
© Je* ds d) [e? dx
x e o o
e) lde? ax n Ise +;I dx
l & h)y [3xe dx
2) f—e'* dx )
X
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SOLUTION

a) Ie—l\' dx b)

d)

1 -
Lot g )
=R

1 =
——e"" dx
2Vx

=2e‘/; +c

[ 3xe® dx
=if 2xe’ dx
2

2
X

3
=—e' +c
2
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—
== "
si’ﬁf*‘ v ooy |
Find each of the following integrals:
a) fel“' dx [Ans %93““ +c] | b) I6€3_2'\. dx [Ans:=3¢>"2 +¢]
2 ] 1 3
: d 2% dx Ans:—e*
C) I[BA +LJ dx [Ans:lez"' +2.r—-l-e_2"+c] ) IX % [Ans SF el
e 2 2
! e'r
e) J.i—z dx [Ans:—eX +c] f) \/'; dx [Ans 2™ el
Lo 09 h) [cos 2x e dx [Ans:%esmzx+c]
g2) ,[ez dx [Ans:2e2”  +c]
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i) I(Z - )2 dx

[Ans:4x -2 + %34“' +c]

e (2—e“' )3 dx

X
[An::—iz—ei+c]
4

2x X 36—2.\'
k) 2e = £ dx [Ans;ggs"'—.-l-g“"+c] l) f———————dx [An::—%i»c]

e X 5 4 (1 4 e—l,\)J 4(|+F—_,\)>

3 L o _ 1-5y
fit) I4A e’ dx [ +e) n) J. 7281 dy [Ans:%el_s)#c]

ehjp p) I ¢ = dx [dns:2V1+e¥ +c]
0) I 3 dp Vi+e
[Ans:— 23 +c]
=p
15¢2
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Integration of trigonometric functions can be simplified as below:

1 jsin xdv=—cos x+c¢
2 Icos xdx=sin x+c¢
3. J‘sec2 xdx=tan x+c

4, sec X tan x dx =secx +¢

i 1
5 J.sm ax dx=-—— ¢O0S ax +c¢
a
R
6. J'cos ax dyv=— sin ax+c¢
a

1
7. jsecz ax dx=— tan ax+c¢
a

8. J'sin (ax+b) dx=—l cos (ax+b)+c¢
a

9. _fcos (a,\-+b)a'x=i sin (ax +h)+c¢
a

10. Jsec 2 fax+b) dx=l tan (ax+b)+c
a

11 Iasin (bx +d) dx=w+c

12, jacos (bx +d) dx = W+c'
13. j‘asec 2 (bx +d) dx = W+c

14 J'cosz x d.\':J%(]+0052x} dx=%(x+%sin2x)+c

15. J‘sin2 X dx:j%(l—cost)dx:—;—(x—%sian)+c

16. Itan2 x dx = .[(seczx—l)dx:tanx-x e
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&=

Find each of the following indefinite trigonometric function:

a)

)

e)

g)

k)

SOLATION

a)

[sin7x dx
[sec? X ax
2

[cos(8—x) dx
[2sin3x dx
[(1 4 cos3x ) dx

I(Ssec2 x-2¢0s X )dx

[sin7x dx

1
=——cos7x+c
74

[sec? X ax
2

=2tan-)£+c
2

[cos(8—x) dx

=—sin(8—x)+c

b) Jcos(-3x) dx

d) Isin(4x—3)dx

f) Isecz(x +%) dx

h) J2sec’(3x+9) dx
i) [sinx—cosx dx

D) I(3cos§c'—5x3)dx

b) fcos(~3x) dx

- —%sin(—3x) +c

d) [sin(4x-3)dx

1
=—cos(4x—-3)+c
2 ( )
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g) J2sin3x dx h)y [2sec’(3x+9)dx
=2]sin3x dx =2[sec’(3x+9) dx
1
= 2[3)(' cos3x) dx = 2(l)tan(3x +9)+c
3
=2 sy 2
__SCOS3A+C =—3—tan(3x+9)+c
) J(+cos3x)dx i I(sinx—cosx) dx
=[1dx+Jcos3x dx =Jsinx dx - [cosx dx
=x+%sin3x+c =—cosx -sinx +c
k) I(Ssec2 x-2cos x)dx 1) f(3cosx—5x3)dx
=[5sec® xdx- [2cos xdx = [Seasbuten 55> de
=5[sec? xdx- 2]cos xdx =3[ cos xdx —[5x° dx
=5tan x - 2 sin x +c¢ 5yt
=3sinx——+c¢
4
.g"‘.\/
=897
EEZ EXERCISE 10
Integrate the following with respect to x:
a) ,fsin4x dx [An::—%cos4.\'+C] b) JZCOSIIX dx [Ans:]—zlsinll.\'+c]
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2 ) ” ] ~
C) j6S©C (4 B 2:\) dhx [iisz<Blanld~Sajz) d) fsm(z - 2,\) dx [Ans :-I—cos(ﬁ - 2,\')+ c]
4 2 4
e) [4cos(5x+1) dx [Ans:%sin(S.\'+l)+c] H Isin% d [Ans:——l'—:cos%+c]
g [(5-4sin(r-3x)dr 1msse-deote-3)+er | h) [(1+2cos x) dx [dns: x=2sinx+e]
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i) [(7cosSx+4sin3x)dx

[Ans: % sin Sx —%cos(— 3x) +c]

)

[secx(tanx +secx)dx  [ans:secx+manx+c]

3% i %) 2. 3 x
k) I(COS7+SmEJCiA [Anx.ssm7+2cosa+c]

D

[(cos(x + &) —sin(7x — &) dx

[Ans: sin(.\' + u)+ -;—cos(7x - u)+ c]
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To find the integrals of sin” x and cos” x , we use the following trigonometric identities

i. Double Angle Formulae:

sin24 = 2sin Acos 4
c0s24 = cos® A-sin’ 4
= 2cos’A-1
=1-2sin’ 4
2tan 4

tan24 = ————
I-tan” 4

ii. Basic Identities:
sin® A+cos’ A=1
1+tan® 4 =sec’ 4
1+cot’ A=cosec’ A
iii. Addition Formulae:

sin(4+ B)=sin Acos B * cos Asin B
cos(4 + B)=cos Acos B F sin Asin B
tan 4+ tan B

tan(d+B)= ————
an( ) 1¥tan Atan B

Integration by using Substitution involved Trigonometric Identity:

o For the trigonometric question that have index (power), use the trigonometric identity.
o Step to solve:
a. Change the functions using suitable trigonometric identity.

b. Integrate the new function.
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EXAMPLE 17

Find each of the following indefinite trigonometric function:
a) [sin?3x dx b) [cos?5x dx

o Jtan’x dx d) fsin%0+cos%0d0

SOLATION

a) Jsin?3x dx

cos24 =1-2sin* 4
2sin’(3x) = 1—cos 2(3x)
= 1-cos(6x)
B

sin®(3x) = %(1 ~cos 6x)

jsin2 x dx =I—;—(1—oos2x)dx=%(x—%sin2x)+c

sinz(3x)
J.sinz 3x dx=I%(1—0032(3x))dx=J%(l—cos 6x) dx

J%(l+cos6x) dx=%fldx—fcos6xdx
I%(l+cos6x) d.xzéfldx—fcoszdx

= %fldx—fcos 6xdx
= —l—[x—lsinGx}rc
2 6

1 1%
=—x——sinbx+c
2 12
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b) Jcos®5x dx

cos24 =2cos* 4A-1
2cos?(5x) = cos 2(5x) +1

) cos(10x)+1 . (1 .
cos'(5x)=% Icos 5x dx —I5(1+cos2(5x)) dx _I§(1+COS 10x) dx

_[cosz ¥ dr =j%(l+cos2x) dx =%(x+%sm2x)+c

cos’(5x)= %(cos 10x +1)

1 1
JE(COSIOA‘+1) dx=5100310xdx+f1dx I%(l+cos]0x) dx=%f1dx+fcolexdx

=%Icolexdx+Jldx

=l Lsinle+xJ+c
2\10

=-l—sinle+lx+c
20 2

2
o [tanx dx d) J'sin%0+cos%9dl9

1+tan® 4 =sec’ 4

tan® x =sec’ x—1 =Isinl€ dé +I coslﬁdé)
2 2
10 ’ 10
=[sec? xdx-[1dx —LosZv sl
: = 2 2 ..
=tanx—x+c¢ l l
2 2
1 o
=-2cos—0+2sin—0+c
2 2
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v el 1

Find each of the following indefinite integrals:

in? 1 1

a) I3sm 2x dx b) J.ECOS2 EX dx [Ans:%(sin.\'+.\')+c]
[Ans :1(3.\' = sin 4.\') +c]

2 4

3 82 'l o e d I 2 o 3 dx
) [cos® x sin? xdx [dns : < sin® x==sin” x-+.c] ) Jcos”x sin” x

[Ans:lcoss,\'—lCOSJ,\’+c]
5 3
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INTEGRAL OF INVIERSE TRIGONOHETRIC FUNCTION |

The following is a list of integration formula for inverse trigonometric function.

1 i
I— du=sin" —+¢
Jat -u? a

du=cos” —+c

o [

i, j. 5 du— tan™ +c
a+u’ a a

u
dzl——sec +c

L

u
—l4C
a,

du=— cosec

J.zNu -a
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@ EAMPLE 12

Find the integrals:

) -[ —dx ; J‘ dx
¥ .
V16-x* . xv4x* -49

SOLATION
—dx
a =
. J.16—x2
a’ =16 u® =x*
a=4 u=x
di_,
dx
du=dx
: J‘ —dx
'42_x2
-1
a=4, u=x and du=dx — du
=
=cos” L4c
a
=cos"£+c
4
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” _[ dx

xvdx* -49

a’ =49 u® =4x"

a=1 u=2x"
—‘-1’-1—{:4)«‘
dx
ﬂ:dx
4x

a=7, u=2x> and dx—@ -

4x

X

=_J'u

1

dx

u

2

2

1

1
_4"‘“\/112—(12
2 '[u\)uz—a2

1(1 ,
=—| —sec

2\ a

—e—gec”|m—
2 7

u
v +cj

2x*

a

2

J dll
xWu’ -a 4x

1
:ZIz—_—

du

2
a

—\/ll —a

du

du

Fe

7
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T

oV oweoser |

Find the integrals:

2 ,
a) J. dx [Ans:2sin"%+c]
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-z dz

1
N i TS [Ans:—=cos
V49-37* 2

232

+c]
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3
e

‘ﬁ

| e
[Am:;sm +c]
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4
[Ans : —=tan™
We

x
ﬁ +c]
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Integration by parts is a rule that transforms the integral of products of functions into other
(ideally simpler) integrals. The rule can be derived in one line by simply integrating the product

rule of differentiation.
If u=F(x), v=g(x) and the differentials du = £ (X) dx and dv=g'(X) dx, then

integration by parts states that If(x)g’ (x) dx = F(x) glx)- jf' (x)g(x) dx

Ju dv=u v—J.v du

When we using the integration by parts, we use a rule proposed by Herbert Kasube of
Bradley University advises that whichever function comes first in the following list should
be u.

a)  Logarithmic functions: In x, logb x, etc

b) Inverse trigonometric functions: arctan x, arcsec x, etc

¢)  Algebraic functions: x*, 5x'7, etc

d)  Trigonometric functions: sin x, tan x, etc

e)  Exponential functions: e*, etc

And the function which is to be dv is whichever comes last in the list.

EXAMPLE
FUNCTIONS FROM THE RULE
[x cos x dx u=x
dv=cos x dx
[x* e™ dx u=x>*
dv=e* dx
[x*In 2x dx u=In 2x
dv=x*dx
Ix tan™ x dx u=tan" x
dv=xdx
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)

Find the following indefinite integrals by using integration by parts:

a) [xe“dx b) [x cos x dx
o Jx Inxdx d) Jx?sin2x dx
SOLUTION

a) [xe* dx

et dv=e"dx

ili:l vz_[e"' dx

dx

du =dx =e'

Iu dv=u v—J‘v du

= x(e“' )— I e' dx

= x(e“')— e +c

b) Ix cos x dx

U=x dv =cosx dx
d—u=l : v:Icosxdx
dx

du = dx =sinx

Iu dv=u v—J‘v du

x(sin x)— j(sin x) dx

(sinx) - (=cosx) +¢

x
x(sin x)+cos x +¢
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[xInxdx
u=ln x dv=x dx
ol v =_[xdx
dx «x

dx %
du—; =5

_[u dv=u v—_[v du
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d)

[x?sin2x dx

u=xt
‘—15=2x
dx

du =2x dx

dv =sin 2x dx
V= Isin 2x dx
= -lc052x

2

J.u dv=u v—jv du

= xz[—lcos 2x)—_|.(—lcos 2xj 2x dx
2 2

= xz(—lcos 2x)+J.x cos 2x dx
2

= —ﬁcos 2%
2

2

=—x—cos 2x+£sin 2x+
2 . 2

dv =cos2x

u=x
ﬂ=1 v=_(cos2xdx
dx
du= dx =lsin2x

2

o

cos 2x

+e
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?Z’E V EXEROISE 15 J

Solve the integrals by using integration by parts:

a) JI sin 2x dx [Anx:—'\' c;)s X, sin42.\' #d]
b) ,f]n(2+3x)dx [Ans:xIn(2 +3x)—-.\'+%ln(2 +3x)+c]
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)

[ 2xe* dx

[Ans: Ze"’[.\'— I]+ c]

d)

3x sinx dx

[Ans:=3x cosx +3sinx+¢]
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e)

[x% & dx

[Ans:lez"' Pyl +c]
2 2

f)

[x* e dx

[Ans:e™ (.\'2 +2x+ 2)+ ¢
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5 25 2
8 J.xse‘\ dx [Ans: 222 1)
2 2
h) J.e"' cos xdx [Ans:%e"'(cos.\' +sinx)+c]
e
¢ s e
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/ﬁ INTEGRATION BY FARTIAL FRACTION J

In algebra, the partial fraction decomposition or partial fraction expansion is a procedure used to
reduce the degree of either the numerator or the denominator of a rational function (also known as

a rational algebraic fraction).

In symbols, one can use partial fraction expansion to change a rational function in the form

fx)
g(x)

numerator

— n —
d denominator
_The numerator and denominator are
called the terms of the algebraic

fraction

a) If the degree of numerator is less than denominator in a rational algebraic function,
f(x)< g(x), 1t is called PROPER FRACTION
b) If the degree of numerator is greater than denominator in a rational algebraic function,

f(x)> g(x), 1t is called IMPROPER FRACTION

f(x)

Technique of partial fractions ( ) , which can be written as the sum of partial fractions as follows
glx

AX) =F +F,+F, +..., where
g(x)

A Bx4+C
a)  EachF has the form — - Lid — ,mn2 1.
(ax+b) (ax‘ +bx+c)

b) g(x) is usually expressed as the product of linear factors (ax+b)0r quadratic factors
(cvc2 +bx+ c)
c) Ifthe degree of f(x) > degree of g(x), use long division to get the proper form of

LG iy 4 20
g(x) g(x)
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Table of Partial Fraction Decomposition

Algebraic fraction can be expressed as partial fraction as following:

f(x) Term in Partial Fraction Partial Fraction
g (x ) Decomposition Decomposition
L aE ekl o B Proper fraction with
(x+1)x-3) (x+1) (x-3) ;
Linear Factor
3% k! B Proper fraction with
Ge+1) D) Gera)
Repeated Linear Factor
¥ +1 4 " Bx+C Proper fraction with
e 1-x) (2 +3)
(1 xpx+3 ( x) ¢ 1 2 Quadratic Factor
quadratic

Integration by partial fractions has two stages:

i) Get the form of partial fractions to be integrated

ii)  Each partial fraction was integrated separately
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4 ".
S \ *
<

i I\

a) IL dx

(x+1)x-3)

x?+1

C) Im dx

SoUTION

2x >
IR e

when x =-1
2(-1)= 4(-1-3)
—2=-44
421

2

2x A B
s ol g™
§ 3
=-[(x+1 dx+I

=%m&+0+%m&-ﬁ+c

2x

A

B

Gille=3) [erD) x=3)

2x = A(x-3)+B(x+1)

when x=3

2(3)=B(3+1)
6=4B
3

B==
3
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b)

Sxh2 1 oA B

@x—3F (x-3) (@x-3)
3x+2=A(4x-3)+B

exp and
3x+2=44x-34+B

3 coefficien ts x°
when x ==
4 2=-34+8B
3(E)+2=B 2=—3A+[1—7)
4 4
Bzﬂ Azi
4 4

3 17
= (4x4—3) ad| (4;3)2
3 17
o T )_16(4x—3)
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ekl

ISR N

¥+l 4 L Bx+C
(-xfx*+3), (1=%) " [x*+3)

¥ +1= A(x* +3)+ (Bx + C)1-x)

exp and
X +1=Ax*+34+Bx—Bx* +C-Cx

when x=1
(1) +1=4(0) +3)
A=—1- >

2
coefficien ts x* coefficients x
1=4-B 0=B-C
1:(1}3 o=[—1)—c

2 2
e ] ol

2 2
¥ +1 A Bx+C
= dx dx

(1-x)x*+3 -[(l—x) +Jix2+3)
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d)

3x
x2—x2

X' +2x-2 —(x+1)
(—)x“’ - x-2
3x

J(A 3x A B

c+1)x-2) dx_(x+1)+(x—2)

3x = A(x-2)+B(x+1)

when x =2 when x =-1
32)=B2+1)  3(-1)=4(-1-2)
6=3B ~3=-34

B=2 A=1

3—x . A B &
(x+1)2dl_,'[(x+1) - I(x+l)2 &

I(A+1 dx+I gy dx+J'ﬁ dx

J(x+1)(x 2)

:(x; +x]+ln(x+1)+21n(x—2)
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=
=2 E v peesEn |

Find each of the following integrals by using integration by partial fraction:

x—1 1
a T Ans:—=In(x =2 3x-2)+c
) (x_2x3x_2) [ p “( X )+ 1
6 . (.\'—2)
) xz e X [Ans.ln( \’+4)J+c]
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j?A—;13 dx [Ans:Zln.\'-fl—Zln(l—4.\')+C]
X —4Xx x

dx 1 e=3)
sz AT [Ans gh{(_\»+3)J+C]
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2 +3x-1
e) M dx [Ans : x+3In(x+1)+2In(x = 3)+c]
x°=2x-3

I3x3 —x?—13x-13
x’-x-6

f

dx [Ans:%xz +2x+3In(x+2)+4In(x—3)+c]
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j' 2x-3

xlx? +1

3 <
[Ans:=3Inx+ ;ln(\'2 + l)+ 2tan v+ c]

xil+xzidx

[Ans:In .\'—-;-In(l + .\'2)+ c]
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2 s
IA +3x-10 "

e) R [Ans : x+3In(x+1)+2In(x = 3)+c)
3x* —x? -13x-13
f) I 2 = dx [Ans:-'lx?' +2x+3In(x+2)+4In(x=3)+c]
x*=x—-6 2
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2x-3
g) ,[ x., dx [AIIS:—JIII.Y+ilII(\'2 + l)-r-2lzm_l x+c]
x\x® +1 2
h) I 4 2 dx [Ans:ln.\'—lln(l+.\'2)+c]
{1 +x ) %
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DEFIVATE INTECRALS

Definite integral is integrals with the limits of integration. Refer to the following equation, ais a lower

b
limit of integration and b is an upper limit of integration. If(x) dx isread as ‘the integral from a to

a

b of /'(x) with respect to x'.

If./'(.v) dix

State the Fundamental Theorem of Calculus

If a function Ax) is continuous on the interval [a, b], then

b
[ 1) de=F®)-F(a)

State the Pronerties of Deftaite Integral

No Properties of Definite Integrals

1| Jrede=o

2 jf(x) dx =—[ £ (x) dx

b b
3 jkf(x) dx= k_[f(x) dx, where kisa constant

4 | [Ire+e@]dx=[f(x) de+ [g(x) dx

a a a

5 jf(x) dx:if(x) dx+]g(x) dx, where a<b<c

LN 4

69
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VS o |

Evaluate definite integral by using properties of definite integral:

a) _f(xz +%) dx
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SOLUTTON.
a) ]g(x2+ijdx

-4 x3

= j‘:(x2 +x"‘1) dx

:xl 2 -2

=|—+

=2, =27 }_[(—4)‘ L
3 2 3 (-2)
_8(1j][64[ 1)}
= | ] i | Rl s ] s
3 8 3 32
_1783

T 96

sinx cosx dx

)

oty

u=sinx

du
—=cosx
dx

du

dx =
cos x

)

d)

0 A3+2 0
u=x"+2
d )
L Pt dx= du’
dx 3x°
5 i
=I 3x2(u) 2 dl:
0 3"(-
3 _L
=Iu 2 du
0
5
L
u2
EES
2 Jo
=[2\/x3+2](5,
=[2\/5’+2—2\/0~‘+2]
=19.7105
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=i[1641.58-6.41]
10

=163.517

N —n |y

n
=

Jsinx +1 cosx dx

I(sin x+1)5 cosx dx

T

u=sinx+1

S
=
—_—
N
(=1
|
—
E.
—_
)
N
*
—
~
Yo W
| S
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u=sinx
u
— = COSX
dx
du
dx =
coS X

o

_[]

]

_ [esinm » esinlo)]
=[1.0722-1]
=0.0722

e X

w
B
b
Q=
\_/J

=64.971° -33.338°

=31.63' @0.552 rad

L

73
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w/
§’ Z ORE s
Find the integrals:
1 I
a) I(xz - 2.7(') dx [Ans:—%] b) :[16 §+ VZJ dy [Ans: 4]
0 \
-Z[Z(m2 + 2)(m2 - 1) dm [Ansr}]i] d) : —12x [Ans :0.549]
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e)

—dx

V5—4x*

K

[Ans:—18.435°]

3t
T 14 dt (Substitution)  [4ns:0.705]
T+

t

——

g)

I

2y

V4-y?

dy (Substitution) [Ans:0.536]
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: e
: 3 "
h) j sin? @ cos® O df  (Substitution) | i) I ——&7 dx  (Substitution)
° o (4+2cosx)’
[Ans: 0.0354] [4ns:0.05]
1 2
)] J‘(x+2)e“‘ dx [4ns:5.572] | k) J. e* dx [Ans:1.334]
=2 0
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Solve the integrals by using integration by parts:

a) jln 2x dx
]

[Ans:1.0794]

b) x e dx

S —

[Ans: 23.786]

c) _[ (x+2) e* ax

[Ans: 5.572]
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Find each of the following integrals by using integration by partial fraction:

2
'I[ ‘\+1X“\+2 [Ans: 0.34]

b._.

b) [Ans: 1.6094]

(- 2;)(3 (3-2x)3+2x)

0
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@ oAHErs |

3 4
Given that ff(x) dx=3, If(x) dx= % . Find the following integrals.
2 3

3
a) j 201 (x) dx

4
c) If(x) dx

SOLUTTON:
3
a) j 201 (x) dx
: 3
=20 j f(x) dx

=20e3
=60

4
) I f(x) dx

3 4
= [f@) dx+ [ fix) ax
2 3
=3+£
2
sk
2

b)

d)

2

b) J' (=37 (x)-2) dx

3

4
d) J' (Bx=61(x)) dx
3

[3/G)-2) dx

U’*\’

3f(x) 2

N'—;u

3jf(\) d\+j'2 dx

[3)(3 [2x]2]
=[o+23)-22)]
=11

[(Bx=6£(x)) dx

&

j 3x dx— 6] £(x) dx

2142

={ﬂ—ﬁ}—15

2 2
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_:“zz‘ oERUSErs |

1. Given that Jg(x) dx = -8, find:

]

a) I— 2g(x) dx [Ans:16] b) I(Sg(x) = 6) dx [Ans:—64]
|

2 4
2. If If(x) dx =§ and J-f(x) dx=1—7q, find the following:

) [9r(ds+ [ £y b) [ /(x) dx
-2 2 -2 -
178 j
[Ans :T] [A'ui“%]
9 [(r)+3)dx=2 f(x) dx @ =5 f() de+] £(x) dx
2 4 -2 4
[Ans:—&] [4'151‘12?]



CHAPTER 3: INTEGRATION

6 2 1
3. Find the value of following if .[f(x) dx =9, J.g(x) dx=3,and Ih(x) dx=17
3 0

~l

6 1 2 1
a) [47(x)dx+ [(=2h(x)+5)dx b) 6( [e() dx—[hx) dx)
[3"”‘ Haz] i [An.? - -24] B
3 0 1 2 3
O [ f(x) dx+8[g(x) dx—[h(x) dx Ol [g(x)%j di+ [ (=2£(x) dx
[()Ans 1 —40] ’ " [?4"5 124 ;
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Area of the Graph (x-axis)

Area of Shaded Region Area of Shaded Region

(Below x-axis) (Above x-axis)

y
a b A

, a b
Formula: : Formula:
b b
A=-[f(x)dx A= j F(x) dv
b 5 : :
A=|[y dv A=y dx

If the area of shaded region is below x-axis, than the value is negative. Therefore the formula

j f(x) dx

a

positive if the area of shaded region is above x-axis.

of area is written as 4 = since the area is always positive. While the value is

* s

82
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Area of the Graph (y-axis) |

Area of Shaded Region

(Left side y-axis)
y

)

b
Formula:

A=-[1() dy
b

J'x dy

@

A=

Area of Shaded Region

(Right side y-axis)
¥

Formula:
h
A=[f) dy
llh
A= jx dy

If the area of shaded region is left side y-axis, than the value is negative. Therefore the

b
formula of area is written as 4 =

a

region is right side y-axis.

'fx dy

. While the value is positive if the area of shaded

)= Caed
.

19:,‘ 8 DAmnrLE 17




CHAPTER 3: INTEGRATION

Find the area of the region bounded by the curve y =2 — x?, x-axis with the limit given x =1 and

x=-1

SOLATION.
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Find the area of the region bounded by the curve j = x +1, x-axis with the limit given x =—4 and
x=-1.

sorion.
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@ opneiErs |

Find the area of the region bounded by the curve y = x?, y-axis with the limit given y =1 and

y=0.

SOLATION.

3 3,

L5

PO |
unit~

Wi W
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Find the area of the region bounded by the curve y =—x?, y-axis with the limit given y =2a
y=4.

SOLATION.

y==x

©ox= (_y)!."a

b
A:dey

N
rd

- 4 4
N %

4,/
L 73 2

_[3/cey ]_{3&/(—2)“ }

4 4

=4.762-1.89

=2.8721unit*
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§’E v oewasEr |

Find the area of the region bounded by the curve of the following figures.

a)

[Ans : 36 um'/:]

b)

1 2
[Ans : —unit”]
4
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X

y=(r+4)(x-2)

[An::36um'lz]

d)

9 2
[Ans : — unit™)
4
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e)

[Ans:3unit*]

x=y(y-3)y+2)

[Ans : Eum‘l |
12
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g)

[Ans:10unit*]

h)

2

[Ans:lum'l
6
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Area bounded by a two function

Area Between Curves

About x-axis About y-axis

y=f(

/ \y=g(,v) i

Formula: . Formula:
b i h
A= [[f(x)-g)] dr A=[[r(-gm]d
OR : b fi OR : b
A=[f(x)dc-[g(x) dx A={f(dv - [g(y) dy
omeEr |
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SoTon.

OR

4 0 0
_Fx%l |:x4:||
|72, L4d
|2 _2v0t] [ o
i 3 3 4 4
e
13 4
__Z_l]
13 4
=iunit2
12
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The diagram shows the area bounded by the curve y = x(6—x) and the line 2x— y =0 about

the x-axis.
Find:
i) the coordinates of points A and B
ii) the area of the shaded region

iii) the volume of revolution when the shaded region is rotated through 360" about the

X-axis.

y=x(6-x)>1

y=2x—->2

1>2

x(6-x)=2x

6x—x*=2x

x2—6x+2x=0

¥ —4x=0 ¥

x(x=4)=0 3

x,=0 X2=4 )’=.\'(6—.\')
o A=(4,0)

y=0—)y=x(6——x)

0=x(6-x)
x=0 x=6
.. B=(6,0)
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4 6
J. A2=Iy dx
0 y
4 6
J2x dx = J.(éx—xz) dx
0 a
2
15] 15 l
=[4)? - 0]
=16unit? 2 (4)3
36 34) -
-| 3007 - &) sty -
.. Area of shaded region = A, + A,
—36———
T .
3 28 .,
=—unit
76 ., 3
=—unit
-3

-

)

Find the area of the region bounded by the two functions of the following figures.

a)

y=-2x+4 \/

Lns : 2 it
ns . —unit
3
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b)
\ :
m> = 2_‘(‘ +1
/’/
LN
™
! -
! =5=2x
]
: o X
-~
"
LAns : 2 unit™ ]
ns . —unit
3
c)

[Ans i~ nit*]
ns ;o — uni
2
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Volume of the Graph
Volume of Shaded Region Volume of Shaded Region
(About x-axis) i (About y-axis)
b
7 a b o a %
i
Formula: § Formula:
g b
V=7L'J.y2 dx .‘ V=lrjx2 dy
\\\\
The shaded region when T
rotated through 360 ° about
X-axis P
PRSS—: ” b X

) The shaded region when |
rotated through 360 * about /

y-axis ' \
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@ EXAMPLE 20

a) Find the volume generated when the shaded region rotated 360° about the x-axis.

SoluTion.
y=0-+y=2—x2
0=2-x?
x’=2
LE

x, =-141 x, =141

V=7rj"‘y2 dx
= ]l 2—x2)2 dx
141

=7 ]l(Z—XZXZ—xz)dX
—141 .

0
=7 J'4—2x2 —2x% +x* dx
—141

0
=r .[4—4x2 +x* dx
-141

4x* X F
= n[4x -+ ——}
3 5 1.41

= 7{0 - [4(— 141)- A1l - (C141) J]

3 5

= [0 - (~5.64+3.738 —1.115)]

=3.017zunit’
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b) Find the volume generated when the shaded region rotated 360° about the y-axis.

SOLATION.
Yi=2x
Ly
2
h
}i 7r_fx2 dy
fy
=r|=d
7rj; >
2 6
=] —
%
:,,[(6)2 ()
4 4 |,
=7x[9 1]
=8runit’
=2 E Y owwsen | nay
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Find the volume of the region bounded when rotated through 360° of the following questions.

a) Find the volume of the solid of revolution when the region bounded by the curve y —1 = x?

]

and the lines x =3, x =1is rotated through 360° about x-axis. (Ans : 6777 unit’ ]

b) Find the volume of the solid of revolution when the region bounded by the curve y = \/;,

and the lines x = 4, x = lis rotated through 360° about x-axis. [Am:%ﬂum‘l"]

® 8 e

100
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W/
¢) Find the volume of the solid of revolution when the region bounded by the curve y = x’? and

the lines y =2, y = —2is rotated through 360° about y-axis. [Am:%mm‘]

d) Find the volume of revolution when the area bounded by the curve (y - 2)2 =x, thelines y =2

and y = Qis rotated through 360° about y-axis. (Ans: 32 zunie®)
Y 5
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Volume between a curve and a straight line

Volume of Revolution Between Two Curve

Volume of Shaded Region

(About x-axis)

g

Formula:

v =x[l? - g0 ) e

V= 7z|ij" f(x)?* dx —j:g(:c)2 dx

Volume of Shaded Region

(About y-axis)

g

Formula:

V= frjb'[f(y)2 - g3 ]y

V= ”U S dx - jg(y)2 d,v}

i
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SOLATION.
a) f
x=0—>y+2x=10
y+2(0)=10
y=10

x=0—>y=9-x’
y=9-(0)’
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[If,\ dy - jl dy:‘
{252 a-fo-r

10 10 — 2 )
S j———( 4y) dy=[9-» dy}

_Jao- y)x] [9y_y_z}
| 4(=-DOA) ], 2,
ML L —(10_0)3}—z[(9(9)—2)—(9(0)_ﬁﬂ
=TIy 2 2
:n_0+10ﬂ} [(81—§)-0}
T2 2

1000 81
=—f =%
12 2

=" gunit’
6

-....__/
“’E V" preroise 2

a) Find the volume of the solid of revolution when the region bounded by the curve y = Vx,

y= %, x =0and x =4 isrotated through 360° about x-axis. [Am:%ommn-‘]




CHAPTER 3: INTEGRATION

b) Find the volume of the solid of revolution when the region bounded by the curve y +1=x,

y =4 —x and the x-axis revolves 360° about x-axis. [Ans : %nwm’]

. ry+l=x

c) Find the volume of the solid of revolution when the region is rotated through 360° about x-axis.

42 3
[Ans: ? Tunit’ )

b ®
e}
e
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1. By using a suitable method, find the following integrals:

J.—% dz [Ans:—%:+c] b) I dk [Ans:k+c]
J.(x +3)x—5)dx [ans—=s®-tsx+e;  d) I 6 dz [Ans:6]
3 s

t 1 557 =2
e) ‘zfx/x_3 —gdx [Ans:10.412) f) .!- & ds [ Ans: 3.7096]
g) jﬂz__ dm [Am~ln|m3 i h) I [Ans:rrln'n—5|+c]

m* =17 ' n=>35

i) '[2222——8 dz [Ans:%lan:z —8|+c) )] J'IOde [An.s‘:—h1|lO—-.r|+c]

dy

1. 4% 1 S .
I/36 4x° fitegs g HT”] ) J‘3yz+18y+30

[Ans: l tan_] (_y + 3) +c)
3

2. By using a suitable method, find the following integrals:

a) ,[(1 + cos 7x) dx [Ans:x + sin77x +c) b) f(3e" +4sin x) dx [Ans:3e* —4dcosx +c]

C) ,fe" - sin x dx [Ans:e* +cosx +c]

9 [

V1+e®

[Ans:2V1+e" +c]

! \3 x sin x
e) Ie" (] +e” ) dx [Ans: [ +e* +c] f) [Ans:In(l = cosx)+ c]
% 1+cosx
fo? x
6 2
g) jx sec’ 2x dx (4ns028) ) I(l —cosx) dx [Ans:0.547)
0 x
6
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3. By using integration by composite function, find the following integrals:

a) I—\/6j__8dx [An::—\/g,\'——g+c] b) J.(2—t3)zdt

72- T
C) Imdx [An::—m+c] d) J‘(4_
e) [(1-cos2x) dx [An:.-% ca ) [+e)ax

4. By using integration by substitution method, find the following integrals:

in’ 23 . x
a) ISII] x dx [Ans: 3"cos X = COSX 5t:os x+c] b) J‘

x-2

[Ans: = = +c]

9t
|

[Ans: 5+ c]
2(4— :)
2x

[Ans 2+82. +c]
4e°*

[Ans:= (\ 2),+2J —2+c]

. : )
C) ,[ ]_n [4ns:In(in x)+c] d) J'22 Vi+z~ dz [Ans:%(l + :2)5 +c]
x Inx
e) I—l—— do [An:‘——l——+c] f) j——lr— dz [Ans: — £ +c]
(11-36) “24(11-30) (5+3z) T G+3)
5. Find the following integrals by using integration by part:
a) IAs x4 LAns: 2o _ e - b) ICOSX ]n(sm x)dx [Ans:Isinx In(sin x)—sin x +c]
2 2
20 In2
0) Ix3 cos x? dx [Ans:0.797] d) I3x e dx [Ans:3.21]
Izll
6. Integrate each of the following with respect to x:
= 3 3
a) xz 4 dx [A"S-‘;l"(*"2)‘;‘"(«\‘*2)‘”] b) ,[ [Ans:—x—2In(4 - x)+2In(4 + x)+c]
- - x?
2-x 7 x+20 27 17
C) Jm dl [Ans: = ln(5 + ,\‘)— Shn +c] d) Im dx [Ans:ﬁln(.\' - 7)—1—0—111(.\' + 3)+ c]

7. Find the area of the region bounded by the curve y =—x? —2x+8 about the x-axis.

[Ans:36 um'tz]
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8. Find the area of the region bounded by the curve x =(y—1)’ about the y-axis and the limit

; 26
given y=2 and y =4. L — e~}
3

9. Find the area of the region bounded by the curve x = 25— y* and x = y* +17.
[Ans: o unit 2 ]
3
10. Find the volume of the solid revolution when the region bounded by the curve \/—)7 =x and

the limit given x =0 and x =1 is rotated through 360° about the x-axis. [Ans:-;—ﬂuni/}]

11. Find the volume of the solid revolution when the region bounded by the curve x = /9 — >

and the limit given y =1, y = 2is rotated through 360° about the y-axis. [Ans:z—;)frm1it3]

12. Find the volume of the solid revolution when the region bounded by the curve y = 3()(2 + 1)
and the limit given x =1, x =3 is rotated through 360° about the x-axis.

[Ans:609.597 7 unit Ay ]
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